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Preface

Suppose a pharmaceutical firm wishes to test n antibiotics on n
volunteer subjects. However, preliminary screening has shown that cer-
tain subjects are allergic to certain of the drugs. Can an experiment
be designed in which each subject takes exactly one of the antibiotics
to which he/she is not allergic and each drug is taken by exactly one
subject?

Let us model this situation using a bipartite graph G in which
the two point classes consist of the n subjects and the n antibiotics
respectively and let us agree to join subject to drug if and only if the
subject is not allergic to the drug. Then the answer to the question posed
is “yes” if and only if graph G has a perfect matching (or 1-factor), that
is, a pairing of subjects to drugs which uses each subject and each drug
once and only once.

Next suppose one has two computers available and p jobs to be
processed on these machines. We will assume that any job can be run on
either machine. Indeed, we may assume that the computers are identical.
Let us also suppose that the p jobs are partially ordered in the sense that
for any two (different) jobs J; and Jg, J; < Ji if J; must be completed
before Ji can be started (by either computer). If all jobs require an equal
amount of time to complete, what is the shortest possible time sufficient
to run all p jobs?
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Let us model this situation using an undirected graph G as follows.
Let the points of G be the jobs Jy,...,Jp and let us join J; and J; with
a line if and only if they are incomparable in the partial order. (In other
words, if they can be run simultaneously.) Now it is clear that to design
an optimum schedule, we must use both machines simultaneously as often
as possible; that is , we must find a matching of largest cardinality in
G. (See Fujii, Kasami and Ninomiya (1969, 1971) and Coffman and
Graham (1972).) This problem belongs to the class of so-called maximum
cardinality matching problems. Note also that in this case, unlike the
drug testing example above, the graph modeling the problem is ro longer
bipartite.

Now let us get our hands dirty! Suppose we are drilling for oil.
Seismic (and/or other) information has been supplied to us which gives
accurate locations of oil deposits. The existing technology at the time of
this writing is such that one can drill until one deposit of oil is tapped
and then drilling may be continued in the same hole to a second deposit
situated at a location somewhat deeper, but not necessarily directly
beneath, the first deposit. (See Figure P.2.). One can then bring up oil
from both deposits through two concentrically placed pipes in the same
drill hole. (For further technical comments see Devine (1973).)

One can associate a number with each pair of deposits representing
the cost of tapping them both in one drilling operation. Practical im-
possibility of pairing can be reflected by assigning a very large (or even
infinite) value to a pair. For the sake of simplicity, let us assume that an
even number of deposits is under consideration so that all deposits may
be simultaneously paired off.

The task is then to find a set of pairs (that is, a “perfect matching”)
of deposits in which all deposits are paired and so that the sum of the
costs i8 minimum. In other words, we seek a minimum weight perfect
matching in the associated complete graph.

To put our next example in a bit more facetious form, suppose
that 2n students arrive at Nashpest University at the beginning of the
school year and are to be assigned to n 2-person dormitory rooms. The
housing office has given each student a roster of all 2n students and asked
each student to check off those other students on the list with whom
they are acquainted. This information is then fed into the University
computer. But, alas, on registration day the computer “crashes”! (Such
has been known to happen on occasion!) The Dean of Housing, in despair,
randomly assigns two students to each room. What is the probability
that only students acquainted with each other are paired by the Dean’s
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random assignnient?

Let us build a graph G with the 2n students as points and agree to
join two students if they are acquainted with each other. The answer to
the room assignment question above is then clearly (G)/(2n—1)!! where
&(G) denotes the number of perfect matchings in G.

Sometimes problems which are not directly convertible into match-
ing problems can nevertheless be solved with the help of matching theory.
The Chinese Postman Problem (see Meigu Guan (1962)) was first presented
as follows. A postman must deliver mail along all streets of a town.
How can he leave the post office, perform the “swift completion of his
appointed rounds” and return to the post office having traversed a min-
imum distance?

Here there is no longer an obvious translation of the problem diregtly
into a matching problem. But we shall see later that this problem can
be efficiently solved by first solving a set of shortest path problems and
then solving a certain minimum weight perfect matching problem.

Let us now modify the last problem a bit. Suppose our postman’s
task is to pick up mail from boxes located at street intersections only.
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Again, he wants to find a shortest route. The main difference between
this problem and the previous one is that now he has to visit all inter-
sections, but does not have to traverse all the streets. In a more common
formulation of this problem, a travelling salesperson has to visit all capi-
tals of states in the U.S. (or all the counties of Hungary) in such a way
as to minimize the length (or time, or cost) of the route. This problem
is known as the Travelling Salesman Problem and it has received quite a
lot of attention in the “real” world.

As a special case, the salesperson may only be interested in finding
a tour which avoids certain connections. In such a case we retain the
lines representing allowable connections and delete all other lines. The
problem then reduces to finding a Hamilton cycle (that is, a cycle through
all the points) in the given graph. This problem is called The Hamilton
Cycle Problem.

Superficially, the Travelling Salesman Problem seems quite similar
to the Chinese Postman Problem and to the Weighted Perfect Matching
Problem. However, the Travelling Salesman Problem (and even its special
case, the Hamilton Cycle Problem) turn out to be significantly more
difficult. Moré particularly, the Chinese Postman Problem is solvable
in polynomial time, but the Travelling Salesman Problem is “NP-hard”
(i.e., it belongs among the hardest combinatorial problems). So here we
have an example of a generalization of matching to a truly more difficult
problem,

But matching theory is often used as a stepping stone to the Travel-
ling Salesman Problem. A “tour” for a salesperson is a connected span-
ning subgraph in which all points have degree 2. If we drop the con-
nectedness assumption we arrive at the concept of a 2-factor. In this way
the 2-factor is a natural extension of the notion of a perfect matching and
in fact the 2-factor problem can be reduced to finding a perfect matching.
In this light the Matching Problem can be viewed as a “relaxation” of
the Travelling Salesman Problem,

As our last example, let us describe an important and well-known
combinatorial problem, but one not usually thought of as being related
to matching. A telephone company wishes to provide service to each
of n cities so that any city may call any other. How can the cities be
connected so that construction costs are minimized?

Here the solution is clearly a minimum weight spanning tree. This
problem can be rather easily solved by the so-called Greedy Algorithm
(Bortivka (19262, 1926b), Kruskal (1956)) in which at each step one selects
the cheapest “allowable” line.
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But this “greedy” procedure does not work for the minimum weight
perfect matching problem and in fact matching problems are nearly
always more difficult to solve. Why? In modern parlance the reason lies
in the fact that the spanning trees of a graph form a “matroid”, whereas
the perfect matchings do not. Nevertheless we shall see that matroids do
indeed arise at many points in the study of matchings.

So we see that matching and some of its close relatives model rather a
lot of applied problems. But does this warrant writing a book on the sub-
ject? In a sense, matching problems seem somehow to be of the “proper”
level of difficulty. On the one hand, most of them are solvable problems,
but to solve them certainly requires non-trivial methods. Indeed match-
ing theory has played a catalytic role over the past hundred years or so
in developing a number of new and more general combinatorial methods.
To see more concrete manifestations of this, let us take a look at some
history.

It is fascinating (if not downright dangerous!) to probe the roots
of any family tree. Although it can be argued that such famous names
as Euler, Kirchhoff and Tait can be found in the historical shadows of
matching theory, we shall take as the two principal “founders” of the
discipline the Dane, Julius Petersen and the Hungarian, Dénes Konig.
Although their interests certainly overlapped, it is perhaps helpful to
identify Petersen with the earliest study of regular graphs (that is, graphs
having the same degree at each point) and Konig with bipartite graphs.

In an 1891 paper, Petersen considered an algebraic factorization
problem due to Hilbert (1889) and reformulated it as a factorization
problem for graphs. He set as his general problem the task of deciding
which regular graphs have a non-trivial factorization into smaller regular
spanning subgraphs the union of which is the parent graph.

He then proceeded to prove that any graph regular of even degree
can be expressed as the union of line-disjoint 2-factors. This result
is intimately related to the famous result of Euler who showed in his
celebrated paper on the Konigsberg Bridge Problem (1736) that one can
traverse all lines of a graph once and only once and return to the starting
point without stopping if and only if the graph under consideration is
connected and has all degrees even. Petersen does not mention Euler in
his paper and indeed we do not know if he was aware of the Euler result,
already at that time more than 150 years old.

Petersen quite accurately observed that factorization of graphs reg-
ular of odd degree is a more difficult problem. He then proved that any
connected 3-regular graph having no more than two cutlines has a perfect
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(a) {b)

FIGURE P.3. Sylvester’s graphs

matching (and thus is decomposable into a 1-factor and a 2-factor).
Petersen pointed out that two cutlines was best possible in the sense that
there are 3-regular graphs with three cutlines and no perfect matching.
He gave the example in Figure P.3(a) and attributed it to Sylvester.
(Figure P.3(b) contains the corresponding graph without multiple lines.)

Petersen’s proof of his decomposition theorem for 3-regular graphs
was successively simplified by Brahana (1917-18), Errera (1922) and by
Frink (1925-26). The last of these contained a slight error which was
corrected in Konig’s book (1936). Petersen’s work was extended to other
regular graphs by Babler (1938, 1952, 1954), Gallai (1950) and by Belck
(1950). This line of research culminated in Tutte’s work which we shall
discuss later.

Petersen also became interested in the famous Four Color Conjecture
which had been formulated about fifty years before. We make no attempt
in our book to chronicle the work on this problem, but refer the reader to
Biggs, Lloyd and Wilson (1976) for a lively account of the early years of
this conjecture. The conjecture says that the regions of any planar map
(that is, the faces of any plane graph) can be colored in four colors in
such a way that no two regions sharing a common boundary line receive
the same color.

To connect this problem to Petersen we must introduce the Scot,
P.G. Tait to our story. It already had been observed by Cayley and
Kempe that in order to prove the Four Color Conjecture true in general,
it would be enough to prove it true for 3-regular (that is, “cubic”) planar
graphs. In a series of three papers (1878-1880a, 1878-1880b, 1880) Tait
then took up the problem (in a rather foggy manner). He made the
important observation (1878-1880b) that 4-coloring the regions of a cubic
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planar map was equivalent to 3-coloring the lines of the map and then
he turned his attention to factoring cubic planar graphs.

Tait provided an example to show that if a cubic graph has a cut-
line it may not be factorizable into three perfect matchings. But he
then claimed that if the cubic graph were “polyhedral” such a factoriza-
tion could always be carried out. (Steinitz (1922) later showed that
“polyhedral” means precisely 3-connected and planar.) He then outlined
various approaches to prove his claim which, of course, did nothing of
the kind.

Tait also made a second conjecture, namely that every cubic poly-
hedral graph contains a Hamilton cycle. He then pointed out, accurately
enough, that if this conjecture were true, 3-line colorability of all cubic
polyhedral graphs would follow immediately for one could color the lines
of the (necessarily even) Hamilton cycle with two colors and all other
lines with the third color. This second conjecture of Tait enjoyed a long
life too until Tutte (1946) found the first counterexample.

Of course had Tait’s second conjecture been true, the Four Color
Conjecture would have been proved. But as all mathematicians know,
this celebrated problem remained open for nearly 100 years more until
it was finally settled in the affirmative by Appel and Haken (1977) and
Appel, Haken and Koch (1977).

But let us now return to Petersen who in 1898 published a second
paper in which he responded to Tait’s remarks on cubic graphs. The
most significant contribution made to graph theory in this paper was
undoubtedly the introduction of a non-planar graph which was cubic and
had no cutlines, but which could not be decomposed into three disjoint
perfect matchings. This graph, nowadays deservedly called the “Petersen
graph”, is perhaps the single most famous graph in existence (or the most
notorious, depending upon what it has done to the reader’s conjectures!)
The graph is shown in Figure P.4. The reader will encounter this graph
several times in the present book as well.

In the meantime, however, a second stream of historically important
results relevant to matching had begun to flow. The emphasis this time
was on bipartite graphs. The German algebraist, Frobenius, who had
become interested in reducibility properties of determinants, proved the
following result (1912). (In order to keep things sorted out subsequently,
let us call this Theorem F-1.) Consider an n x n matrix M such that
every entry is either zero or a variable, all variable entries being different
from each other. Then the determinant of the matrix is a reducible (that
is, factorizable) polynomial of these variables if and only if there is an
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FIGURE P.4. The Petersen graph

integer p,0 < p < n, and a permutation of the rows and columns of M
which results in a block of zero entries of size px (n—p). Frobenius’ proof
of F-1 was more complicated than need be and Konig (1915), having cast
the problem in terms of bipartite graphs, gave a shorter proof.

In retrospect, Konig’s translation of the above problem into graph-
theoretical terms was indeed quite straightforward, but was to prove
to be of considerable significance. Let the rows of a square matrix M
be r1,...,7, and the columns be ¢,,...,c,. Form a bipartite graph by
joining 7; to ¢; if and only if entry m;; of matrix M is not zero. It is now
immediate that there is a one-to-one correspondence between non-zero
expansion terms in the determinant of M and perfect matchings in the
bipartite graph constructed from M as above.

We should remark parenthetically here that relationships between
graphs and linear algebra go much deeper than the matrix-bigraph model
just mentioned. We will treat a number of these relationships in this
book.

In the following year in two nearly identical papers — one in German
(1916a), the other in Hungarian (1916b) — Konig proved that every
doubly stochastic matrix with non-negative entries must have a non-zero
term in its determinant. (An n X n matrix is doubly stochastic if the
2n row and column sums all have the same value.) The proof given
is for integer matrices, but Konig pointed out that the result is clearly
extendable to the rationals and then to the reals. In the proof he gave
for integers he considered once again the corresponding bipartite graph
and observed that the matrix is doubly stochastic if and only if this
bigraph is regular. Also in his twin 1916 papers, Konig proved that every
bipartite graph which is regular of degree k is the union of k disjoint
perfect matchings. It is a trivial observation — once these results are
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proved — that any doubly stochastic matrix with non-negative elements
must be a convex sum of permutation matrices. Couched in these terms,
the result was to be independently rediscovered some forty years later by
Birkhoff (1946) and von Neumann (1953) and has come to be known as
the Birkhoff-von Neumann Theorem.

It is in the 1916 papers that one finds the first proof of yet another
famous theorem for bipartite graphs. We shall call it the Konig Line
Coloring Theorem. (See Theorem 1.4.18 of the present book.) This result
says that in any (not necessarily regular) bipartite graph the chromatic
index is equal to the maximum degree of all the points.

At this point the plot begins to thicken a bit! In 1917, Frobenius
published his own simpler proof of Theorem F-1. He obtained his proof
using the following lemma which we shall denote by F-2. Consider an
nxn matrix M in which every entry is either zero or a variable, different
entries being different variables. Suppose that the determinant of M
vanishes identically as a polynomial of its non-zero entries. Then there
is an integer p,0 < p < n, and permutations of the rows and columns
of M such that the resulting matrix contains a block of zeros of size
pX(n—p+1).

It is somewhat surprising that the question as to whether a deter-
mninant is srreducible was studied much earlier by Frobenius than the
more natural question as to whether it is identically zero. We all learned
in school that a polynomial is identically zero if and only if upon ex-
panding it, all terms cancel. From today’s more algorithmic point of
view, this is not a satisfactory test since it may involve exponentially
long computations. But from the classical point of view, irreducibility
was a much more intriguing quzestion.

Frobenius did not cite Konig’s 1915 proof of Theorem F-1, even
though Konig contended that he had sent his proof to Frobenius in
German translation. (See footnote 2, page 240 of Konig’s book (1936).)
However, Frobenius did cite Konig’s paper (1916a), but he then dismissed
Konig’s graph-theoretic formulation of these determinant questions as
being of little value, thereby heaping a few more coals upon the fire! For
Konig’s ripost the interested reader is referred to the above-mentioned
footnote or to Konig (1933). For further commentary on this issue, see
Schneider (1977).

Lemma F-2, in addition to its role in obtaining the short proof of
F-1 referred to above, is of considerable interest in its own right, for if
one translates it into the language of bigraphs, it gives a necessary and
sufficient condition for a bipartite graph to have a perfect matching. In
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this guise it has come to be called the Marriage Theorem.

Suppose we have n men and n women and we wish to arrange n
marriages (without bigamy, polyandry or homosexual relationships). Let
us suppose further that we wish to marry only men and women who are
acquainted with each other. The Marriage Theorem states that this is
possible if and only if for each k,1 < k < n, each set of k& men collectively
knows at least k women.

This theorem was the forerunner of one of the best known results
in bipartite matching, the Theorem on Distinct Representatives due to
Philip Hall (1935). Hall’s Theorem was first stated in terms of sets and
may be simply expressed as follows. Let Si,...,S, be a finite collection
of sets. Then there is a set of distinct elements zj,...,z, such that
z; € §; if and only if for each k,1 < k < n, the union of any & of the
S,’s contains at least k elements. It is clear that the Marriage Theorem
of Frobenius follows from this result immediately. (In fact, the two are
equivalent, but more about that in Chapter 1.)

At this point we must backtrack about four years to 1931 when
the first proof appeared of the so-called Konig Minimax Theorem for
bipartite graphs (Theorem 1.1.1 of our book). (See Konig (1931) and
(1933) for Hungarian and German language versions respectively.) This
result says that in a bipartite graph G the size of a largest matching is
equal to the size of a smallest set of points which together touch every
line of G. In the same year, Egervary (1931) generalized this result to
graphs with non-negative weights on each line. Such “minimax” results
as these (the classical theorem of Menger (1927) on graph connectivity
and the Max-Flow Min-Cut Theorem of Ford and Fulkerson (1956) and
Elias, Feinstein and Shannon (1956) on network flows are but two of many
others) are of great significance in our opinion and we shall emphasize this
type of result throughout the book. Indeed the importance of such results
grows daily in various branches of combinatorics, due largely to increasing
use of linear programming to formulate and solve many combinatorial
problems. (See Schrijver (1983a) for an excellent up-to-date survey of
minimax results in combinatorics.)

In the first textbook on graph theory ever written, Konig (1936)
showed that Menger’s theorem on connectivity, the Marriage Theorem
of Frobenius and P. Hall’s Theorem on Distinct Representatives all follow
from his minimax theorem. In fact, we shall see in Chapter 1 that
these four results, together with the Max-Flow Min-Cut Theorem and
an important theorem on partially ordered sets due to Dilworth (1950),
are all equivalent.
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For further interesting historical comments on the development of
matching theory prior to the appearance of Konig’s book in 1936, the
reader is referred to the book of Biggs, Lloyd and Wilson (1976). Also
Gallai has written a very interesting account of the life and work of Konig
(1964b, 1978).

Very few papers on matching theory appeared during the years of
the Second World War. In 1942, however, Rado published a paper in
which he generalized P. Hall’s theorem to independent systems of dis-
tinet representatives in Euclidean vector spaces and thereby established
the first link between matchings and matroids. In 1945, Marshall Hall
applied the notion of systems of distinct representatives to extend Latin
rectangles to Latin squares.

In the immediate postwar period several exciting results burst upon
the scene and from these matching theory received a vigorous boost.
In 1947, Tutte proved a theorem characterizing those general (that is,
non-bipartite) graphs with perfect matchings. (See Theorem 3.1.1 of this
book.) This elegant result which, with the advantage of hindsight, is the
“natural” generalization of the bipartite Marriage Theorem has become
the cornerstone of matching theory in the non-bipartite case. Suppose a
connected graph G contains a set S of points such that G — S has more
than S| components having an odd number of points each. It is then
clear that G cannot contain a perfect matching. The crucial contribution
of Tutte’s Theorem was to prove the converse true; that is, if G has no
separating set S with this property, then G must have a perfect matching.
This theorem was destined to become an archetypal example of a “good
characterization” in the language of algorithmic complexity theory. The
latter discipline was born only in the 1970’s as mathematicians scrambled
to keep up with the explosive entry of the computer upon the scientific
scene along with the accompanying surge of interest in algorithms. But
before considering computers and algorithms per se, let us mention a
few more important non-algorithmic results forthcoming during the two
decades immediately following World War II.

In the early 1950’s, Tutte proved his so-called “f-factor theorem”
which has its roots back in the 1890’s in the earlier work of Petersen.
The concept of an f-factor and the closely related “degree-constrained
subgraph problem” were also studied by Ore and Gallai in the 1950’s
and early 1960’s. In 1955, Ore published his “defect” version of P.
Hall’s Theorem for bipartite graphs and in 1958, Berge obtained the
analogous “defect” version of Tutte’s perfect matching theorem for the
non-bipartite case.
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The first two textbooks in graph theory after Konig were due to
Berge and Ore respectively. Berge’s book appeared in its French edition
in 1958 and in an English translation in 1962, the same year that Ore’s
book in English was published. Together they introduced graph theory
to a much wider audience (including the second author of the present
book) and their appearance set the stage for the incredible growth of
graph theory in both breadth and depth seen in the last two decades.

In the late 1950’s and early ’60’s, Dulmage and Mendelsohn pub-
lished a series of papers in which they worked out a canonical decom-
position theory for bipartite graphs in terms of maximum matchings and
minimum point covers. Their work was motivated by questions concern-
ing matrices.

The year 1964 marked the appearance of a paper by Gallai which
contained one of the central results of this book. (See Chapter 3.) In
this paper, Gallai established the existence of a canonical decomposition
theory of any graph in terms of its maximum matchings. An efficient
method to obtain this decomposition was provided by the polynomial
matching algorithm for general graphs due to Edmonds which appeared
in 1965. Hence we have chosen to call this important result the Gallai-
Edmonds Structure Theorem.

One of several important degenerate cases for the Gallai-Edmonds
theorem arises when the graph in question has a perfect matching. How-
ever, Kotzig had already begun to lay the foundations for a canonical
treatment of these graphs in a series of papers which appeared in 1959
and 1960. It is unfortunate that these important papers remained more
or less unnoticed since they were written in Slovak. In these publications,
Kotzig introduced a certain binary relation on the point set of any graph
having a perfect matching. For an important special class of such graphs,
the so-called “elementary” graphs, this relation is an equivalence relation
and thus induces a canonical partition of the point set.

But let us now return once more to the period immediately following
World War II and take a second historical tack. Computers immediately
focused attention on the development of algorithms naturally enough,
but if we turn our attention back to matching theory, we see that a
fundamental algorithmic question has been with us since the earliest
days of the subject. Its importance is perhaps belied by its simplicity
of statement: how do you find a perfect (or maximum) matching?

It is no surprise that the first matching algorithm did not spring
forth “fully coded” from any one forehead! The rudiments for finding
a maximum matching in a bipartite graph had already appeared in the
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works of Konig and Egervary in the 1930’s. Kuhn (1955) and M. Hall
(1956) presented the first formal procedures for finding a perfect matching
in a bigraph. It seems to have been Kuhn who at this time first used the
phrase “Hungarian Method” to distinguish algorithms of this type.

At almost the same time, Ford and Fulkerson published the first
papers on the theory of network flows (1956, 1957, 1962). Flow theory
immediately became a substantial new tool in combinatorial applications
of all kinds. Flows can be easily visualized and for our purposes flow
theory is of great importance because it can be used to prove most results
in bipartite matching.

Matching in non-bipartite graphs turned out to be substantially
more difficult and almost another decade passed before Edmonds (1965a)
found the first efficient algorithm to find a maximum matching in such
a graph. This algorithm also motivated Edmonds to propose polynomial
teme as a measure of “goodness” of algorithms, a point of view which has
proved extremely fruitful in theoretical computer science.

At this point we must pursue yet another historical branch. Another
product of the early post-war years which has had enormous impact upon
not only mathematics itself, but upon nearly every quantitative area of
science, is linear programmang.

In the late 1930’s, Kantorovich seems to have been the first to cast
linear programming as a mathematical theory in its own right, but his
work remained unnoticed in the West. Moreover, no complete algorithm
for solving a linear program had yet appeared.

Motivated by World War II planning activities, Dantzig and von
Neumann independently discovered and developed the new subject. The
important concept of duality was introduced by von Neumann (1947).
Dantzig (1951) gave the infant discipline a giant practical boost when he
introduced the algorithm known as the Simplex Method. This method
has-solved nearly all real-life linear programming problems far more
efficiently than any other method known before or since. For a more
extensive historical review of linear programming, see Dantzig’s book
(1963) and his more recent historical article (1983).

A link between linear programming and matching theory was soon
discovered. In 1955, Kuhn published the first of several papers (1955,
1956) in which he cast bipartite matching — weighted and unweighted
— in the primal-dual setting of linear programming for the first time.
To obtain a combinatorial minimax theorem from linear programming
duality, one needs a sufficient condition for the integrality of the optimum
solutions. If the graph is bipartite integrality follows easily. The first
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more general sufficient condition for integrality to be discovered — total
unimodularity — was found by Hoffman and Kruskal (1956). In 1958,
Gallai used unimodularity and the duality theorem of linear programming
to derive a number of minimax results including the Menger, Dilworth
and Egerviry theorems as well as Max-Flow Min-Cut. Hoffman (1960)
also accurately predicted that linear programming would become an
important general tool in handling combinatorial optimization problems.

The extension of the linear programming approach to the case of
non-bipartite graph matching turned out to be quite difficult, however,
and it required the introduction of a new technique, namely the technique
of describing the convex hull of incidence vectors of matchings by linear
inequalities. Such a set of linear inequalities was found by Edmonds
(1965b). His result allows us to obtain various minimax theorems in
matching theory as special cases of the Duality Theorem of linear pro-
gramming. This approach initiated the study of other combinatorially
defined polyhedra and has led to a whole new branch of combinatorial
mathematics — polyhedral combinatorics. (For a very recent survey of
this discipline see Pulleyblank (1983).)

It is also a natural idea to try to combine this result with some
linear programming algorithm to obtain a maximum matching algorithm.
This is not straightforward because of the large number of inequalities
involved. However, a recently discovered new method for solving linear
programs, the so-called Ellipsoid Method (Sor (1970, 1977), Judin and
Nemirovskii(1976), Hagijan (1979)) can be used to turn a polyhedral
description of the convex hull of matchings into a polynomial-time algo-
rithm for maximum matching. (For more details see Grotschel, Lovész
and Schrijver (1981).)

Besides the existence and optimization problems mentioned above,
there are other important aspects of matching theory. The study of
the Ising model for ferromagnetic materials led Kasteleyn (1961, 1963)
to the problem of enumerating perfect matchings in graphs and he was
able to solve this problem for planar graphs. Later, L. Valiant (1979a)
proved that the enumeration problem for perfect matchings is NP-hard in
general, but useful upper and lower bounds have been obtained. Recent
work of Heilmann and Lieb (1970, 1972) and Godsil (1981b) on the
generating function for the number of matchings of various sizes relates
this problem to determinants and thereby recalls the work of Frobenius
dating back to the beginning of this century.

Our historical sketch now brings us to the present book. The first
chapter deals with bipartite matching, as was the case historically. In
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particular, we present first the Konig Minimax Theorem and then the
Marriage Theorem of Frobenius and the result on distinct representatives
due to P. Hall. The bipartite matching algorithm know as the Hungarian
Method is presented next. For treating bigraphs not having perfect
matchings, the concepts of deficiency and surplus are then introduced.
The fact that they are supermodular and submodular functions respec-
tively, is discussed and this leads us to consider such functions in the
more general framework of matroids. We close the chapter with some of
the many consequences of the Konig—Hall-Frobenius results; Konig’s Line
Coloring Theorem and Dilworth’s Theorem being only two examples.

In Chapter 2 we develop enough from the theory of network flows to
show that most bipartite matching results can be expressed and solved
within this framework. In addition the idea of a flow-equivalent tree
which is needed later is introduced in this chapter.

Chapter 3 contains fundamental results for the non-bipartite case
such as Tutte’s Theorem on perfect matchings and Berge’s “defect” ver-
sion thereof. Next we develop the Gallai-Edmonds Structure Theory.
The Gallai-Edmonds theory helps us reduce the study of the structure
of maximum matchings to three disjoint classes of more special graphs:
factor-critical graphs, positive surplus bipartite graphs and graphs having
perfect matchings. The last of these three families is further reduced
to the study of those which are “elementary”. A graph with a perfect
matching is elementary if the union of all its perfect matchings forms a
connected subgraph.

In Chapter 4 we study elementary bipartite graphs and in Chapter
5 we undertake the investigation of elementary graphs in general. We
produce a further decomposition of the latter class into smaller elemen-
tary bipartite graphs and into a new type of elementary graph called
“bicritical”. This brings us to a frontier, so to speak, as far as decomposi-
tions which are “canonical” are concerned. Factor-critical and bicritical
graphs are taken up next and quite a lot of useful information about
both families is gained from the so-called “ear decomposition” results
presented. But such ear decompositions, although quite useful, are not
canonical. Canonical theories for the decomposition of factor-critical and
bicritical graphs do not yet exist.

In Chapter 6 we generalize the idea of matchings to subgraphs having
all degrees at most two — the so-called 2-matchings. We see that the cor-
responding generalization of Konig’s Minimax Theorem to 2-matchings
holds for all graphs and not just for those which are bipartite! The 2-
matching analogues of elementary and bicritical graphs are introduced.
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In many ways these 2-matchings are easier to handle than ordinary (1-)
matchings; so it is quite reasonable to ask, for example, how maximum
2-matchings might be used to obtain maximum 1-matchings. The answer
is not yet known. In another direction of generalization, we show how
2-matchings can be used to give good characterizations of non-bipartite
graphs which satisfy the Konig minimax equation.

Next we discuss the Chinese Postman Problem from the point of
view of 2-matchings and finally, we close out the chapter with a collection
of other problems which are reducible to matching problems of one kind
or another.

Konig’s Minimax Theorem is a special integer-valued instance of
the more general Duality Theorem of linear programming. In Chapter 7
we formulate more general matching problems as linear programs. We
present Edmonds’ approach to determining the facets of the associated
convex polytope spanned by the binary incidence vectors of all matchings
in a graph. We shall study this so-called matching polytope M(G) as well
as an assortment of related polyhedra: the fractional matching polytope,
FM(G), the vertez packing polyhedron VP(G) and equivalently, the point
cover polyhedron PC(G), the fractional point cover polyhedron FPC(G)
and, finally, the perfect matching polytope PM(G). Our knowledge of
these varies from considerable for the matching polytope M(G) to very
little in the case of VP(G). We shall return to VP(G) in Chapter 12.

Konig’s initial investigations of perfect matchings were motivated
by related questions for determinants and in Chapter 8 we return to this
relationship and extensions thereof. Because of algebraic sign problems
with the expansion terms, the determinant cannot be used to enumerate
perfect matchings in a bigraph in general. This difficulty can be over-
come, in a sense, by switching to the permanent function, but then new
problems replace the old. The permanent is notoriously hard to handle!
Nevertheless, we study bounds of various types for the permanent func-
tion and use them to obtain bounds for the number of perfect matchings
in a regular bigraph.

We extend our considerations to the non-bipartite case by intro-
ducing a third matrix function-the Pfaffian. Some probabilistic con-
siderations are then discussed before moving on to a discussion of the
matching polynomial. This polynomial is related to the better-known
“characteristic polynomial” of a graph, and in fact for some graphs —
trees for example — the two coincide. The matching polynomial is then
applied to two topics from theoretical chemistry and physics, so-called
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topological resonance energy, as well as to the Ising model for magnetic
materials.

Whereas the bounds on the permanent developed earlier apply only
to graphs which are regular, we close this chapter by applying results
from earlier chapters to obtain new lower bounds for graphs which are
not necessarily regular.

In Chapter 9 we present and analyze the Edmonds Matching Algo-
rithm. Three other algorithmic approaches are also discussed. Two of
these turn out to be polynomial, namely a routine based upon the Gallai-
Edmonds Decomposition and a second using the very recently developed
Ellipsoid Method for linear programming. The third routine, due to
Padberg and Rao (1982) is not polynomial in the worst case, but it seems
to be competitive with the algorithm of Edmonds in practice.

In Chapter 10 we generalize the degree one restriction of perfect
matchings by investigating spanning subgraphs having a prescribed de-
gree f(v) at each point v. We call these f-factors. We begin by show-
ing that in fact one can reduce the “f-factor problem” to the “l-factor
problem”, that is, to the perfect matching problem. Then we proceed to
obtain results for f-matchings analogous to the Gallai-Edmonds decom-
position results for 1-matchings.

A classical question in graph theory asks: when is a given sequence
of non-negative integers realizable as the sequence of degrees of a graph?
This may be viewed as a special case of the f-factor problem where the
graph in question is complete. We address questions of this type as we
bring Chapter 10 to a close.

In Chapter 11 we discuss some extensions of (non-bipartite) match-
ing theory to the more general setting of matroids. (The reader will have
seen by the time he reaches Chapter 11 that we have been only partially
successful at keeping matroid theory out of the first ten chapters!) We
formulate a number of matroid problems which turn out to be equiv-
alent and which are collectively called the Matroid Matching Problem.
Examples drawn from the disciplines of architecture and electrical en-
gineering show that this extension of matching theory has important
applications.

In our final chapter we take up the study of vertezr packing, that is,
the study of independent sets of points. Since matchings in any graph
G correspond to independent sets of points in the associated line graph
L(G), one can take the point of view that all matching problems are
just problems about vertex packing in the special subclass of all graphs
— the line graphs. Unfortunately this does not help much! Our hopes
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are further dashed upon learning that the vertex packing problem is NP-
complete, whereas matching, as we know, is polynomial.

But progress has been made on vertex packing and a number of
interesting results have been obtained, mainly in the study of so-called
T-critical graphs. We present most of what is currently known about
these interesting, but difficult, graphs including a finite basis theorem.

We next revisit the vertex packing polytope. Facet determination,
as was done for the matching polytope in Chapter 7, seems hopeless here,
but for bipartite graphs and for the more general class of “perfect” graphs
this polytope has a nice description which we present.

It turns out that perfect graphs are also closely related to another
natural generalization of matching, namely hypergraph matching. A
hypergraph is a generalization of the idea of a graph in which a line may
have more than two endpoints. The matching problem can be generalized
to hypergraphs in a natural way: find the maximum number of disjoint
“lines” in a hypergraph. While this problem is NP-complete, various
generalizations of Konig’s Minimax Theorem to hypergraphs do exist.
We discuss briefly this problem of hypergraph matching.

One interesting class of graphs which contains the line graphs and
for which vertex packing is polynomially solvable is the class of claw-free
graphs. We conclude the chapter — and the book — by presenting an
algorithm for this problem.

Now we must say a few words about the “Boxes” inserted throughout
the text. No book on any mathematical discipline can be truly “linear”
in its development. Branching in various directions is always possible,
frequently desirable and sometimes inevitable. So the pruning shears
must be ruthlessly employed! (Indeed, the reader may have preferred a
greater degree of ruthlessness!)

Matching theory has not developed in a vacuum. Indeed it has
often been in attendance when many of the exciting new concepts in
combinatorial optimization have been born. It provided an archetypal
minimax theorem which in turn places it close to the birth of duality
theory in linear programming. The matching polytope was the first non-
trivial polyhedron to be studied by Edmonds as he broke new ground in
the areas of facet determination and “good” characterizations. His non-
bipartite matching algorithm is a landmark which showed that matching,
although certainly not an easy problem, was solvable in polynomial time.

We cannot pursue all these related areas in detail in this book of
course. But we have decided to insert boxes of material at various points
to provide more background information for the reader. Usually in these
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boxes we present, in a condensed manner, background material which
may be useful to some readers, but which may be well-known to others,
For the reader with more background in these topics, we have tried to
insert these boxes in such a way that they may be skipped without unduly
disrupting the flow of our presentation. At the other extreme, the reader
with little — or no — background in these areas will frequently want to
read further and we hope that these boxes, together with the references
cited, will help in these efforts.

We have also included a brief section on basic terminology, an index
of terms and an index of symbols to help the reader translate this book
into English! It is likely that no two graph theorists agree on terminology
(the two authors certainly do not!), but we hope that you, gentle reader,
can learn to live with ours. As for us, we are rather proud to say that
our friendship has survived this acid test of terminology selection!

A “pruned” bibliography follows the text. The term “pruned” is used
here because in the final analysis we have decided for the sake of space
to include only those references on matching which we cite in the text.
Many other relevant papers exist, however, and a much more extensive
bibliography on matching will be published separately by the authors.

A few remarks are now in order about the format of the book. Most
definitions appear in the body of the text and will be set in bold face type
when they occur for the first time. Sometimes, however, these bold face
expressions will appear more than once; for example, when a concept
must be recalled from some distant point earlier in the book. All these
definitions and others can be found in our index of terms.

Our numbering scheme will be as follows. Theorems, lemmas, corol-
laries and exercises are all in the same basket as far as numbering is con-
cerned. A string like “z.y.z. Theorem” will refer to theorem 2z in Section
y of Chapter z. Equations and inequalities and a few other displayed
strings will be numbered separately, but similarly. Such strings will have
three digit number sequences too, but will always be parenthesized. For
example, “(z.y.z)” will refer to displayed equation (or inequality, etc.)
number z in Section y of Chapter z. For further clarity, we endeavor
to always say “equation (z.y.z)” when referring to this equation in the
body of the text and similarly for inequalities, etc.

Finally, figures and tables will be numbered separately from lemmas,
theorems, corollaries, exercises, equations, etc. and from each other. The
string “Figure z.y.2” refers to the zth figure in Section y of Chapter
z. Our symbol for the end of a proof (either presented or omitted) of
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a theorem, lemma or corollary will be the now common mathematical
insect called the “black slug” and denoted by “m”.

The idea of writing this book probably dates back to some time
during 1975-76 when the second author visited Budapest to continue joint
research begun with the first author in Nashville in 1972-73. Actually,
neither of us quite remembers — or is willing to admit — when such a
fatuous idea first occurred! Since that time we have pursued our task —
and sometimes each other — in various parts of the world. Hence this
peripatetic pair of authors has many people in many places to thank.

This book was done with the TEX editing system on the DEC 1099
computer system at Vanderbilt University. The TEX aspect of this project
would never have gotten off the ground without the deep knowledge of
“TEXpert” Brendan McKay who gave many hours of his time unselfishly
in helping the second author to become acquainted with the system. In
addition, McKay designed most of the macros pertinent to the book. Joan
McKay typed most of the manuscript into the computer using the TEX
system and did so promptly and in a remarkably error-free fashion. We
also want to thank Flo Worden and Ruby Moore for some supplemental
typing. Maria Perkins and David Palmer of the Vanderbilt Computer
Center were most helpful with TEX and other computer related problems.
Kathy Goforth has our gratitude for writing the original program to
handle the bibliography.

We are deeply appreciative for valuable manuscript reading and
commentary by Steven Campbell, Andrds Frank, Chris Godsil, Ivan
Gutman, Péter P4l Pilfy, Bill Pulleyblank, Andris Recski, Larry Schaad,
Andrés Seb6 and Lex Schrijver. Special thanks are due to Derek Holton
and his Honours Class in Mathematics at the University of Melbourne
who endured a series of lectures in 1979 by the second author which were
drawn from a preliminary draft of the first part of the book. This same
author wishes to thank the MAV (Hungarian State Railways) for keeping
the Szeged Expressz running on time!

Our warmest gratitude is extended to P4l Erdés and Tibor Gallai
who were both “present at the creation” of matching theory and whose
personal recollections were unselfishly shared with both authors on a
number of occasions.

For financial assistance and hospitality of various kinds we want
to thank IREX (International Research Ex::hange), NKI (the Hungarian
Cultural Institute), NAS (the National Academy of Sciences), MTA (the
Hungarian Academy of Sciences), SFB (the Sonderforschungsbereich of
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West Germany), MKT (the Mathematics Institute of the Hungarian Acad-
emy of Sciences), Vanderbilt University, Attila Jozsef University, Lorand
Eotvos University, The University of Bonn, the University of Waterloo
and the University of Melbourne.

We are grateful too for special funds made available by the Vanderbilt
University Research Council and the Vanderbilt Natural Science Fund.

Our deepest thanks must be reserved for our two families who have
cheerfully endured the peregrinations forced upon them so that the two
authors could work together as well as the absences of the authors for
similar reasons on many occasions. In the final analysis, it is the close
friendship that all nine of us enjoy that counts for more than any book
possibly could.
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Basic Terminology

We present here a concise collection of those basic definitions in
graph theory we need to get started. Additional terminology will be
presented later in the book as needed.

An undirected graph (or simply a graph) G consists of a finite non-
empty set of elements V(G) called points and a multi-set of unordered
pairs of points E(G) called lines. Please note that we are allowing
“multiple” or “parallel” lines here, unless otherwise specified. When
multiple lines are not allowed, we shall call the corresponding graph
simple. Also, we will not allow loops , i.e., lines of the form wwu, unless
otherwise specified. Unless stated otherwise, p will denote |V(G)| and g
will denote |E(G)|.

If wo is a line in graph G, line wv is said to join points v and v,
to be incident with points u and v, and points w and v are said to be
adjacent. Two lines which share a point are also said to be adjacent. The
set of lines with exactly one endpoint incident with a point in X will be
written V(X)) and the set of lines with one endpoint in X and the other
in Y will be written V(X,Y). The complement of a graph G, denoted
G, is that graph having the same point set as G, but in which two such
points are adjacent if and only if they are not adjacent in G.

A one-to-one function f mapping V(G) onto V(H) is called an
isomorphism if f and f~! preserve the number of lines joining each
pair of points. If such an isomorphism exists, graphs G and H are said
to be isomorphic. An isomorphism of graph G onto itself is called an
automorphism of G. The set of all automorphisms of a graph G under
the operation of composition constitute a group called the automorphism
group of G and denoted by Aut(G).

The number of lines in graph G incident with a point  is called the
degree of u (in G) and denoted by degs(u). If graph G is understood, we
shall sometimes abbreviate this to deg(u). A graph in which all degrees
are equal to k is said to be k-regular and if G is k-regular for some k, we
simply say that G is regular. A graph which is 3-regular is often called
cubic.

An alternating sequence of points and lines, beginning and ending
with points, is called a walk. If all lines in a walk are distinct, the walk
is called a trail, and if, in addition, the points are also distinct, the trail
is a path. A family of paths which have no points in common, except
possibly their endpoints, will be called openly disjoint. The length of a
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walk is the number of occurrences of lines in it. The distance between
points u and v, written d(u, v), is the length of any shortest path joining
them. If P is a path and u and v are any two points on P, then Plu,v]
denotes the subpath of P having endpoints u and v.

A walk or trail in which the first and last points are the same will be
said to be closed. If a graph contains a closed trail which includes all the
lines of G the trail is called an Euler trail of G and a graph containing
an Eulerian trail is said to be Eulerian.

We shall stick by tradition in avoiding the term “closed path”, and
instead we shall define a cyele to be any path of length at least two,
together with a line joining the first and last points. The length of a
cycle will also be the number of lines it contains. A cycle of length n
will be called an n-cyele. A line joining two points of a cycle, but not
itself a line of the cycle, is a chord of the cycle. A cycle which includes
every point of a graph G is called a Hamilton cycle of G. The length of
any shortest cycle in a graph G is called the girth of G and denoted by
girth(G).

If G is a graph and H is also a graph the points and lines of which
are points and lines of G, then H will be called a subgraph of G. If H is
a subgraph of G and if every line joining two points of H which lies in
G also lies in H, we call H an induced subgraph of G. If X is a set of
points in graph G, then G[X], the subgraph of G induced by X, is the
induced subgraph of G having point set X. A subgraph H of G is said
to be spanning, if V(H)=V(G). A spanning subgraph regular of degree
n is called an n-factor.

A graph in which every pair of points are adjacent is said to be
complete, and the complete graph on n points is denoted by K,. A
maximal complete subgraph of graph G is called a clique of G. A
subgraph H is said to be excluded with respect to a property PROP, if
no graph with property PROP has H as a subgraph.

A set of points or lines S in a graph is said to be minimal with respect
to property PROP, if the set has property PROP, but no proper subset
of S has property PROP. Set S is said to be minimum with respect to
property PROP if, among all subsets of G having property PROP, S
is one having smallest cardinality The terms maximal and maximum are
defined analogously.

A graph is connected if every two points are joined by a path. A max-
imal connected subgraph of G is called a component of G. Components
are even or odd according to whether their point sets have even or odd
cardinality. ‘ ‘
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If the point set of a graph G can be partitioned into two disjoint
non-empty sets, V(G) = AU B, such that all lines of G join a point of A
to a point of B, we call G bipartite and refer to AU B as the bipartition
of G. In this case we shall also sometimes call the sets A and B the color
classes of G. A bipartite graph is often also referred to as a 2-colorable
graph or bigraph. A special bipartite graph which we shall have occasion
to use is Ky, n, the complete bipartite graph having color classes of size m
and n and in which every point in each color class is adjacent with every
point in the other. In particular, K , is called an n-star (or sometimes
simply, a star). A graph containing no cycles is called aeyclic. An acyclic
graph is called a forest and if the acyclic graph is also connected, it is
called a tree. If tree T is a subgraph of graph G and if V(T) = V(G), we
call T a spanning tree of G.

A set of points S in a connected graph G is a cutset if G — S is not
connected. A similar definition obtains for a set of lines. If S is a cutset
of G consisting of a single point v, the point v is called a cutpoint of
G, and if S contains a single line e, line e is a cutline, or bridge, of G.
A connected graph containing no cutpoint is called a non-separable or
2-connected graph, or simply a block.

If G is not a complete graph, the cardinality of a minimum cutset of
points in graph G is called the (point)-connectivity of G and is denoted
by k(G). If G = K,,, « is defined to be n — 1. Similarly, the size of a
minimum cutset of lines in G is the line connectivity of G and is written
MG). A graph G is said to be k-connected if k < x(G) and to be k-line-
connected if k¥ < A\(G). A maximal n-connected subgraph will be called
an n-connected component, or simply an n-component.

A point eoloration of graph G is an assignment of positive integers
to the points of G so that no two points labelled with the same integer
are adjacent. G is said to be n-colorable if G has a point coloration in n
colors. The smallest integer k for which graph G has a coloration of its
points in k colors is called the chromatic number of G and is denoted by
x(G). If we assign positive integers to the lines of G so that no two lines
with the same integer label are adjacent, we have a line coloration of G.
The smallest value of k for which G has a line coloration in k colors is
called the chromatic index of G and is written x.(G).

The genus of a graph G, 7(G), is the smallest genus of an orientable
surface in which G may be embedded so that no two lines meet, except
perhaps at their endpoints. Graphs of genus 0 are said to be planar.

If the lines of a graph have a direction assigned to them, we have
what is known as a “directed graph”. More precisely, a directed graph,
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or digraph, D consists of a set of points V(D) and a set of ordered pairs
of points E(D) called lines. The number of lines having v as their second
point is called the indegree of v and is denoted by deg™(v). Similarly,
the outdegree of point v is the number of lines having v has their first
point and is written deg’(v). The definitions of walk, trail, path and
cycle must be modified somewhat in the case of directed graphs. In each
of these alternating sequences of points and lines, we shall insist that
each (directed) line join the point before it to the point after it in the
sequence. An acyelic digraph is one containing no (directed) cycles. A
digraph is strongly connected if given every ordered pair of points (u,v),
there is a (directed) path from v to v.

A set of lines in a graph G is called independent or a matching if
no two lines have a point in common. The size of any largest matching
in G is called the matching number of G and is denoted by v(G). Now
suppose M is a fixed matching in graph G. A point v is said to be
covered, matched or saturated by M if some line of M is incident with
v. Unmatched points are also called unsaturated, uncovered or exposed.
A path (or cycle) P is said to be M-alternating if the lines of P are
alternately in and not in M. Note that an M-alternating path may begin
with a line in M or with a line not in M. If, however, an M-alternating
path P begins and ends with lines not in matching M, we call P an
M-augmenting path. If the matching M is understood, we may simply
refer to a path as being alternating or augmenting. A matching is perfect
if it covers all of V(G). A graph with a perfect matching is sometimes
called a factorizable graph.

A line cover in a graph G is a set of lines collectively incident with
each point of G. The cardinality of any smallest line cover in a graph G
is called the line covering number of G and is denoted by p(G).

A set of points in a graph G is said to be independent if no two
of them are adjacent. The cardinality of any largest independent set of
points in G is known variously as the (point) independence number of G,
the stability number of G and the vertex packing number of G, and is
written o(G). A set of points S of G is a point cover of G if each line
of G has at least one endpoint in set S. The cardinality of any smallest,
point cover is denoted by 7(G) and is known as the point covering number
of G.

Given a graph G, the line graph of G, L(G), is constructed as follows.
The point set of L{G) is E(G) and two points of L(G) are adjacent if and
only if they are adjacent as lines in G. :



BASIC TERMINOLOGY Xxxiii

The operation of inserting a new point of degree two on a line of
a graph is called subdividing the line. If the number of new points of
degree two inserted is even, the subdivision is said to be even; otherwise
it is odd.

In this book, the positive integers, the integers, the rationals and
the real numbers will be denoted by Z,, Z, @ and R, respectively.
The finite field containing two elements will be denoted by GF(2). The
greatest integer not greater than real number z will be written as |z]
and the least integer not less than z as [z]. If k is a positive integer,
the symbol k!! denotes the product k(k—2)(k—4)---4-2 if k is even, and
k(k—2)(k—4)---3-1if k is odd.

There are a number of good books on graph theory currently avail-
able with terminology mostly consistent with that adopted here. In ad-
dition, they offer more extended discussion of these basic concepts as
well as a plethora of examples. To mention but two of these books, we
direct the reader to the volumes by Bondy and Murty (1976) and Bollobés
(1978b).



This Page Intentionally Left Blank



1

Matchings in Bipartite Graphs

1.0. Introduction

A graph is bipartite if its set of points V(G) can be partitioned into
two sets A and B such that-every line in E(G) has one endpoint in A
and the other in B. We shall write G ={A, B) accordingly, but we shall
often speak about bipartite graphs G and assume that sets A and B are
understood. The sets A and B are often called the color classes-of (G and
(A, B) a bipartition of G.

The reader may see immediately by scanning ahead in the book that
many results for bipartite graphs which appear here in Chapter 1 have
been extended to-more general families of graphs. We wish to avoid
scattering most of the results for bipartite graphs elsewhere and thus
this first chapter deals with bipartite graphs in particular. Historically,
to be sure, some of the most important_theorems for bipartite graphs
were proved directly and only later were these-bipartite results obtained
as corollaries of more general non-bipartite theorems-~Moreover, we feel
bipartite graphs deserve special treatment because it is still the case that
the majority of real world applications of matching theory deal~with
graph models which are bipartite.

First; however, we present a few results which are true for all graphs,
bipartite or not, but which are so basic-teo-any study of matchings that
we think the reader should have them in hand here at the beginning of
the book.

Let G be any graph, bipartite or not, and let ¥(G) denote the
matching number of G, 7(G), the point covering number, a(G), the
(point) independence number and p(G), the line covering number. There
are several results linking these numbers and we now present two of the
most basic of these which we shall refer to as the Gallai Identities. (See
Gallai (1959). In an historically interesting footnote, Gallai says that he

proved these results back in 1932 and moreover he believes that Konig
was already aware of them at that time.) We will prove only the second
of these leaving the (easier) first result to the reader.
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2 1. MATCHINGS IN BIPARTITE GRAPHS

1.0.1. LEMMA. For any graph G, o(G) +7(G) =|V(G)|. [

1.0.2. LEMMA. For any graph G having no solated points, v(G) +
p(G)=|V(G)|. @
PROOF. Let C be”a line cover of G containing p(G) lines. Let (C)
denote the subgraph of G with line set C' and point set V(C). Then by
the minimality of C, subgraph (C) consists of a union of point-disjoint
stars. If n is the number of components in (C) we see that n =p —p(G).
On the other hand, each star in (C) contains at least one line, so taking
one line from each star we get a matching M and hence ¥(G) > n =
p—p(G) or
v(G)+ p(G) 2 p. (1.0.1)
Now let My be any maximum matching in G and U, the set of
points not covered by My. Thus U is an independent set. Now G has no
isolates, so for each of the p— 2v(G) points of U, select a line covering it

and call this collection of lines S. Then M U S is a line cover for G and
we have p(G) < |[M US| =v(G)+p-2v(G)=p—1G). That is,

U(G)+ p(G) < p. (1.0.2)

Upon combining inequalities (1.0.1) and (1.0.2) the lemma is proved. =

In proving Lemma 1.0.2 the reader undoubtedly discovered for him-
self a nice relationship between minimum point covers and independent,
sets of points, namely that if 'S is a minimum point cover then V(G)—S
is a maximum independent set of points. This complementarity relation
clearly fails for line covers and matchings. Hence at this point the reader
may feelt-that questions involving a(G) and 7(G) will be easier to handle
somehow than problems-involving v(G) and p(G). It is perhaps surpris-
ing, then, to learn that in most cases-the opposite is true! In Chapters 1
and 9 the reader will find efficient matching algorithms whereas in Box
6A we will see that the determination of a(G) is one of the most-difficult
combinatorial problems.

Let us now present-two results due to Norman and Rabin (1959) and
independently to Gallai (1959) which together-with Lemma 1.0.2 may
help the reader’s insight with respect to relationships between matchings
and line covers.

1.0.3. EXERCISE. (a)A minimal line cover is minimum if and only if
it contains a maximum matching.

(b) A maximal matching is maxim f and only If it is contained
in 2 minimum line cover. @
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1.1. THE THEOREMS OF KONIG, P. HALL AND FROBENIUS 3

The fundamental inequality in the next exercise will repeatedly prove
to be useful.

1.6.4. EXERCISE. For any graph G, v(G) < 7(G). @

Now let us return to the study of bipartite graphs in particular.
First a few words are in order about our method of attack. There are
a number of results which are equivalent to the next result we present,
the so-called “Konig Minimax Theorem”. We will present some of these
equivalent results, but we do not want to bog the reader down with
a tedious and lengthy “circle of implications” showing all these to be
equivalent. Working through such equivalences is helpful to the reader’s
understanding, of course, but usually does not contribute to the “flow”
of the book. Therefore many of these tasks will be delegated to the list of
Exercises for the reader. For a thorough treatment of these equivalences,
we refer the reader to (collectively) Jacobs (1969), Ford and Fulkerson
(1962), Hoffman (1960) and Robacker (1955).

We will emphasize strongly not only the statements of fundamen-
tal results (like Konig’s Minimax Theorem and P. Hall’'s Theorem on
distinct representatives), but also certain proof techniques which will be
invaluable throughout the course of this book and beyond. In our treat-
ment of the theorems of Konig and P. Hall, for example, the reader will
find different proofs presented (or mentioned) which use the method of
“critical graphs”, induction on the size of the graph, alternating path
techniques and (cf. Chapter 2) the theory of network flows. Such proof
techniques will prove useful again and again in various areas of matching
theory in general (and certainly not only in the special case of bipar-
tite graphs!) and therefore all deserve charter membership in the inves-
tigator’s arsenal. Several other techniques for proving these theorems —
for example, linear programming duality and determinant theory — will
be treated later in the book (cf. Chapters 7 and 8).

Let us add one more remark about names associated with these
theorems. A number of early equivalent results were proved by several
people. Historically, the first of these was Frobenius, but the names of
Konig, Egervary and P. Hall are more often assigned to various general-
izations of his result. We shall adopt the point of view by which we shall
name various versions after the person who to the best of our knowledge
formulated them first.
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4 1. MATCHINGS IN BIPARTITE GRAPHS

1.1. The Theorems of Konig, P. Hall and Frobenius

In the special case of bipartite graphs another easily stated identity
holds in addition to the basic identities of Gallai mentioned in the intro-
duction to this chapter. Its simple statement, however, belies the fact
that it, together with the equivalent versions of P. Hall and Frobenius,
is probably the single most important result to date in all of matching
theory. The “extremal graph” proof given here first may be found in
Lovidsz (1975b).

7(G) = v(G).
PROOF. By Exercise 1.0.4 we have

1.1.1. TH.EOR%%] (Konig’s Minimaz Theorem). If G is bipartite, then

7(G) > v(G). (1.1.1)

We proceed to obtain the reverse inequality. To this end, remove
lines from G as long as possible while keeping 7 the same. Denote the
resulting minimal graph by G’. Hence 7(G’) = 7(G), but 7(G' —e) < 7(G)
for every line e in G'. We claim that G’ consists of independent lines.

Suppose not. Then there are two lines z and y adjacent to a point
¢ in G'. Consider G' —z. By the minimality of G’ there is a point cover
S, covering G’ —z with |S;| = 7(G")—1. Of course neither endpoint of =
lies in S;. Similarly, there is a set S, covering G'—y containing neither
endpoint of y and |Sy| = |S;|. :

Form the induced subgraph G" of G', G" = G'[{a}U(S,®S,)], where
@ denotes the symmetric difference operation. Let t = (S, N S,|. Then
[V(G")| = 2(7(G")—1—1t)+1 and since G" is bipartite (being a subgraph
of G), there is a set T (the smaller of the two color classes of G") which
covers G” and |T| <7(G')—-1-t.

But now T' =T U (S; N 8y) covers G'. For suppose z is any line in
G'. If z+# z or y, then z is covered by both S; and S; that is, either it
is covered by S; NSy or it connects Sy — S, to Sy — S;. In this second
case it is a line of G and hence covered by T. Finally, z and y are lines
of G" and are therefore covered by T.

So (G < |T'|=|TU(Sz NS =T| + |8z S| T(G')~1—-t+t=
7(G') — 1, a contradiction. Thus G’ consists of independent lines as
claimed. Hence

7(G) =7(G") = Y(G') < (G) (1.1.2)

and combining this with inequality (1.1.1), we are done. ]
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1.1. THE THEOREMS OF KONIG, P. HALL AND FROBENIUS 5

We want to emphasize before proceeding that Theorem 1.1.1 is an
important example of a class of results known as “minimax theorems”.
The well-known Max-Flow Min-Cut Theorem of Section 2.1 is another
important example in this class.

Clearly inequality (1.1.1) holds in any graph, bipartite or not. It is
natural to wonder precisely when equality holds in general. For example,
v =7 =2 in the non-bipartite graph resulting from X, upon deleting a
line, but 7 =2 > 1= v in K3. We shall defer further discussion of this
and related questions to Sections 6.3 and 12.3.

Although tangential to our plan of treating only finite graphs, it
is worth-while to mention that Aharoni (1984) has recently proved the
following extension of Konig’s Minimax Theorem to infinite graphs first
conjectured by Erdos.

1.1.2. THEOREM. In any (possibly infinite) bipartite graph there ezists
a matching M and a point cover P such that every line imn M contains

ezactly one point in P and every point in P is contained in ezactly one
line of M. [

This is, of course, immediate for finite graphs by Theorem 1.1.1.

Probably the most widely used version of all those statements equiv-
alent to Konig’s Minimax Theorem is due to Philip Hall (1935). If X is
any set in V(G), let I'(X) denote all points in V(G) which are adjacent
to at least one point of X.

1.1.3. THEOREM. (P. Hall’s Theorem). Let G =(A, B) be a bipartite
graph. Then G has a matching of A into B if and only if |I'(X)| > |X| for
all X CA.

Since trivially, G has a matching of A into B if and only if v(G) =
|A|, this theorem could be obtained easily as a corollary of Konig’s
Theorem 1.1.1. Here we present an independent proof due to Halmos
and Vaughn (1950).

A plethora of proofs of Hall’s result have appeared over the years,
starting with one by Maak published in the same year as that of Hall.
For good historical summaries we refer the reader to Mirsky (1971, pg.
38) and to Jacobs (1969).

PROOF. First note that if there is a matching of A into B, the desired
inequality above holds for any subset X of A.

Suppose |I'(X)| > |X| for all X C A. We proceed by induction on
|A]. If |A| =0 or 1, the result is immediate.

Next suppose for all X c A, X # O, | X| < |I'(X)| holds. Let a and b
be adjacent points with a € A. Let G’ = G—a-b and let X be any subset
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6 1. MATCHINGS IN BIPARTITE GRAPHS

of A—a. If X =@, then |X|=0=|I's(X)| so suppose X # J. Since
X # A, | X| < |I'g(X)| by assumption and thus |I'g(X)| > |[Ic(X)|—-12
|X|. Hence by the induction hypothesis, there is a matching M’ of G’
which covers all points of A—a. But then M = M"U {ab} matches A
and B as desired.

Now suppose, on the other hand, there is a set A'C A, A" # J with
|T(A')] = |A’]. We proceed to split G into two smaller subgraphs by
letting G, be the subgraph induced by A'UI'(A") and Go = G—-A'-I'(A)
and show that G; and G, satisfy the induction hypothesis separately.
Suppose X C A’. Then I'¢(X) C I'c(A'), so I'g,(X) =I'¢(X) and hence
II'g,(X)| = [['c(X)] > |X|. Now in G, assume X C A— A'. Then
Tg(X VA') =T'g,(X)UTI'g(A') and therefore |I'g,(X)| = [Ic(X VA')| -
[Tg(A) > | XUA| - [gA) =X VA |- |A|=1|X]|, since XnA' =
and [g,(X)UI'(A)=3.

By applying the induction hypothesis to both G, and G, we see that
there must exist matchings M; of A’ into (and therefore onto) I'c(A')
and M, of A— A" into B—I'¢(A’). The union M = M; U M, is then the
desired matching. ]

A perfect matching (or 1-factor) is a matching which covers all points
of G. The following result of Frobenius (1917), often called “the Marriage
Theorem”, characterizes bigraphs with a perfect matching.

1.1.4. COROLLARY. (The Marriage Theorem). A bipartite graph G =
(A, B) has a perfect matching if and only of |A| = |B| and for each X C A,
(X< |P(X)- u

So we have seen that the theorem of Frobenius is a special case of
that of P. Hall, which in turn may be viewed as a special case of Konig’s
Theorem. On the other hand, it is not difficult to derive Konig’s Theorem
from that of Frobenius (Exercise 1.1.5). For this reason, the Marriage
Theorem is often said to be a self-refining result.

1.1.5. EXERCISE. Deduce Konig’s Theorem from Frobenius’ Theo-
rem.

1.1.6. EXERCISE. Eitherfind a perfect matching or a set X violating
the condition in the Marriage Theorem for the graph-shown in Figure
1.1.1.

We conclude this section with one more equivalent form of the bipar-
tite matching theorems, also due to Konig (cf. Gallai (1958)). Recall that
a line cover is a set of lines which collectively cover each point of G and
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1.1. THE THEOREMS OF KONIG, P. HALL AND FROBENIUS 7

that p(G) is the minimum number of lines in any line cover. Also as
before a(G) denotes the (point) independence number. Then the Gallai
Identities (Lemmas 1.0.1 and 1.0.2), together with Konig’s Theorem, im-
mediately imply the following result. (Cast in the language of Section

FIGURE 1.1.1.

12.2, this Corollary proves that the complement of a bipartite graph is
perfect.)

1.1.7. COROLLARY. If G 1s bipartite, p(G) = o(G). [

1.1.8. EXERCISE. Let S={1,2,...,n} and suppose 0 <k < k/2. Let
A (B) be the collection—of all k-element (k + 1-element) subsets of S.
Construct a bipartite graph G on V(G)'= AU B by joining X € A to
y € B if and only if X CY. (a})~ Prove that G has a matching of A into
B. (b) For each X €A, define

AX)=1+max{2t]|X n{1,...,2t}| >t}.

Show that X — A(X) defines a matching of (all of) A into B in graph
G. (¢) Use part (a) to prove-Sperner’s Lemma (1928) which says that
the maximum number of subises# of an n-element set such that none is
contained in any other is (Ln72 J,
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8 1. MATCHINGS IN BIPARTITE GRAPHS

7 BOX 1A. NP-properties, Good Characterizations and N
Minimax Theorems

Frobenius’ theorem characterizes those bipartite graphs which have
a perfect matching. Hall’'s Theorem characterizes those bipartite graphs
which have a matching of A into B. Konig’s Theorem gives a formula
for the matching number of a bigraph. What is the meaning of these
sentences? One is often faced with a problem starting with the phrase
“characterize those ...”. If we find a necessary and sufficient condition,
how do we know it is not just restating the defining property, maybe
in disguise? Both Konig’s Theorem 1.1.1 and the Gallai Identity 1.0.2
provide formulas for v{G). One feels, however, that Konig’s theorem is
the deeper result. Why?

These are extremely important, questions. The fact that we are now
able to answer them in a mathematically precise way has altered the
whole of combinatorics. The idea of this answer occurs in a paper of
Edmonds (1965¢); its precise formulation is due to S. Cook (1971).

To make this simple — but somewhat sophisticated — idea clear,
let us tell a story. In the court of King Arthur there dwelt 150 knights
and 150 ladies-in-waiting. The king decided to marry them off, but the
trouble was that some pairs hated each other so much that they would not
even get married, let alone speak! King Arthur tried several times to pair
them off but each time he ran into conflicts. So he summoned Merlin the
Wizard and ordered him to find a pairing in which every pair was willing
" to marry. Now Merlin had supernatural powers and he saw immediately
that none of the 150! possible pairings was feasible, and this he told the
king. But Merlin was not only a great wizard, but a suspicious character
as well, and King Arthur did not quite trust him. “Find a pairing or
I shall sentence you to be imprisoned in a cave forever!” said Arthur.
Fortunately for Merlin, he could use his supernatural powers to find the
reason why such a pairing could not-exist. He asked a certain 56 ladies
to stand on one side of the king and 95 knights on the other side, and
asked: “Is any one of you ladies, willing to marry any of these knights?”,
and when all said “No!”, Merlin said: “O King, how can you command
me to find a husband for each of these 56 ladies among the remaining 55
knights?” So the king, whose courtly education did include the pigeon-
hole principle, saw that in this case Merlin had spoken the truth and he
graciously dismissed him.

Some time elapsed and the king noticed that at the dinners served
for the 150 knights at the famous round table, neighbors often quarrelled
and even fought. Arthur found this bad for the digestion and so once
again he summoned Merlin and ordered him to find a way to seat the
150 knights around the table so that each of them should sit between two
friends. Again, using his supernatural powers Merlin saw irnmediately
that none of the 149! seatings would do, and this he reported to the king.
Again, the king bade him find one or explain why it was impossible. “Oh
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FIGURE 1A.1. A bigraph with a perfect matching and one without

( I wish there were some simple reason I could give to you! With some \
luck there could be a knight having only one friend, and so you too could
see immediately that what you demand from me is impossible. But alas!,
there is no such simple reason here, and I cannot explain to you mortals
why no such seating exists, unless you are ready to spend the rest of your
life listening to my arguments!” The king was naturally unwilling to do
that and so Merlin has lived imprisoned in a cave ever since. (A severe
loss for applied mathematics!)

The moral of this tale is that there are properties of graphs which,
when they hold, are easily proven to hold. If a graph has a perfect
matching, or a Hamilton cycle, this can be “proved”easily by exhibiting
one. If a bipartite graph does not have a perfect matching, then this
can be “proved” by exhibiting a subset X of one color class which has
fewer than |X| neighbors in the other. The reader (and King Arthur!)
are directed to Figure 1A.1 in which graph G has a perfect matching
(indicated by the heavy lines), but graph H does not. To see the latter,
consider the subgraph induced by the five black points.

If a graph is planar this can be “proved” by drawing it in the plane
without intersections. (We put the word “prove” in quotation marks
gsince, although these proofs are indeed proofs in the strict logical sense
say, in Zermelo-Fraenkel set theory, they are in flavor quite different from
mathematical proofs: they concern one special property of one special
finite structure. The fact that such a proof exists is not a question here;
it is the length of these proofs that matters. For this reason we shall prefer
the word “exhibit” to the word “prove”.)

A property of graphs which can be exhibited “easily” for each graph
possessing it is called an NP-property. Here “NP” stands for non-deter-
\ ministic polynomial. The phrase can be defined “easily” as follows: the
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number of steps in a formal proof that graph G has this property should
not exceed a polynomial in the number of points and lines of G. This
definition is somewhat arbitrary and its justification lies in the fact that
the class of NP-properties defined this way is a very natural and useful
class of properties. (In contrast, the letter “P” will be used to denote
deterministic polynomial.)

The name “NP-property” itself refers to an alternative definition:
a property is an NP-property if and only if it can be recognized by
a non-deterministic Turing machine in polynomial time. Another nice
way to define these properties is the following: they are precisely those
properties of finite graphs which can be expressed by a second order
formula containing one free second order variable (“adjacency”) and an
arbitrary number of existentially quantified second order variables. For
the details of these descriptions of NP we refer the reader to Aho, Hopcroft
and Ullman (1974), Fagin (1974) and Garey and Johnson (1979).

It is clear that NP-properties can be defined for structures other than
graphs; for example, numbers, formulas, matrices, etc. The point here
is that the length of the proof (exhibition) of the property should be
polynomial in an appropriately defined “size” of the structure, which is
usually just the number of digits in an appropriate encoding as a binary
sequence. As a matter of fact, it is often more convenient to encode each
structure as a binary sequence, and then define NP-properties for binary
sequences only.

Most graph-theoretic properties which interest us are NP-properties
or related to NP-properties. The two problems that Merlin had to face —
the existence of a perfect matching and the existence of a Hamilton cycle
— are clearly NP-properties. The 3-colorability of a graph, the existence
of k independent points, connectivity, planarity and the isomorphism of
two graphs are other NP-properties and there are many more (see Garey
and Johnson (1979)). But NP-properties also appear quite frequently in
other parts of mathematics. A very important NP-property of Boolean
functions (mappings {0,1}" — {0,1}, which can be described by, say,
polynomials of the operations A, v and -) is their satisfiability: the
property that there is a choice for the variables for which the value of
the function is 1. The existence of such a choice can be exhibited easily:
Jjust evaluate the function for this particular choice of variables. A very
important NP-property of natural numbers is their compositeness: if a
natural number is composite then this can be exhibited easily by showing
a decomposition n =ab (a,b > 1).

The remarks we have made so far explain how Merlin might remain
free if he is lucky and the task assigned to him by King Arthur has a
solution. For instance, suppose he could find a good way to seat the
knights. He could then convince King Arthur that his seating plan was
“good” because the property of the corresponding friendship graph that
it contains a Hamilton cycle is an NP-property. But how could he survive /
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Arthur’s wrath in the case of the marriage problem and not in the case
of the seating problem when these problems do not have solutions? What
distinguishes the non-existence of a Hamilton cycle in a graph from the
non-existence of a perfect matching in a bigraph? From our tale, we hope
the answer is clear: the non-existence of a perfect matching in a bigraph s also
an NP-property (this is a main implication of Frobenius’ Theorem), while
the non-existence of a Hamilton cycle in a graph is not! (To be precise,
no proof of this latter fact is known, but there is strong evidence in favor
of it. Cf. Box 6A).

So for certain NP-properties the negation of the property is again
an NP-property. Such an NP-property is called well-characterized and
a theorem asserting the equivalence of an NP-property with the nega-
tion of another NP-property is called a good characterization. There
are famous good characterizations throughout graph theory and else-
where. Kuratowski’s theorem well-characterizes planarity of a graph; a
theorem of Konig well-characterizes bipartite graphs; Euler’s Theorem
well-characterizes those graphs having an Eulerian trail; and numerous
theorems in this book will well-characterize various other properties. In
fact, seeking good characterizations wherever possible will be a leading
motivational principle in our studies.

We shall say that a class of graphs is in NP if the property defining
membership in this class is an NP-property. Similarly, a class is in co-NP
if non-membership is defined by an NP-property.

We shall also be often concerned with various numerical functions
defined on graphs (matching number, chromatic number, connectivity,
etc.). It is sometimes convenient to extend the notion of a good charac-
terization and say that an integer-valued graphical function f(G) is well-
characterized, if the property f(G) > k is a well-characterized property
of the pair (G, k). Thus Konig’s Theorem gives a good characterization
of the matching number of a bigraph: to exhibit v(G) > k, it suffices
to exhibit k independent lines in G; to exhibit v(G) < k, it suffices to
exhibit a point cover of G of size k. At this point the reader is invited to
return once again to Figure 1A.1 and, using Konig’s Theorem this time,
try to convince the Good Sovereign of Camelot that graph G has a perfect
matching, while graph H does not.

Now we can explain more precisely the difference in depth between
Konjg’s Theorem and the Gallai Identity mentioned at the beginning of
this box: The formula v(G) = p—p(G) does not yield a good characteriza-
tion of the matching number. In fact, to exhibit that v(G) < k we would
have to exhibit that p— p(G) < k, that is, p(G) > p— k. But this means
that the points of G cannot be covered by fewer than p—k lines and there
is no immediate way to convince King Arthur of this.

Most graphical functions which shall concern us will be defined as
the maximum or minimum of some value v(G,p) over all values of the
parameter p. Here p may range over a possibly exponentially large set,

11

\

/
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/ but usually it is the case that (a) it can be recognized which values of
p belong to the parameter set, and (b) for every p in the parameter
set, v(G,p) can be computed in polynomial time. A minimax theorem
(minimax formula) will be an identity of the form

maxv(G, p) = minw(G, g),
P q

where v and w satisfy the criteria (a) and (b) above. Just as Konig’s
Theorem does for the matching number, v(G), every minimax theorem
gives a good characterization of the common value of the two sides of
this equation. A minimax theorem is the most common way to give a
good characterization of a graphical function, and we shall meet minimax
theorems throughout this book.

It is important to emphasize that the notion of a good characteriza-
tion is a mathematical notion and not a judgement about the intrinsic

\merit of a given result! /

1.2, A Bipartite Matching Algorithm: The Hungarian Method

A minimax result like Konig’s Theorem 1.1.1 is both aesthetically
pleasing and useful, but what if we want to actually find a maximum
matching? Can we produce a good algorithm to do so? The idea of an
“alternating path” provides us with an affirmative answer.

The concept of an alternating path, although quite simple, is one of
the most important in all of matching theory. Indeed we shall return to it
again and again throughout this book. In the present section we shall use
alternating paths to provide a second proof of Kénig’s Minimax Theorem
and then to formulate a good algorithm for finding a maximum matching
in a bipartite graph. The more complicated problem of finding good
matching algorithms for general (i.e., not necessarity bipartite) graphs
will be the content of Chapter 9.

Let G be any (not necessarily bipartite) graph and M any matching
in G. A path P =v),vy,...,V, is said to be an alternating path with
respect to M or an M-alternating path if v;v,,; € M if and only if
VipVipa € M for 1 <2 < m—2. A point v is exposed (unmatched,
unsaturated, not covered) with respect to matching M if no line of M
is incident with v. Clearly, if G contains any M-alternating path P
joining two exposed points then M cannot be a maximum matching, for
one readily obtains a larger matching M’ by discarding the lines of PN M
and adding those of P— M. An M-alternating path joining two exposed
points is called an M-augmenting path for this reason.
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The preceding observation furnishes a proof of the “easy” half of the
next theorem due to Berge (1957).

1.2.1. THEOREM. Let M be a matching in a graph G. Then M is a
mazimum matching if and only if there ezists no augmenting path m G
relative to M.

PROOF. By virtue of our remark prior to the theorem we will be
finished if, given a matching M which admits no augmenting path, we
can show it to be maximum. To this end, let M’ be any maximum
matching and form M & M’. Then the components of M & M’ must
consist of even cycles and alternating paths. But no alternating path
component may be M-augmenting by hypothesis and hence each is even
in length. But then |M|=|M’| and the proof is complete. |

At first glance it may appear — and in fact until the work of
Edmonds (1965a) it was generally believed — that the above result fur-
nishes an “adequate” algorithm for finding a maximum matching start-
ing, say, with a single line. Of course it does indeed provide an algorithm,
but not a good one! We shall have much more to say later about good and
bad algorithms. Suffice it to say here that to use the above algorithm we
must check, in the worst case, all matchings in G and we therefore find
that we require the answer to get the answer! So from a computational
point of view this theorem by itself is useless. (For further elaboration
on “good” algorithms, see Boxes 1A and 1B in this chapter.) But the
idea. of an augmenting path is far from useless in matching theory. On
the contrary, the reader will see many applications of this fundamental
concept as he makes his way through this book.

Now let us return to the task at hand, namely to find a good bipartite
matching algorithm. Let G be a bigraph with bipartition (A, B) and let
M be any matching in G. Suppose A; and B; are the sets of exposed
points in A and B respectively. We want to find an M-augmenting path,
if any, connecting A; to B;. To this end we consider the set U of points
in A accessible from A; on an M-alternating path. We can construct set
U as follows. Form a maximal forest F' in G with the properties:

(i) each point b of F in B has degree 2 and one of the forest lines
incident with b belongs to M and

(i) each component of F' contains a point of A;.

Note that A; C V(F) for any point in A;, but not in F', can be added to

F' as a singleton component. Then it is easy to see that U = V(F)Nn A,

but we shall not need this fact below.
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1.2.2. LEMMA. IfG, M, A, B, Ay, By, and F are as above, then M
15 a mazimum matching if and only if no point of By 1s adjacent to any
point of F'.

Y=V(F)n B By

M Oee—) VIF): @

FIGURE 1.2.1.

PROQOF. First suppose there is a point z of F incident with a point
by € By. Then z is in A and by property (ii) and the maximality of
F there is a path P joining z to a point a € A;. Hence P + zb; is an
M -augmenting path and thus M is not maximum.

To prove the converse, suppose no line joins a point of F' to one of
By. Let X =A-V(F)and Y =V(F)nB. We claim that X UY is a
point cover and that | X uY|=|M]|.

Clearly M covers X UY. On the other hand, no line of M covers
two points of X UY for if zy € M and y € V(F)n B, since the lines of
M are independent it follows (from (i)) that z € V(F'), a contradiction.
Hence [ X UY| = |M| and each line of M contains exactly one point of
XUY. See Figure 1.2.1.

It remains to show fhat X UY is a cover. Indirectly, suppose line
ab is not covered by X UY where a € A and b€ B. Then a € V(F) and
b¢ V(F). Moreover, by hypothesis, b¢ B;. Thus matching M covers b,
say by line a'b. Moreover, a # a’ since if a is matched by M, it must



1.2. A BIPARTITE MATCHING ALGORITHM: THE HUNGARIAN METHOD 15

be matched into Y. But now F' can be extended to a larger forest F’
containing path aba’, contradicting maximality.
So X UY covers E(G) and we have

7(G) < | X VY| =|M|. (1.2.1)
Thus M is a maximum matching. |

1.2.3. EXERCISE. Derive Konig’s Minimax Theorem from Lemma 1.2.2.

At this point it is easy to present an algorithm for finding a maximum
matching in a bipartite graph based on the above.

Algorithm for bipartite matching:

1°. Start with any matching M.

2°. Form a maximal forest F' having properties (i) and (ii) above.

30, If there is a line joining V(F)N A to a point of B,, we can obtain a
new larger matching M’ as in the proof of Lemma 1.2.1. Return to
step 1.

4%, If no line joins V(F)N A to By, then again by Lemma 1.2.1, M is
maximum. (Moreover, if X = A—V(F)and Y =V(F)nB, XuUY
is a minimum cover for G.) End.

It is interesting to note that the approach used in this algorithm
has come to be called the Hungarian Method since it seems to have
first appeared in the work of Konig (1916a, 1916b, 1931, 1936) and of
Egervary (1931) who reduced problems with general non-negative weights
on the lines to the case where line weights are 0 or 1 as treated by
Konig. (See Section 7.1.) Also the forest present at the final stage of
the algorithm, that is, when the matching is maximum, has come to be
called a Hungarian forest for the same historical reasons.

The adjective “Hungarian” in this context seems to have been used
first by Kuhn (1955, 1956) who cast the procedure in terms of a primal-
dual linear program. The corresponding algorithm can be implemented so
as to produce an optimal matching (in both the weighted and unweighted
cases) in O(q?p) steps. For details see Lawler (1976). (We also recommend
Lawler for a clear and thorough treatment of the implementation of
matching algorithms in general.)

In the unweighted case, Hopcroft and Karp (1971, 1973) currently
have the fastest bipartite matching algorithm. They proved termination
in O(p®/?) steps, but recently Galil (1983) has shown their algorithm to
be even faster — O(gp'/?) — especially if the graph is sparse. Their.
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algorithm is based upon network flow techniques which will be discussed
in Chapter 2.

The fastest wetghted bipartite matching algorithm to date is com-
posed of a primal-dual method together with some “fine tuning” of the
data structure. It runs in O(gplogr,/p411p) time and is due to Galil
(1983).

(BOX 1B. On Algorithms

A characteristic feature of recent development in combinatorics and
graph theory is the increasingly important role of algorithms. The main
reason for this is certainly the mushrooming use of computers, but prob-
ably in part it is also due to the intrinsic development of the subject. Just
how far the “Theorem-Proof” style of mathematics we learned at school
will shift to the “Algorithm-Analysis of algorithm” style is difficult to
predict. It is certainly true that while writing this book we have been
meeting more and more results and methods of combinatorial algorithms
whose significance for the subject as a whole is growing. We shall in fact
discuss algorithmic aspects of matching theory at several points. Yet we
have chosen to hold to the traditional “Theorem-Proof” approach and
derive the algorithms as consequences of the theorems and/or the proofs.
This is not the only possible point of view. Most of the structure theory
for matchings in graphs, which is the central theme of our book, could
be developed as a consequence of a careful analysis of just one algorithm,
the matching algorithm of Edmonds (see chapter 9).

In combinatorial situations the mere algorithmic solvability of a par-
ticular problem is not the question; the problems are such that they can
be solved trivially by considering a finite number of cases. The point is
that in a naive approach the number of cases to consider — though finite
— is usually exponentially large in the size of the input. For example,
we may have to consider all subsets of points and lines of a graph, while
the size of the input is only the number of points and lines. So we are
interested in finding faster algorithms (and also in algorithms with small
storage requirements etc., but for the sake of simplicity let us consider
running time only). It is customary to distinguish as particularly nice
those algorithms whose running time is bounded by a polynomial in the
size of the input (the so-called “good” or “polynomial” algorithms). This
method of categorizing is, of course, rather arbitrary and is often criticized
for not reflecting the practical value of the algorithms accurately. Indeed,
an algorithm which takes 1000n” steps for every input of size n is clearly
inferior to one which makes 2" steps for a very few “unlucky” inputs and
many fewer steps on the average.

There are, however, some good arguments for distinguishing the class
of polynomial algorithms. First, as problems grow in size the computa-
\, tion time of a polynomial algorithm grows much more slowly than that of /
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( an exponential one, so refinement of implementation and improvement in
computer technology may balance the increase of input size much longer
than is the case for an exponential time algorithm. In the case of ex-
ponential time algorithms an abrupt jump, the “exponential explosion”,
renders them infeasible even for a small increase in problem size. There
is a syntactical difference between polynomial and non-polynomial algo-
rithms: roughly speaking, a polynomial algorithm can be programmed
using a given number of cycles but no jumps, while a slower algorithm
cannot. The notion of polynomiality has proved very useful in theoretical
investigations. Finally, there is a {completely subjective) feeling that it
is the polynomial algorithms which “go to the heart of the problem”.
Thus when we discuss algorithms we focus on their polynomiality.
Obviously, the mere polynomiality of an algorithm does not automatically
render it practical, and in most cases a considerable amount of further
work is needed to actually implement these algorithms. We analyse our al-
gorithms only up to the point where this analysis involves graph theoreti-
cal ideas. Further refinements based on programming, data manipulation
etc. are beyond the scope of our book and we will only give references.
Also, we will not discuss certain algorithms which are practical, but whose
graph-theoretic content does not go beyond the enumeration of all cases.

1.3. Deficiency, Surplus and a Glimpse of Matroid Theory

The following notion was first studied by Ore (1955). Let G be a
bipartite graph with bipartition (A, B). For X C A, define

def(X) = def(X) = | X |- |[(X)],

and call this number the deficiency of the set X . The maximum deficiency
of all subsets of A will be called the A-deficieney of G. If A is under-
stood, we shall simply call this number the deficiency of GG, and denote
it by def(G). Note that since def(<J) = 0, we have def(G) > 0. The fol-
lowing theorem is an easy consequence of the Konig or P. Hall Theorems
of Section 1.1 and hence these two classical results are said to be self-
refining just as is the Marriage Theorem. We will see other self-refining
theorems later in our studies, perhaps the most notable being Tutte’s
Theorem 3.1.1.

1.3.1. THEOREM. The matching number of a bipartite graph G 13
|A| — def(G). _ |
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We will find it worth-while to study the properties of the deficiency
function def(X). In these studies we shall not make use of Theorem 1.3.1.
In fact, a proof of this theorem could easily be obtained from Lemmas
1.3.2 and 1.3.3 below (see Exercise 1.3.4).

1.3.2. LEMMA. For every two subsets X,Y C A we have
def(X UY)+def(X nY) > def(X) + def(Y). (1.3.1)
PROOF. By a trivial computation we have
X UY|+|XnY|=|X]|+]Y]| (1.3.2)

It is also trivial that

(X uY)=I(X)uI(Y)

and
rXxXnY)crx)nr{y).
Hence
[PXVY)|+ DX nY)| < | DX+ 1Y) (1.3.3)
Upon subtracting (1.3.3) from (1.3.2), the lemma follows. [

A subset X C A is called tight if def(X) = def(G).

1.3.3. LEMMA. The intersection and union of tight sets are tight.

PROOF. Suppose that X and Y are tight. Then the right hand side
of inequality (1.3.1) is 2def(G). On the other hand, the left hand side is
at most 2def(G) by maximality in the definition of def(G). So we must
have equality and X UY and X nY must also be tight. [ ]

1.3.4. EXERCISE. Let G be a bipartite graph such that deleting any
line from G, def(G) increases. Prove that every point of G has degree at
most 1. Obtain a new proof of Theorem 1.3.1 this way.

Many of these ideas carry over if we are interested in the deficiency
of non-empty sets only. The exclusion of the empty set from our con-
siderations has an effect only if every non-empty subset of A has negative
deficiency. It is therefore more convenient to change sign and define the
surplus of a set X C A by

o6(X) = o(X) = |1(X)| - |X| = - def(X).
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The surplus of the bigraph G is the minimum surplus of non-empty
subsets of A, and will be denoted by o(G). Note that def(G) = max{0,
—0(G)}. Lemma 1.3.2 implies immediately that

(X UY)+0(XNY)<o(X)+a(Y). (1.3.4)

Call a set X C A o-tight if 0(X) = 0(G). Then the proof of Lemma
1.3.3 carries over to yield the following result.

1.3.5. LEMMA. If two o-tight sets have a non-empty intersection, then
their intersection and union are also o-tight. [

The following theorem, together with P. Hall’s Theorem, yields a
good characterization of the number o(G), since if def(G) > 0 then
0(G) = —def(G) and def(G) is known to be well-characterized. Thus
it suffices to consider the case when def(G) = 0.

1.3.6. THEOREM. For abigraph G, withdef(G) =0, o(G) is the largest
integer s satisfying the following property for every point x € A: if we add
s mew points to A and connect them to the points i I'(z), the resulting
bigraph has non-negative surplus.

PROOF. First we show that s = ¢(G) has the property formulated in
the theorem. Let z € A, and let zy,...,z; be new points, connected to
the points in I'(z). We have to show that in the resulting bigraph G’,
|[I'c/(X)] > |X| holds for every X C Au{z,...,z}, X #D. f X CA
then [I'(X)| = [Ic(X)| 2 [X|+s > |X|. If X ¢ A then |[[g(X)| =
IF6((X 0 (A=2)ufa})] > (X N(A-2)U{z}]+5 2 [X A +5 > |X].
Second, assume that s is a number with the property formulated in
the theorem. We show that s < ¢(G); this will complete the proof of
the theorem. Let X C A, X # . Select any z € X, and add s new
points z1,...,z, to the graph, connecting them to I'(z). By hypothesis,
the bigraph G’ arising in this way has non-negative surplus. But then

Ie(X)| = |Tg (X u{zy,...,zs})| 2 | X U{zy,..., 2} = |X|+s. .
To see how this theorem provides a good characterization of the
surplus of a bigraph consider the following: we can prove that o(G) > s
by exhibiting |A| + s independent lines in each of |A| bigraphs obtained
from G by adding s new points and connecting them to the points of
I’(z) for some z € A. On the other hand, we can prove that o(G) < s by
exhibiting a non-empty set X C A, such that |[I'(X)| <|X|+s.
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Even though Theorem 1.3.6 gives a good characterization of the
surplus, the condition given in it is not too transparent. In the case
o(G) = 1 we can give a much nicer condition. First we prove the following
result of Las Vergnas (1970) and Lovéasz (1970c).

1.3.7. LEMMA. LetG be a bigraph with o(G) = s > 0 such that deleting
any line from G, o(G) decreases. Then every point in A has degree s+ 1.

PROOF. Let z€ A, and I'(z) = {y1,-+,ya}. We want to show that
d = s+ 1. By definition of s, d > s + 1. Deleting the line zy; from G,
the remaining graph G’ will have surplus less than s, and thus it will
contain a set X; C A, X; # @ with o¢(X;) < s. Since og(X;) > s, it
follows that X; must be a o-tight subset in G, z € X;, and moreover,
y: must be adjacent to a single point of X, namely z. Then by Lemma
1.3.5, the set Xg = X, N... N X, is also o-tight, and no line connects

I'(z)={y1,-..,y4} to Xo —z. If Xo = {zo} we are finished so suppose,
to the contrary, that Xo — 1z # <. Then

JF(X())I = ]F(I)l + ]F(Xo - IZ())I > (1 + S) + (]Xo - lll + S) = IX()I + 2s,

which is a contradiction since Xy is o-tight. ]

So now we have a characterization of all minimal (with respect to
line deletion) positive surplus bigraphs. It follows from the next theorem
that they are just the forests in which each point in A has degree two.

1.3.8. THEOREM. A bigraph G has positive surplus if and only if it
contains a forest ' such that every point in A has degree 2 in F'.

PROOF. 1t is trivial that if G contains a forest F' such that every point
of A has degree 2 in F' then G has positive surplus. Conversely, assume
that G has positive surplus, and let ' be a minimal subgraph of G which
contains all points of A and has positive surplus. By Lemma 1.3.7, every
point of A has degree 2 in F'. Hence it also follows that F is a forest. In
fact if C were a cycle in F' then V(C)n A would have surplus 0. |

Graphs with positive surplus will play an important role as building
blocks in the structure theory of graph matching (cf. Chapter 3).

Expressions like (1.3.1), (1.3.2) and (1.3.3) play an important role
in most branches of combinatorics. A real-valued set function, i.e., a
mapping f:2° — R, is called submodular if it satisfies

FXVY)+ (X nY) < f(X)+f(Y) (X,Y C9),



1.3. DEFICIENCY, SURPLUS AND A GLIMPSE OF MATROID THEORY 21
it is called supermodular if
fXUY)+f(XnY) > f(X)+ f(Y) (X, Y C9),

and modular if it is both submodular and supermodular, that is, if it
satisfies both of the above inequalities with equality. Supermodular and
submodular functions often enable us to formulate and prove theorems
with great unifying power.

Thus, for example, surplus is a submodular, deficiency is a super-
modular and cardinality is a modular set function on the point set of a
bigraph. The reader is invited to show by example that if the graph un-
der consideration is not bipartite, then deficiency and surplus are neither
submodular nor supermodular in general.

We are going to mention some examples of super- and submodular
set functions. In some of these examples the verification of (super or
sub)-modularity is not quite trivial. The following lemma will be useful
here as well as later on. (The proof is left to the reader.)

1.3.9. LEMMA. A set function f defined on the subsets of a finite set S
is submodular if and only if the set function f(X U{a})— f(X) is monotone
decreasing on the subsets of S —a, for everya € S. [

1.3.10. EXAMPLE. Let ¢ be any function defined on the elements of
any finite set S, let ¢ be any real number and let

fX)=c+ Y dla).

aeX

Then f is a modular set function. Conversely, every modular set function
arises this way.

1.3.11. EXAMPLE. Let D be a digraph and let p(X) denote the num-
ber of lines of D entering the set X C V(D). Then p is a submodular
function on the subsets of V(D). In fact, it is straightforward to verify
that every line counted in p(X UY)+p(X NY') is also counted in p(X)+p(Y)
and every line counted in both terms of the first sum is also counted in
both terms of the second. (The lines between X —Y and Y — X are only
counted in the second sum. This is why we cannot assert modularity,
but only submodularity.)
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1.3.12. EXAMPLE. Let G be a graph, and for X C E(G), let 7(X) =
[V(G)| - c(V(G),X). (Here (V(G),X) is the graph with point set V(G)
and line set X, and c(V(G),X is the number of connected components
of this graph.) Then, ¢(X)=¢(V(G),X) is a supermodular function and
7(X) is a submodular function. This follows easily from Lemma 1.3.9.

1.3.13. EXAMPLE. Let G be a graph and A C V(G) an independent
set of points. Define f(X) = ¢(G —X) for X C A. Then this set function
is supermodular. To verify this, let X' = E(G — X) for X C A, and note
that (X nY) =X'UY"  and (X UY) =X'nY". (Here we have used the
fact that A is an independent set, or more exactly, that no line connects
X ~Y toY — X.) Further, if r is as in the preceding example,

fX) =c(G-X)=c(V(G),X") - IX| = [V(G)| - IX| - r(X"),

and so using the submodularity of 7, the assertion follows.

1.3.14. EXAMPLE. Let A be a matrix and let S denote the set of
columns of A. For X C §, let »(X) denote the rank of the matrix
formed by the columns in X. Then r is submodular. The proof follows
by Lemma 1.3.9.

1.3.15. EXAMPLE. Our last example is more closely related to bipar-
tite matching theory. Let G be a bipartite graph with bipartition (A, B)
and for X C A, let 7(X) denote the maximum number of points in X
which can be matched with points in B; i.e., let 7(X) = (G ~ (A - X)).
Then by Theorem 1.3.1,

rX)=|X|+min{o(Y)|Y CX}.

It is easy to see that 7(X) is a submodular set function. In fact, if f is
any submodular set function then the set function f; defined by

fi(X)=min{f(Y)|Y C X}

is also submodular.

Let us remark that the set functions in Examples 1.3.12, 1.3.14
and 1.3.15 have some additional properties: r(&J) = 0, r is monotone
increasing, and r({z}) <1 for every z € S. A finite set S endowed with
such a submodular function is called a matroid and r is called the rank
function of the matroid.

To be more precise, let S be any set and 7 a function from 25 — Z,.
Then r is called a matroid rank function on S if the following three
conditions hold:
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(a) if X C S then r(X) <|X],

(b) if X CY C S then r(X) < r(Y),

() if XY CS then (X UY)+7r(X nY) <r(X)+r(Y).

The pair (S,7) is called a matroid if 7 is a matroid rank function on S.

Matroids are of great importance in combinatorics and graph theory,
and even though the scope of this book does not permit a systematic
development of matroid theory, we shall encounter matroid theoretic
ideas repeatedly in matching theory. An important feature of matroids is
that they have a number of alternate definitions, of which we discuss only
one — the definition in terms of independent set. For a comprehensive
treatment see Welsh (1976) or von Randow (1975).

Let (S,7) be a matroid. Call a subset A C S independent if 7(A) =
|A|l. Then we can show that the following properties hold:

(I-1) O is independent.

(I-2) If A is independent and B C A then B is independent.

(I-3) If A and B are independent and |A| > |B| then there exists an
element a € A — B such that Bu{a} is independent.

Conversely, if M is a family of subsets of S, called independent, and
axioms (I-1), (I-2), (I-3) are satisfied, then M is the set of independent
sets of a unique matroid. The rank of set X is then the size of its
maximum independent subset.

We shall not go into many particulars about matroids. There are,
however, a few basic notions which we must introduce. A set which
is not independent is called dependent, and a minimal (with respect to
inclusion) dependent set is called a circuit. It is easy to derive from the
submodularity of the rank function that every set X has a unique largest
superset with the same rank as X'; this superset is called the closure of
X. A set X is called closed if it coincides with its own closure; that is,
if the addition of any new element to X increases its rank. Closed sets
are also called flats.

A trivial matroid in which every set is independent (or equivalently,
in which the rank of any set is equal to its cardinality) is called a free
matroid. Less trivial examples can be found in Box 1C, which also
contains a brief historical survey of matroids. If the reader finds some of
the above names for matroid concepts a bit peculiar, we hope this box
will also help explain these appellations.

Submodular functions and matroids give rise to a large number
of important minimax theorems, which often generalize fundamental
minimax theorems in graph theory, such as the theorems of Konig,
Menger, and others.
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Let us state one rather general result which gives rise to many mini-
max theorems. This result is due to Frank (1982). By rather complicated
arguments it can be shown that the result is equivalent to other theorems
on submodular set functions, due to Edmonds (1970), Edmonds-Giles
(1977) and Martel (1981), but Frank’s result is probably the easiest to
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(Example 1.3.14) {See Box 7A)
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FIGURE 1.3.1. Different representations of the same matroid

state. This theorem shows an interesting analogy between submodular-
supermodular and convex-concave. This analogy can be further exploited
and explained (see Lovdsz (1983a)).

1.3.16. THEOREM. Let f be a submodular and g a supermodular set
function defined on the same set S and assume that f > g. Then there
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exists a modular set function h such that f > h > g. If, in addition, f and
g are integer-valued then h may be chosen integer-valued.

PROOF. We give a proof of the second statement, which is the inter-
esting one from the point of view of combinatorial applications and from
which the first statement follows as well. The proof will use an idea
similar to the Halmos-Vaughn proof of P. Hall’'s Theorem.

We use induction on |S|. For |S| = 1 the assertion is obvious.
Assume first that there exists an integer-valued submodular set function
f1 such that f > f1 > g, f # f1. Then it would suffice to separate f;
from g by a modular function. Proceeding similarly we see that it suffices
to prove the theorem for the case when no integer-valued submodular set
function separating f from g exists (other than f itself). We may assume
without loss of generality that f(<)=0.

Next we claim that if

f(S—a)+ fla) = f(S) (1.3.5)

holds for every a € S then f is, in fact, modular and hence we are done.
To prove this it suffices to use the monotonicity property of the
difference function f(X)— f(X —a). If a € X, then

fla)=f(a)- f(D) 2 f(X) - f(X —a) > f(S) - f(S —a) = f(a),

whence
f(X) = f(X —a)+ f(a),

and hence by induction
f(X)="3_ f(a),
aeX
which is indeed a modular set function. So we may assume that there
exists an element a € S such that f(S —a)+ f(a) > f(S). Define a new
function

f(X) = {min(f(X), fX —a)+fla)~1) ifaeX,

f(X) ifa¢ X.

It is straightforward to verify that f; is submodular. Trivially, f > f,
and f # f since fi(a) = f(a)— 1. So by assumption, f; > g, that is,
there exists a set A such that f1(A) < g(A). Since also obviously fi(A4) >
f(A)—1, we have that fi(A)= f(A)—1=g(A)—1. It is immediate that
A# and A#S.
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Thus there exists a set A # J, S such that f(A) = g(A). Now con-
sider these two set functions restricted to A. By the induction hypothesis
there exists a modular set function h; on A separating f and g. Also
consider f(AUX) as a set function on S—A. Thisis trivially submodular.
Similarly, the set function g(Au X) is supermodular on S —A. Hence
again by the induction hypothesis there exists a modular set function hs
on S — A separating them. We claim that the set function

R(X) = ha(X 0 A)+ ho(X — A) - f(4)

defined on all subsets of S, is modular and separates f and g. The first
assertion is obvious. The second follows by the computation

h(X) =h(X nA) +ha(X —A) - f(A) < F(X NA) + (X UA) - f(4)
<f(X),
by the submodularity of f. The fact that h > g follows similarly. []

By specializing, Theorem 1.3.16 can be used to obtain many deep
results in combinatorics, such as the theorems of Konig and Menger, the
results on orientations of graphs (cf. Section 2.4) and others. Here we
discuss only a very few of these consequences.

First we derive the famous “Matroid Intersection Theorem” of Ed-
monds (1970).

1.3.17. THEOREM. (The Matroid Intersection Theorem). Suppose
(S,71) and (S,ry) are two matroids on the same underlying set. Then
the mazimum size of a common independent set of the two matroids is
equal to the minimum of r1(X)+ro(S—X) over all X C S.

PROOF. Let k=min{r)(X)+7(S—X)|X CS} and set

f(X) = min(k, (X)),
9(X) = max(0,k — r5(S — X)).

Then clearly f is submodular, g is supermodular, and by the definition
of k, f > g. Thus by Theorem 1.3.16, there exists an integer-valued
modular function h separating f and g. Since f(©)= g(J) =0, we have
h() = 0 and since 0 < g(a) < f(a) < 1 for every a € S, we have h(a)=0
or 1. Let A={a€S|h(a)=1}. Then h(X)=|X nA| for every X.

Now h(A) = |A| < f(A) implies that A is independent in (S,r;) and
that |A| < k. On the other hand, h(S — A) =0 > ¢g(S — A) implies that
r2(A) > k. This implies that rp(A) = |A| = k, that is, A is a common
independent set of the two matroids of size k.
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That no common independent set B of the two matroids can be of
larger cardinality than k follows easily for if X is a subset minimizing
71(X) +72(S — X) then

|B|=|BNX|+|Bn(S-X)|=r(BnX)+r(Bn(S~X))
<Sri(X)+r2(S-X) =k .

Let us state another version of the Matroid Intersection Theorem
which shows clearly that it is a generalization of Konig’s Theorem (Aigner
and Dowling (1971)).

1.3.18. THEOREM. Let G be a bigraph with bipartition (A, B) and let
(A,74) and (B, rg) be two matroids. Then the mazimum size of a matching
m G which meets an independent set in both matroids 1s equal to the
manimum rank of a point cover, t.e., the minimum of r4(TNA)+7g(TNB),
over all point covers T'.

PROOF. Let S =E(G), ri(X)=ra(V(X)nA), ro(X)=rs(V(X)nB),
and apply the Matroid Intersection Theorem. |

Clearly Konig’s Theorem is now obtained by setting r4(X) = | X]|
and rg(Y) =Y for every X CA, Y CB.

ﬂsox 1C. Matroids N\

Matroids were introduced in the early thirties by Birkhoff, van der
Waerden and Whitney, who arrived at this important notion from differ-
ent directions. In his book “Moderne Algebra” (1931), van der Waerden
points out that linear independence of sets of vectors over a field and al-
gebraic independence of sets of field elements over a subfield have similar
combinatorial properties, namely the properties (I-1) — (I-3) for indepen-
dent sets of matroids mentioned before Theorem 1.3.16. Matroids arising
from linear independence of vectors are nowadays called linear or coor-
dinatizable.

Whitney (1935) introduced the name matroid and laid the founda-
tions of matroid theory. One of his motivations for doing so was the
study of planar graphs and duality. A planar graph, when embedded
in the plane in different ways, may have non-isomorphic duals, but all
duals of the same graph have many properties in common. There is a
natural bijection between the lines of any two duals of the same graph,
which maps cycles onto cycles and, consequently, forests onto forests. So
what is common to two duals of the same graph is the system of those
subsets of lines which form forests. Whitney noticed that these subsets
form the independent sets of a matroid. Matroids arising this way are

\(usually called graphic. Thus matroids may be viewed as generalizations/
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K)f graphs. One of the nice features of this generalization is that a “dual”\
of every matroid can be defined in a way which generalizes duality for
planar graphs. The dual of the matroid of a non-planar graph turns
out to be a matroid which does not arise from a graph; this shows the
advantage of introducing this more general notion.

Birkhoff (1967) has considered semimodular, atomic lattices; he called
them geometric because the lattice of subspaces of various geometries
(projective, affine, hyperbolic etc.) is geometric. As it turns out, finite
geometric lattices are essentially equivalent to matroids. This approach,
however, shall not concern us here.

A further development in the theory of matroids, which is of great
relevance to us, is found in the work of Rado (1942). He proved a minimax
theorem which is essentially equivalent to the special case of Theorem
1.3.18 where rp(X) = |X|. (It should be noted, however, that Theorem
1.3.18 could be reduced to this special case.) He also introduced the
matroids in Example 1.3.15 which are called transversal matroids. The
independent sets in these matroids are precisely those subsets of A which
can be matched.

Rado’s theorem already suggests the importance of matroids in com-
binatorial optimization, but the most striking development in this direc-
tion is due, independently, to Rado (1957), Edmonds (1971), Gale (1968)
and Welsh (1968). Let S be a finite set and A, a non-empty collec-
tion of subsets of S such that if A € A then every subset of A also
belongs to A. (In brief, A is a hereditary hypergraph, independence sys-
tem or simplicial complex). A very common and general problem in
combinatorial optimization is the following. Assume that there is a non-
negative weight w(a) associated with every a € S. Find a subset A€ A
for which Y., w(a) is maximum.

A trivial approach to this problem is the following. Pick an element
a; € A such that {a1} € 4 and w(e1) is maximum. Pick az € S such that
{a1,a2} € A and w(a3) is maximum etc. Stop if no further element can
be added to the set previously selected in such a way that we get a subset
in A. This procedure results in a subset of S which belongs to A4 and
for which w(A) can be (heuristically) expected to be “large”, although
of course not necessarily maximum! This procedure is called the Greedy
Algorithm. The four authors mentioned above observed that the Greedy
Algorithm produces the true optimum for every weighting of the elements
of S if and only if A is the set of independent sets of a matroid.

It is impossible to survey even the basic results of matroid theory in a
side remark in a book such as this, so we only refer to the textbooks and
monographs by Tutte (1965, 1966, 1971), Crapo and Rota (1968), von
Randow (1975), Aigner (1975, 1976, 1979) and Welsh (1976). Let us note
at least, however, that there are two (interrelated, but distinguishable)
main lines of research. One is concerned with minimax theorems and
\\ the application of matroids in combinatorial optimization. The Matroid /
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/ Intersection Theorem 1.3.17 is a characteristic example of this kind of\
result. This trend in matroid theory is experiencing repeated encounters
with matching theory; a recent one will be described in Chapter 11.

The other main branch in matroid theory is the study of repre-
sentation of matroids. That is, which matroids are representable by the
columns of matrix over a given (or, over some) field (Example 1.3.14), or
by a graph (Examples 1.3.12, 1.3.15). Whitney (1935) characterized those
matroids representable by a matrix over the field GF(2), Tutte (1965)
characterized those representable by a matrix over every field, and many
important results in this direction are currently being obtained (see, for
example, Seymour (1980)). However, a complete solution of the repre-
@tation problem is still not known. /

1.4. Some Consequences of Bipartite Matching Theorems

Philip Hall (1935) first proved his version of the bipartite matching
theorem, not in the language of graph theory, but in a set-theoretic
context. Let Sy, ..., S, be (not necessarily distinct) subsets of a finite set
S. When can we find a set of n distinct elements 31, 82,...,8, With s; €
S;? Such a set of elements is called a system of distinct representatives
or simply an SDR. (Let us note in passing that a finite set S together
with a collection of its subsets is today often called a hypergraph.) Hall
originally formulated his famous result as follows.

1.4.1. THEOREM. (A collection of sets {Si,...,5,} has an SDR if and
only if for every k,0 < k <n, the union of any k of the sets Sy,..., S, has
cardinality at least k.

PROOF. The left to right implication is trivial. Suppose, conversely,
that for every k, 0 < k < n, and for every subset {¢1,...,%} of {1,...,n},
we have |UJ;_; Si;| > k. Then form a bipartite graph G = (4, B) as
follows. Let the points of A be the sets S;,...,S, and the points of B
be the points of |J-; Si. Join point S; of A to point s; of B if and
only if s; € S;. Now choose any A’ C A. By definition of G we have
IP(AY)| = |Us, ear Si;| 2 |A|. But then by Theorem 1.1.3, A can be
matched into B and it follows that the endpoints in B of this matching
must be an SDR. ]

1.4.2. EXERCISE. Complete the demonstration of the equivalence of
Theorems 1.4.1 and 1.1.3 by showing that Theorem 1.4.1 implies Theorem
1.1.3.
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There are an astonishing number of variations and generalizations
of P. Hall’s Theorem, many of which can be proved by reduction to one
of the two basic versions, Theorems 1.1.3 and 1.4.1. We shy from the
abyss and direct the interested (and industrious!) reader to the books of
Mirsky (1971) and Welsh (1976) as well as the survey article of Brualdi
(1975).

However, let us give one example from a class of such results known
as “marginal element versions”. (If an SDR is required to contain a
prescribed set M of elements, these elements are called marginal.)

This next result, although simple to state and prove, serves well
as a signpost for our purposes. In one direction, it points to linear
programming (see Chapter 7), for marginal element versions of P. Hall’s
Theorem were first dealt with by Hoffman and Kuhn (1956a, 1956b) using
LP techniques. In another direction it points to matroids. Indeed this
result, due in its present form to Mendelsohn and Dulmage (1958), has
an elegant proof due to Kundu and Lawler (1973) who in the same paper
present a matroid generalization.

1.4.3. EXERCISE. Let G = (A, B) be a bipartite graph. Suppose S C
A,T C B and that there is a matching of S into B and one of T into A.
Show that there is then a matching in G covering both S and T.

We can further exploit the connection between set systems and
matroids. Let ¥ = {Sy,...,S,} be a family of (not necessarily distinct)
subsets of a finite set S. A partial SDR (PSDR) is a subset of S which
is an SDR for some subfamily of ¥.

1.4.4. LEMMA. The partial SDR’s of F form a matroid of S.

PROOF. By the same construction as in the proof of Theorem 1.4.1 we
obtain the matroid in Example 1.3.15. (These matroids are called trans-
versal in Box 1C. In fact, SDR’s themselves are often called transversals,
and hence the name of these matroids.)

This construction and Theorem 1.3.1 also gives us the rank function
of this matroid: for X C S,

r(X)=n—r§g§{|9I—l U AnX]}. (1.4.1)
= Aeg

We can also apply the Matroid Intersection Theorem to get a neces-
sary and sufficient condition for the existence of a so-called “common
system of representatives”. Let # and #; be two families of sets, || =


Administrator
Highlight


1.4. SOME CONSEQUENCES OF BIPARTITE MATCHING THEOREMS 31

|#2| =n. A set U of n elements is a common system of distinct repre-
sentatives (CSDR) for #; and % (or perhaps more aptly a simultaneous
system of distinct representatives for 7, and %) if U is an SDR for
# and for %. For example, let # = {{1,2},{2,3,4},{4,5}}, % =
{{1,3,4},{2},{5}} and 7% = {{1,2,3,5},{4},{1,4}}. Then % and %
have a CSDR, for example, {1,2,5}, #, and 7; have a CSDR, for example
{1,4,5}, but % and % have no CSDR.

The following theorem was first proved by Ford and Fulkerson (1958,
1962) who used the techniques of network flows. (See Chapter 2.)

1.4.5. THEOREM. Let # and % be two families of subsets of a finite
set S and suppose that |#| = |%|=n. Then # and % have a CSDR if
and only if for any two subfamilies Gy C % and G, C %5, we have

(U An(U A2 161+l —n.

Aeg, A€gGa

PROOF. Let (S,r;) be the transversal matroid formed by the partial
SDR’s of % (i=1,2). Then a CSDR is just a common independent set
of these two matroids of size n. By the Matroid Intersection Theorem
1.3.17, such a common independent set exists if and only if

r(X)+r(S-X)2n (1.4.2)

forall X C S.
Substitute for r;(X) and 79(S — X) from equation (1.4.1). Then
inequality (1.4.2) is equivalent to

n2 max {|Gi| - luaca, AN X1} + max {1zl - [Uacg, AN (S — X))

So # and % have a CSDR if and only if for all X C S, §; C # and
G2 C %2, we have

|(Vaeg, AN X+ |(Vaeg, AN (S = X)| 2 |G1| +]G2| — n.

The set X which minimizes the left hand side is clearly X = S —U¢g, A.
For this choice of X, the left hand side is just |(Uacg, A) N (Vaeg,4)l,
which proves the theorem. n

We remark in passing that it is easy to construct an example of three
families of sets which have no CSDR, but any two of which do have a
CSDR. The theory of the existence of CSDR’s for three or more families
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of sets will be ignored here for the very good reason that it does not
exist! In fact, the problem of finding a CSDR for three (or more) families
of sets belongs to the “hardest” combinatorial problems, the so-called
NP-complete problems (see Box 6A).

Let us give an application of Theorem 1.3.8 to hypergraphs which
is analogous to P. Hall’s result on systems of distinct representives. Let
H be a hypergraph. We say that H has a forest-representative system,
if it is possible to choose a pair of points from every line of H such that
the pairs chosen form the lines of a forest; that is, if we join each such
pair with a line, we get a forest.

1.4.6. COROLLARY. A hypergraph H has a forest-representative sys-
tem, if and only if for every k > 0 the union of any k lines of H has
cardinality more than k.

PROOF. The proof is straightforward by the same construction as in
the proof of 1.4.1. (Use Theorem 1.3.8.) |

1.4.7. EXERCISE. A hypergraph H is called 2-colorable, if it is pos-
sible to 2-color the points so that no line is monochromatic. Prove that
if H is a hypergraph such that for every k > 0 the union of any & lines
of H has cardinality > k, then H is 2-colorable.

One of the most fundamental results in the theory of partially or-
dered sets is due to Dilworth (1950). We now proceed to show that this
theorem too is equivalent to Konig’s Theorem. Let P = {a,,...,a,} be
any finite set. Any relation R C P X P is said to be a partial ordering of
P if R is reflexive, anti-symmetric and transitive. A set P endowed with
such a relation is called a partially ordered set or poset. We shall denote
R by “<”; that is, (ai,a;) € R if and only if a; < a;. This notation will
be unambiguous for our purposes since we shall have no need to change
a partial order in any of our discussions to follow. We shall also write
a; < a; if and only if a; < a; and a; # a,. A subset {a;,,ai,,...,a;,} of
P is totally ordered or is a chain if there is some permutation 7 of the
subscripts 24,...,1x such that ar(,) < ax(,) < o0 < arg,). Any two ele-
ments a; and a; are called comparable if they belong to some chain and
are incomparable otherwise. Any set of pair-wise incomparable elements
is called an antichain.

A collection P = {Cy,C3,...,C;} of chains [antichains] in P is called
a chain [antichain| partition of P if the C;’s are mutually disjoint and
their union is P. Observe that any partially ordered set can be rep-
resented as a union of disjoint chains, for the one-element chains
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FIGURE 1.4.1.

{a1},{az2},...,{an} trivially suffice. Thus it makes sense to talk about
chain partitions of P of smallest cardinality. On the other hand, since
the cardinality of an antichain cannot exceed |P|, we may speak of an-
tichains of largest cardinality. One of the fundamental results of the
theory of partially ordered sets relates these two concepts and is due to
Dilworth (1950).

1.4.8. THEOREM. (Dilworth’s Theorem). In any finite partially or-
dered set the cardinality of any largest antichain equals the cardinality of
any smallest chain partition.

In Figure 1.4.1 we illustrate Dilworth’s Theorem as applied to an
eleven-element poset. (As is customary in the diagram of a poset, we
suppress all lines implied by transitivity and loops implied by reflexivity.)
One easily sees in this example that the cardinality of a largest antichain
= the cardinality of a smallest chain partition = 4.

The set {as,ar,as,a9} (shown in boxes) is a largest antichain and
the “heavy” paths correspond to the four disjoint chains C; =
{a1,a4,a7,a10}, C2 = {a2,a5}, C3 = {as,a11} and C4 = {a3,a¢,a7}.

Although not even couched in the language of bipartite graphs, it
is interesting that Dilworth’s Theorem is equivalent to Konig’s Theorem.
To show this we follow the treatment of Fulkerson (1956) and Ford and
Fulkerson (1962). The most important idea in this proof is how to build
a suitable bigraph model when given the poset.

We shall prove Dilworth’s Theorem, assuming Konig’s Theorem to
be true. The converse will be left as an exercise for the reader. Let
P = {z,...,z,} denote a poset. Build a bigraph G = (A, B) where
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A= {aj,as,...,a,}, B = {by,by,...,b,} and a;b; € E(G) if and only if
T; < ;. We shall need the following two lemmas.

1.4.9. LEMMA. Let M be a set of independent lines in G. Then there
is a chain partition P of P such that | M|+ |P|=n.

PROOF. Suppose M = {a;,bi,,a:,bi,,. .., Cipp_ big, }. SO Ti, < 34y, Ty, <
Tigy-++yTige_, < Tiy, and among the distinct elements of these 2k z,,’s we
have a set P’ of chains each of length at least two and they are pairwise
disjoint since M is independent. We extend P’ to a chain partition P
of P in a trivial way, namely by appending all one-element chains not
already present in P’'. Now let n; = the number of elements in the jth
chain of P. We then have

B4 |P]
n=3 nj=7 (nj—1)+|P|=|M|+|P|
7=1 =1
since there are precisely n, — 1 lines in the jth chain of P. ]

1.4.10. LEMMA. If Cg C AU B is a minimum cover of bigraph G =
(A,B) of poset P, then there is an antichain U contained in P with
|Ca|+|U| > n.
PROOF. .Let Cg = {a;,,ai,,---,84, b5, b5,...,b;.. } be a minimum cover
of G.

Clearly Cg corresponds to a subset @ of P with |@| < |Cg|. Let
U = P — . Then the elements of U are pairwise unrelated in P since
Cg is a cover in G. Moreover, by construction,

ICol +|UI 21QI +|U| =1Q| +|P - Q| = |P| =n.

We are now prepared to prove Dilworth’s Theorem.

PROOF (of Theorem 1.4.8). Let P be any partially ordered set and
G = (4, B), the bigraph corresponding to P. Let Ls be a maximum
independent set of lines in G and Cg C AU B, a minimum cover of G. By
Lemma 1.4.9 there is a chain partition P of P such that |Lg| +|P|=n.
By Lemma 1.4.10 there is an antichain U C P with |Cg|+ |U| > n. But
by Konig's Minimax Theorem, |Lg| =|Cs| and hence |P| < |U|.

On the other hand, it is an elementary observation to note that for
any arbitrary chain partition P’ of P and any arbitrary antichain U’
of P, we must have |U'| < |P’| since no two elements of U’ can lie in
the same chain of P’. Thus |P| = |U| and hence it follows that P is a
minimum chain partition of P and U, a maximum antichain. [ |
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Note that this proof of Dilworth’s Theorem also yields a polynomial
algorithm to find a minimum chain partition and a maximal antichain
in a poset.

1.4.11. EXERCISE. Prove Konig’s Theorem, assuming Dilworth’s Theo-
rem to be true.

Dilworth’s theorem has a “dual”’, which is much easier to prove
and which is included here for the sake of later reference when studying
perfect graphs in Chapter 12.

1.4.12. THEOREM. [n a finite partially ordered set the cardinality of
any longest chain equals the cardinality of any smallest antichain partition.

PROOF. 1t is clear that every antichain partition contains at least as
many antichains as the cardinality m of a longest chain. It suffices to
construct an antichain partition containing m antichains.

For each a € P, let ¢(a) denote the maximum length of a chain with
smallest element a. Obviously, 1 < ¢(a) < m. Further, a < b implies that
#(a) > ¢(b). Hence the sets A; = {a € P | ¢(a) =14}, fori=1,...,m, are
antichains and thus they form a partition of the desired type. [ |

As we have already pointed out in our historical notes on early
theorems related to bipartite matching, most were couched in terms of
matrices. The next theorem due to Konig (1916a, 1916b) is such a result.
We present it not only for its own intrinsic interest, but also because it
yields as an immediate corollary a more recent and more well-known
result on doubly stochastic matrices. A non-negative n X n matrix A
is doubly stochastic if all row sums and all column sums are equal to
1. A permutation matrix P is a square matrix with exactly one “1”
in each row and in each column (the rest of the entries being zero). A
permutation set of a square matrix is a set of entries containing one entry
from each row and from each column.

1.4.13. THEOREM. Every doubly stochastic matriz A has a permuta-
tion set of non-zero entries.

PROOF. Define a bigraph G = (R,C) with R ={ry,...,7r,} the set of
rows of A and C = {cy,...,c} the set of columns of A. Then define
(ri,¢5) to be a line of G if and only if entry a;; # 0 in A.

' We proceed to show G has a perfect matching. Suppose not. Then
by P. Hall’s Theorem there is a set of k rows in R which have non-zero
entries only in some s columns with s < k. Now summing the entries
in these ¢ rows row by row we get k, but summing the same entries
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column by column, we get a sum not exceeding s and hence k < s, a
contradiction. So G has a perfect matching as claimed. |

A famous result due independently to Birkhoff (1946) and von Neu-
mann (1953) now follows easily. This result has also been called the “Birk-
hoff-Konig Theorem” — and sometimes just the “Birkhoff Theorem” —
elsewhere in the literature.

1.4.14. COROLLARY. (The Birkhoff-von Neumann Theorem). If A
15 doubly stochastic then A can be written as a conver combination of
. . . k
permutation matrices; r.e., A = c1 Py + -+ + ¢ Py where Eizl c; =1,
Py, ..., P are permutation matrices and each ¢; > 0. [ ]

We shall prove the following, clearly equivalent, form of this result.

1.4.15. COROLLARY. If A is a non-negative matriz with column sums
and row sums all equal to a common value, then A can be written as a
non-negative linear combination of permutation matrices.

PROOF. By Theorem 1.4.13, A has a permutation set with all entries
positive. Let P, denote the corresponding permutation matrix and let
¢1 be the minimum entry in this permutation set. Then A—c¢,P; is non-
negative and has equal row and column sums. Denote this “remainder”
matrix by ;. We can clearly repeat this argument on R; and in some k
steps we can write A=c1P; +- - + ¢ Px where each P; is a permutation
matrix. It is easy to see that this decomposition terminates after a finite
number of steps (i.e., k is finite), for in each iteration the number of zeros
in R; increases by at least one. Moreover, since there are no more than
n? non-zero entries in A to begin with, clearly k <n? —n +1. [ ]

The procedure outlined in the above proof for finding the permuta-
tion matrices to express the doubly stochastic matrix has come to be
called the “Birkhoff Algorithm”. Tt is interesting to note that the upper
bound on the number of permutation matrices — n?—n+1 — obtained in
the proof is not best possible. The reader may note at this point that the
set of doubly stochastic matrices is just the convex hull of permutation
matrices when all are considered as points in n? dimensional space. (Cf.
Chapter 7.) Approaching from this polyhedral point of view, Hoffman
and Wielandt (1953) devised a different proof of Corollary 1.4.13. Their
proof shows that, in fact, we have the better upper bound of n?—2n+2
for the number of permutation matrices necessary to express the doubly
stochastic matrix. On the other hand, the Hoffman-Wielandt proof is
not constructive. So for a time it remained to determine just how good
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the Birkhoff Algorithm really was. Johnson, Dulmage and Mendelsohn
(1960) showed that Birkhoff’s Algorithm actually gives the decomposition
using no more than n?—2n+2 permutation matrices — the Hoffman and
Wielandt bound. For details of this work, as well as information on other
results involving this upper bound, the reader is referred to Mirsky (1963)
and to Brualdi (1982).

The Birkhoff-von Neumann Theorem relates to another result of
Konig (1916a, 1916b).

1.4.16. LEMMA. If G 1s a reqular bipartite graph, then G has a perfect
matching.

PROOF. Immediate from Theorem 1.1.3. ]

This innocent-sounding result can lead one immediately in the direc-
tion of line coloration, another area of considerable research in graph
theory. A valid line coloration of any graph (bipartite or not) is an as-
signment of integers (the “colors”) to the lines of G in such a way that
no two lines having the same color are adjacent. The smallest number of
colors required to produce a valid line coloration is called the chromatic
index (or line chromatic number) of G and is denoted x.(G). Of course
each color class of lines in a valid line coloration is, in particular, a
matching.

Let A(G) denote the maximum degree of the graph G. It is im-
mediate that

Xe(G) > A(G). (1.4.3)

1.4.17. LEMMA. If G is a bipartite graph regqular of degree A, then
Xe(G)=A.

PROOF. This is obvious from LLemma 1.4.16 by successively deleting
A perfect matchings. ]

Actually, this lemma may be used to obtain the following more
general result due to Konig (1916a, 1916b) which gives a good charac-
terization for the chromatic index of a bigraph. We shall discuss the
problem of chromatic index of non-bipartite graphs in Section 7.4.

1.4.18. THEOREM. (Konig’s Line Coloring Theorem). For every bipar-
tite graph G, x.(G) = A(G).

PROOF. We shall embed G into a bipartite graph Gy which is regular
of degree A = A(G). Then the result will follow from Lemma 1.4.17 and
inequality (1.4.3).
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First, by adding isolated points if necessary, we embed G into a
bigraph G’ such that A(G’) = A and such that the bipartition (A’, B") of
G’ has |A'| = |B’|. Now connect A’ to B’ by new lines so that we do not
increase the maximum degree. Let G; be the maximal graph so obtained.
We claim that G is regular of degree A. Assume indirectly that G; is
not A-regular. Then there is a point ag € A" with degs, (ao) < A. Then

A-|A|> Y degg,(a)= ) degg, (b)
acA’ be B’

and so there exists a point by € B’ with Ag,(bo) < A. We may then join
ap and by with a new line without increasing the maximum degree, a
contradiction. ]

Let us remark that Lemma 1.4.17 can also be formulated as follows.

1.4.19. COROLLARY. IfA isanon-negative integral matriz with equal
row and column sums, then A can be written as a sum of permutation
matrices.

The similarity to Corollary 1.4.15 is apparent. In fact, Corollary
1.4.15 can be deduced from Corollary 1.4.19. (No such deduction in the
other direction is known. (Cf. Section 12.4.))

1.4.20. EXERCISE. Deduce Corollary 1.4.15 from Corollary 1.4.19.

At this point we hasten to point out that the relationship between
matching theory and linear algebra is much deeper and more exten-
sive than the above connection between bigraphs and doubly stochastic
matrices. This will become more and more apparent as we proceed. In
particular, the reader is referred to Chapter 8.

We mentioned earlier that the Marriage Theorem is an example of
a so-called “self-refining result”. Konig’s Line Coloring Theorem is yet
another. Consider the following two corollaries.

1.4.21. COROLLARY. (de Werra(1971,1975)). Let G be a bigraph and
let k be any integer > 1. Then G s the union of k line-disjoint spanning
subgraphs G, ..., Gy such that for each v € V(G):

5ot <[ =]

k

PROOF. We build a new graph G’ by splitting each point v of G into
|deg(v)/k| points of degree k and, if necessary, one more point of degree
deg(v) — k|deg(v)/k|. (The partition of the lines incident with v in G is
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arbitrary with respect to which lines go with each new point; only the
cardinality of the bundle at each new point is important.)

Note that G' remains bipartite and it has maximum degree k. But
then by Theorem 1.4.18, E(G') is the union of k line-disjoint matchings
My, ..., M. Now “collapse” G’ back to G by identifying the points
of G’ which correspond to each point of G. For each i = 1,...,k let
M denote the subgraph of G resulting from M, after collapsing. Since
M, is a matching there is at most one line of M; incident with each of
the [deg(v)/k] points of G corresponding to v € V(G); i.e., degps(v) <
[deg(v)/k].

On the other hand, there are {deg(v)/k| points of G’ corresponding
to v in G each of which has degree k. But then each of these has — for
each i — ‘one line of M; incident with it. Hence

degas: (v) 2 [d_egk(i)J

and the theorem is proved. ]

Thus Konig’s Line Coloring Theorem implies the above result. On
the other hand, let kK = A, the maximum degree of G. Then the inequality
of the preceding corollary becomes

o< [degA(U)J <degg,(v) < ’rdii@_‘ =1

and thus each G, consists of disjoint lines and isolates. But this just
means that G is the union of A disjoint matchings; that is, x.(G) = A
and we have Konig’s Line Coloring Theorem again! Hence our remark
about “self-refining”.

de Werra’s result, in turn, implies the following result due to Gupta
(1967) on decompositions of bipartite graphs into disjoint line covers.
(Recall that a line cover is any set of lines which collectively touch each
point of G.)

1.4.22. COROLLARY. LetG be a bipartite graph with minimum degree
r. Then G 15 the union of r line-disjoint line covers.

PROOF. Let k =r in Corollary 1.4.21. Then E(G) is the union G; U
Gy U--- UG, of line-disjoint subgraphs such that for each v € V(G),

- T

But by definition of 7, |deg(v)/r] > 1 and hence degg (v) > 1 for all
1=1,...,r. [ |
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It is difficult to decide where to stop in any treatment of the theorems
of Konig and P. Hall. Entire books can be written on their ramifications.
(In fact, one has! See Mirsky (1971)). This is not our goal, however,
and so we call a halt at this point and direct the reader to the references
already given.
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Flow Theory

2.0. Introduction

Flow theory is best understood as a model for transportation prob-
lems. Suppose we have a pipeline network and would like to provide
a steady flow of oil between two specified locations. Various sections
of pipeline have various upper bounds on the amount of oil which can
flow per unit time (the so-called “capacities”). Another quite natural
demand says that no amount of oil may be bought and stored, nor may
any be drained off, at any intermediate point of the network. In other
words, the amount of oil entering a pipeline network junction must be
equal to the amount leaving the junction. This property is generally
called “conservation of flow”. In other real-world situations, we find
different terminology; for example, in electrical networks this conserva-
tion property is called “Kirchhoff’s Current Law”. The archetypal “flow
problem” is then to assign some amount of oil (perhaps none) to each of
the lines of the network consistent with these constraints in such a way
that a maximum amount is delivered from the source of supply to the
terminal point.

It takes precious little imagination to see that this so-called “max-
flow” problem can be used to model a host of practical situations. In
addition to many applications to “two terminal” networks, as exemplified
by the oil shipment problem described above, other less obviously related
problems can be reduced to this archetypal form. For example, we can
compute vulnerability in a communications network, solve multiterminal
(single-commodity) flow problems, and decide whether there is any flow
at all in a network which has minimum (as well as maximum) capacities
on its lines.

The max-flow problem and its efficient algorithmic solution form
one of the true historical cornerstones of the new and thriving branch
of mathematics called “combinatorial optimization”. Indeed, since the
solution of the max-flow problem in the 1950’s, flow theory has swiftly
proceeded to become one of the most well-developed areas of this young
discipline.
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But why include the study of flows in a book on matching? Because,
as we shall soon see, flow theory often provides rather quick proofs
to some of the basic theorems in matching theory when the matching
problem at hand is suitably reformulated. This is especially true in the
case of bipartite matching.

In Section 2.1 we formulate and prove the celebrated Max-Flow Min-
Cut Theorem. It is our second primary example — after Konig’s Minimax
Theorem in Chapter 1 — from the class of results known as “minimax
theorems”. The reader will note our intention to emphasize such results.
(See Box 1A and elsewhere in this book.) In fact, the Max-Flow Min-Cut
Theorem is in a sense equivalent to Konig’s Minimax Theorem. -

In Section 2.2 we present the essentials of several efficient maximum
flow algorithms. Although these algorithms have been further “fine-
tuned” by clever manipulations of data structures, we shall not make
any excursions in this direction, but prefer to direct the interested reader
to the relevant references.

In Section 2.3 we treat a result — not as widely known as 1t should
be — which says roughly that all the information about flows in a graph
can be stored effectively in a certain tree polynomially derivable from the
parent graph. This is the so-called “flow-equivalent tree”. We shall use
such trees later in Chapter 6.

In Section 2.4 we apply flow theory to obtain Menger’s theorems on
the connectivity of graphs and digraphs, and to obtain several degree-
constrained subgraph theorems for bigraphs and digraphs.

In the final section of this chapter we show how some of the results
obtained earlier can be used in mathematical analysis as we steal quietly
into the camp of the measure theorist!

Altogether in this chapter only a few results from flow theory are
treated, namely those which we need for the matching results mentioned.
Other important concepts such as minimum cost flows, multiterminal
flows, multicommodity flows and the “Out-of-Kilter Method” will not be
covered. For excellent coverage of these topics the reader is urged to
consult the books of Ford and Fulkerson (1962), Hu (1969) and Lawler
(1976).

2.1. The Max-Flow Min-Cut Theorem

Our main objective in this section is to state and prove the fun-
damental theorem on network flows called variously the “Ford-Fulkerson”
or “Max-Flow Min-Cut” theorem. An important point regarding this
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theorem which is sometimes glossed over, is that proving existence of a
flow of maximum possible value and actually exhibiting such a flow (by
a finite number of iterations of a suitable algorithm) are two different
problems in general. Only in cases where all capacities are integral will
the algorithm, as often presented, necessarily terminate in a maximum
flow after a finite number of iterations.

Let D be a digraph with point set V' and two distinguished points
s (the source) and ¢ (the sink). Let ¢: E(D) — R, be a function which
associates with each line (u,v) of D a non-negative real number c(u,v)
called the capacity of the line. The quadruple (D, ¢, s,t) will be called a
network.

Any function f: E(D)— R, is called a flow in (D, ¢,s,t) (or briefly,
in D) if it satisfies the following properties:

i) X.flwv)=>, f(v,w) for all v,we V(D) - {s,t}

(conservation of flow) and,

(ii) f(u,v) < c(u,v) for all (u,v) in E(D).

It is sometimes convenient to extend the functions f and c to all of
V(D) x V(D), by writing f(u,v) = c¢(u,v) =0, if both (u,v) and (v,u) ¢
E(D).

Problems in which each line has a “minimum” capacity as well as
a maximum capacity — although important — will not be useful for
our purposes and hence will not be treated. The interested reader may
consult Even (1979) or Liu (1968).

Yo fls,u) =3, f(u,s) defines the value of the flow f, denoted by
val(f). It is easy to see that this value is equal to Y, f(u,t)—>", f(t, u).

If A is a set of points in a digraph D, let V*(A) denote the set of
all lines joining points of A to points of V(D) — A (and directed out of
A). V*(A) will be called the directed cut out of A. An s-t separator (or
just a separator when s and ¢ are understood) in D is any set A C V(D)
such that s € A, but t € V(D) —A. The 8-t cut determined by separator
A (or by cut V*(A)) is the set of lines V*(A) C E(D). The capacity of
cut V*(A) or of separator A, cap(A) =3¢ 4 vev(p)-a(t;v). It may be
helpful to point out immediately that since D is finite there will be only
a finite number of cuts in D and hence the existence of cuts of minimum
capacity (so-called minimum cuts or min-cuts) is clear.

That flows of maximum value (so-called maximum flows or max-
flows) exist is not so immediate and the existence of an algorithm to
determine one is even less transparent.

2.1.1. LEMMA. In every network (D,c,s,t) a mazimum flow ezists.
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PROOF. We may view each flow as a point in the g-dimensional space
9, where q is the number of lines in D. Observe that the set of flows
is a compact set of points in B¢ and also that the function val(f) is a
continuous — in fact, linear — function of q variables. Hence it attains
its maximum on the set by the Weierstrass Theorem. ]

2.1.2. LEMMA. If f 1s any flow tn D and C is any s —t cut, then
val(f) < cap(C).

PROOF. Let f and C = V*(A) denote an arbitrary s —¢ flow and an
8 —t cut in D respectively. Then

val(f) =Zf(3,u)—z:f(u:5)
=Y few-Y fwe)+ X (X iew)-X f(v,a)

a€EA-8 w v
= z;(z: f(a: w) - Z f(v,a))
= E;Zf(a’w)_ E;Zf(v;a)
=( Z fla,w)+ Z f(a,w)) —( Z f(v,a) + Z f('u,a))
a€A acA a€A acA
weA weV-A vEA veV-A

Noting that the first and third terms cancel we have

wlf)= ¥ few- ¥ fva).

a€A a€EA
weV-A veV-A

But by definition of flow, 3, 4 ,ev—a f(v,0) 20, s0
val(f)< 3. fle,w)< 3o c(e,w) < cap(A).

aEA acA
weV-A weV-A [
Note that equality holds if and only if f(a,v) =c(a,v) and f(v,a)=
0 for every a € A and v € V — A. In this case f must be a maximum flow
and C, a minimum cut. But note that we do not yet know whether a
flow and a cut exist for which equality holds in Lemma 2.1.2.
Let f be any flow in D. A path P = ugu,---uy (in the underlying
undirected graph G) is an f-augmenting path to u if
(a) Ug = 8,
and for each line ! = u;u;,1 of P we have
(b)  f(usi,uis+1) < c(us, Uiy1) when ! is directed from u; to u;41 in D and
(€) fl(usi+1,u;) >0 when | =wu,u;4; is directed from u, 41 to u;.
If ux =t we simply call P an f-augmenting path.
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2.1.3. LEMMA. A flow f is mazimum if and only if there are no f-
augmenting paths.

PROOF. Let A; ={ux € D|3 an f-augmenting path P to ux} U {s}.
If t € Ay, this means there is an f-augmenting path P. In this case, let
€1(P) = min{c(u,v) — f(u,v) | uv is a line of P and (u,v) is directed away
from s in D}, let e3(P) = min{f(u,v) | uv is a line of P and (u,v) is
directed toward s in D}, and finally let €(P) = min{e;(P), e2(P)}. Since
te Ay, (P) > 0 and there is a flow f' with val(f’) = val(f)+e(P) > val(f)
obtained by increasing f by €(P) along all lines of P directed away from
s and decreasing f by the same amount on all lines of P directed toward
s. Thus when t € Ay, f is not maximum.

On the other hand, suppose ¢t ¢ Ay. Thus Ay is a separator in D
and for each line (u,v), u € 45, v € Ay, f(u,v) = c(u,v), whereas for
every line (u,v), u € Ay, v € Ay, c(u,v) = 0. Hence as remarked after
Lemma 2.1.2, val(f) = ¢(A) and f is a maximum flow. |

We are now prepared to prove the following result, proved by Ford
and Fulkerson (1956) and independently by Elias, Feinstein and Shannon
(1956).

2.1.4. THEOREM. (Maz-Flow Min-Cut Theorem). If D s a digraph
with source s and sink t, the mazimum value of any s —t flow equals the
minimum capacity of any s —t cut.

PROOF. Let f be any maximum flow (f must exist by Lemma 2.1.1).
Let « be the minimum capacity over all s—t cuts. Since f is maximum
there is no f-augmenting path and so as we saw in the proof of Lemma
2.1.3, val(f) = cap(Af) > v. Since val(f) < v by Lemma 2.1.2, the
theorem is proved. ]

We shall discuss some of the applications of the Max-Flow Min-Cut
Theorem in Section 2.4. Let us formulate here just one particularly
simple corollary, which has the following interpretation in economics.

Assume that there are k suppliers sy, ..., s of some commodity, and
in m consumers ty,...,t,. It is known which suppliers can ship to which
consumers, and also the supply a(s;) > 0 of supplier s; and the demand
b(t;) > 0 of consumer ¢;. Under what conditions can the suppliers satisfy
the consumers?

2.1.5. COROLLARY. (The Supply-Demand Theorem). The following
condition 1s necessary and sufficient for the satisfiability of the consumers:
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For every subset T of consumers,

S but)< Y alt),

teT sel(T)

where I'(T) denotes the set of suppliers servicing at least one consumer in
T. |

This result is part of a family of theorems collectively called “supply-
demand theorems” (see Ford-Fulkerson (1962, Chapter 2)).

2.2. Flow Algorithms

Note that we have proved the existence of a maximum flow by a
non-constructive argument. But can we effectively compute such a flow?
The answer, fortunately, is “yes”! We proceed to present an algorithm to
do this. The algorithm is based upon the important observation already
made that a flow f is maximum if and only if there are no f-augmenting
paths.

At first sight, in order to produce a maximum flow it seems quite
reasonable to proceed as follows: begin with any flow fo (the zero flow
will do nicely) and look for fp-augmenting paths. If there are none, we
know fy is maximum and we are finished. If, on the other hand, we
find such an augmenting path P, then augment along P to get a flow f;
of value larger than that of fy. Now look for f;-augmenting paths and
repeat this process. Terminate if f, is a maximum flow. We will call this
procedure the Ford-Fulkerson Algorithm.

Consider first the case when all capacities are integral. Start with
flow fo = 0. Notice that the amount by which we augment is integral
and hence f; is integral on every line. Continuing, we get a sequence
of flows fg, f1, f2,-.. each of which is integral on every line. So the
sequence val(fo) < val(f;) < val(fa) < --- consists of integers and by
Lemma 2.1.2, it is bounded. So it must terminate with a flow fi for
which no fi-augmenting path exists. Thus fj is a maximum flow.

This argument has an important consequence.

2.2.1. THEOREM. (Flow Integrality Theorem). If the capacities of a
network are integers, then there exists a mazimum flow which 18 integral
on every line. [ ]

It also follows that if all capacities are integers then the algorithm
described above terminates in a finite number of steps (the number of
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foi

FIGURE 2.2.1.

augmentations is no larger than the value of a maximum flow). It is
clear that the same algorithm will terminate if the capacities are rational,
since we may “scale” by multiplying all capacities by their least common
denominator (see, however, Box 2A). It is something of a shock, however,
to learn that for general real capacities the algorithm described above
may not produce a maximum flow at all! In fact, val(fx) may tend to a
number much less than the optimum value of a flow.

Another strange phenomenon is that if we do not start with the zero
flow, then even if all capacities are infinite, the sequence val(f;) may
converge to a finite value. We now describe an example of this.

2.2.2. EXAMPLE. Consider the network shown in Figure 2.2.1.

The capacities on all lines are infinite (or if the reader prefers, say,
1000). Let o denote the positive root of 23 +z —1 =0. (Clearly 1/2 <
o < 1.) Let the initial flow fy be as shown in Figure 2.2.1. Note that the
flow values on the lines from s and those to t will always increase during
any augmentation procedure and they really need never be considered.

We claim that by employing a diabolically chosen sequence of four
augmenting paths over and over, we can find an infinite sequence of flows,
the values of which are monotone increasing and which converge to a
limiting value not exceeding 16! In particular, for any m > 0 let low f4,,
be as shown in Figure 2.2.2. Augment along path scdabt by an amount
a®™+1 to produce flow fim.,1, augment along path scbadt by an amount
a?™t2 to produce fim42, augment along sabcdt by o*™+3 to get famaa,
and finally augment along sadcbt by a*™+* to get fym+q. We show the
first of these four augmentations in Figure 2.2.2.
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Continue this sequence of augmentations. Then for r > 1, the augmen-
tation from f,_; to fr is a” and hence

val(f,) =val(fo) +a+a?+-  +a”
=(l+a+a®)+a+a+--+a’
=(1/a)a+ai+a®+a? +a +-- -+

=(1/a)a+a?+(1-a)+a®+a® +--+ +a’t})

=(1/a)1+222+a®+--- +a"*?)

(1/e)(

< l+a+a?+a+-- +a’th)

< =a=t<16.

a— a2
From this construction it is also easy to get an example of a network
where some capacities are irrational such that even starting with fo =0,
the value of the flow f, is less than, say, 16 while the value of & maximum
flow is arbitrarily large. We leave this construction to the reader as an
exercise.

0
a d
/-__\
augment
/\ admei asm along
scdabt
bg abémel
b
abme
flom

FIGURE 2.2.2.

Fortunately, all is not lost! Edmonds and Karp (1970, 1972) and
Dinic (1970) have found flow algorithms which terminate for arbitrary
capacities. (We may well ask why bother since in practice all capacities
will have to be represented as rational numbers anyway. See Box 2A for
a discussion of this.) Of these two algorithms, the one due to Edmonds-
Karp is closer to the original idea and we discuss it first. Their algorithm
is based upon the following theorem.
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2.2.3. THEOREM. If at each step, flow f,41 ts obtained from f; by
augmenting along an augmenting path with a minimum number of lines,
then the algorithm terminates with a mazimum flow in less than p3/2
steps.

But let us defer the proof for a moment. How can we find a shortest
fi-augmenting path? Fortunately, there is a simple procedure to do this.
In faet, if we design an algorithm to find any f;-augmenting path, we
are likely to find a shortest one! So quite some time before the work of
Edmonds-Karp, flow algorithms were running which were convergent (in
fact, polynomial) but their polynomiality had not been verified, since the
significance of the fact that they picked a shortest augmenting path had
not been noticed.

The procedure for finding a shortest augmenting path is a version of
a method called “breadth-first search”.

Given a network D and a flow f, define a new directed graph D; on
V(D) by connecting u to v if and only if
(1) (u,v)€ E(D) and f(u,v) < ¢(u,v), or
(2) (v,u)€ E(D) and f(v,u)> 0.

Observe now that an f-augmenting path in D corresponds to a
directed s—t path in D; and vice versa. So the task of finding a shortest
f-auginenting path in D is tantamount to finding a shortest directed s—¢
path in D;.

There is a very natural and easy algorithm for finding a shortest
directed s —¢ path in digraph D;. Label s. In the next step, label all
points which are accessible from s on a line (i.e., on a directed path of
length one). Also mark one line for each point labelled, said line directed
from s to this labelled point. In the 5*R step, label all points which
are not yet labelled and which are accessible from a labelled point via
a line and also mark such a line for every newly labelled point. When
t gets labelled, stop the labelling procedure. The marked lines form a
tree which contains a unique s —¢ path. The proof of the simple and
well-known fact that this path is an s —¢ path of minimum length is left
to the reader.

Before confronting the proof of Theorem 2.2.3, we need several
lemmas.

2.24. LEMMA. Let D be a digraph with distinguished points s and t
such that

(i) deg*(v)=deg~(v) for allve V(D)-{s,t}, and

(i) deg*(s)—deg=(s)=k>0.

Then D contains k line-disjoint s —t dipaths.



50 2. FLOW THEORY

PROOF. First we show that there exists at least one s —¢ dipath. To
this end, let X be the set of all points accessible from s on a dipath and
assume that ¢t ¢ X. Then in the subgraph D’ induced by X,

degf,(v) > degp, (v) for all v # s, and
degy(s) > degi (s).
But this is a contradiction since the sum of outdegrees in the graph must
be equal to the sum of indegrees.
So let P be an s—t dipath. Deleting the lines of P from D, we are
left with a digraph D; which satisfies the conditions of the hypotheses
of this lemma with & replaced by k — 1. So by induction on k we find

k —1 line-disjoint s —t dipaths in D;. Together with P, these form k
line-disjoint s —¢ dipaths in D. |

2.2.,5. LEMMA. Suppose D is a network with distinguished points s
and t, initial s—t flow fo, and suppose Py, P,,..., P;,... 15 a Sequence
of shortest augmenting s —t paths. In particular, suppose P; 18 f;_1-
augmenting, for all 7, 1 <7 < m. Then for each i, |[E(F;)| < |E(P;)| for
all 7> 1.

PROOF. Consider any k for which shortest augmenting paths P, and
Py.1 exist. We form a new digraph H from P,U Py, as follows: reorient
all lines of Py and P,y toward ¢ and form the union H of the resulting
dipaths Pk and Py.1, but remove those pairs (u,v) and (v, u) for which
(u,v) € Py and (v,u) € Pyry1. Those common lines of Py and Py, ; which
are passed in the same sense (in Py UPkH) are, however, taken twice in
H. Clearly then, H has equal in and outdegrees at all points except s
and ¢t. (Of course H is not simple in general.)

We claim there are two line-disjoint directed s —t paths @; and @,
in H. But this is clear upon recalling that deg*(s) = 2 in H and applying
the preceding lemma.

Now let @; and Q; be the s —¢ paths in D corresponding to Q;
and @; in H respectively. Then, E(Q1)VE(Q2) C E(Px)U E(Py41) and,
when thought of as a path from s to ¢, each line of @ is traversed in
the same direction as it is when traversed along Px U Py, from s to ¢,
Similarly for Q2. Moreover, E(Q1)N E(Q2) C E(Pi)N E(Piy1).

We now claim that ¢, and @ are both fr_;-augmenting paths.
We need only show this for one of the Q;’s, say @;. Let e € E(Q,).
First suppose e is traversed along @), from tail to head. If e € P, then
since both @; and Py traverse e from tail to head, and since Py is fx_;-
augmenting, fx_i(e) < c(e). If e € Pgy1 — Pk, then fi(e) < c(e), but
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fr-1(e) = fr(e) since e ¢ Py, s0 fi—1(e) < c(e). The argument is similar if
e is traversed along @; from head to tail.

Thus each of @; and @3 is fi_.1-augmenting and each, therefore, is
considered along with Py for a shortest augmenting path in the k" step
of the algorithm. But by the minimality of |E(Py)|, |E(Px)| < |E(Q:)l,
for :=1,2. Thus

2|E(Py)l < )|+ [E(Q2)]
DUE(Q2)] +E(Q1) N E(Qy)]
Pe)U E(Prs1)| + |E(Pe) N E(Prs1)|
k)

|E
=|E
<|E
= [E(Pe)| + | E(Pe+1)|

@
(@
(
(P

and therefore, |E(Px)| < |E(Px+1)| and the proof of the lemma is com-
plete. [ ]

REMARK. Note that if P, and P, traverse some line z in opposite
directions, then z will not be in E(Q;) U E(Q2) and moreover we have
[E(Q1)[+|E(Q2)] = |E(@))+|E(Q2)| = |E(Pc)| +|E(Pe+1)| —2 and hence
2|E(Pe)l < |E(Pe)| + |E(Pe+1)| = 2, or |E(Pe)| < [E(Pisr)| - 2.

2.2.6. LEMMA. LetPy,..., Py,..., Piy1,... be a sequence of shortest
augmenting paths, | > 1 and suppose Pk and Pk+l use a line = in opposite
directions. Then |E(Piyi)| 2 |E(Pe)| + 2.

PROOF. We know from Lemma 2.2.5 that |E(Py)| < |E(Px+1)] <+ <
|E(Py+1)|. Thus it suffices to prove the desired inequality when Py.; and
Py use a line oppositely, but no pair P;, P; use a line oppositely for any
1, 7 such that k<1< j<k+land j—1</I.

Asin Lemma 2.2.5 form a new digraph H from PxUPg,; by orienting
all lines toward ¢, forming the union of the resulting dipaths Pouby,
taking twice any common lines of Py and Py, passed in the same sense
from s to ¢, but removing those common lines which are passed in the
opposite sense. We know one such pair exists by hypothesis. Just as
before, let @; and @, be two line-disjoint paths from s to ¢t in D where
E(Q1)VE(Q:2) € E(Pe) U E(Pe+1).

It remains to show that each @, is fx_,-augmenting. We show this
for @,. Let e € E(Q,) and first suppose e is traversed along @, from
tail to head. If e € P, and since @, and Py traverse e in the same
direction, fx_1(e) < fx(e) by definition of Py and hence fr_1(e) < c(e).
If e € Py, — P, we know e appears in none of Piy1,...,Pk4i1-1, 80 it
follows that fr_q(e) = fx(e) =+ = frr1-1(€) < c(e) by definition of Py,
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and thus fi_;(e) < c(e). The argument is similar if e is traversed tail to
head along @), .

So each Q; is fx—1-augmenting and hence each is considered together
with Py for the choice of a shortest fx_;-augmenting path. So |E(Q;)| >
|E(P%)|, © =1,2. Moreover, by assumption there is at least one line used
by P: and Py in opposite directions, so as in the preceding remark,
we have 2|E(Py)| < |E(@1)] + |E(Q2)| £ |E(Px)| + |E(Pi+1)| —2 and thus
|E(Py)| < |E(Px+1){ —2 and the proof of Lemma 2.2.6 is complete. »

Let P be any f-augmenting path. When the flow f is increased
along P by amount ¢(P) there will be at least one line z which becomes
“saturated”; that is, if z is directed toward t, f(z) + ¢(P) = c(z) or if
z is directed away from t, f(z) —¢(P)=0. Any such line z is called a
bottleneck relative to P.

We are now prepared to prove Theorem 2.2.3.

PROOF (of Theorem 2.2.3). Let P}, P, .. be any sequence of shortest
augmenting paths. Note that each P; contains at least one bottleneck
line. Let z be any line. How many different times, that is, in how many
different P;’s, can z be a bottleneck? Let P; , F;,,... be the subsequence
of all P;’s in each of which z is a bottleneck. The crucial observation
is that as we traverse successive augmenting paths in this subsequence,
since the flow value in z oscillates between 0 and ¢(z), it follows that the
direction of traversal of the F;,’s oscillates between “with” the direction
of z in D and “against” this direction. But it then follows that we
successively oscillate between “with” &nd “against” in the corresponding
P.’s. But then by Lemma 2.2.6, 1 < |E(P;,)| < |E(P;,)]| -2 <+ <
|E(P;,)|—2(j—1) <---. Hence for all j, 1 <|E(P;)|-2(j—1)or 2j-1<
B(P,).

On the other hand, for each j, [E(F;;)| < p—1. Hence 2j-1<p-1
or j < p/2, so at most p/2 of the P;’s can contain z as a bottleneck.
There are g < p(p—1) different lines in D, and hence there are < gp/2 <
(p® — p?)/2 P;’s in our original sequence of augmenting paths P}, 7, ....
This proves Theorem 2.2.3. ]

Note that an important feature of the bound on the number of steps
in the Edmonds-Karp algorithm obtained in Theorem 2.2.3 is that 1t s
tndependent of the capacities. This fact is important even in the case
when the capacities are integers, since it may be that the Ford-Fulkerson
Algorithm (with a very unlucky choice of the augmenting paths) runs
much longer than the Edmonds-Karp version.
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2.2.7. EXAMPLE. Let G be the graph in Figure 2.2.3, with the capac-
ities as marked, NN being a large positive integer. Starting with the 0 flow
and augmenting alternatingly along the paths sabt and sbat, we arrive at
a maximum flow after 2N iterations. On the other hand, the Edmonds-
Karp procedure takes at most 43/2 = 32 steps by Theorem 2.2.3 (in fact,
it takes only two steps) regardless of the value of N.

FIGURE 2.2.3.

Several interesting questions have not been addressed yet. For ex-
ample, although Edmonds and Karp always select a shortest augmenting
path, we may adopt other criteria for augmenting path selection. Two
alternatives which have been studied are:

(1) select an augmenting path from among those with a minimum num-
ber of “reverse” lines, i.e., lines directed toward s or

(2) select a path which gives a largest augmentation.
For discussion of each of these, see Edmonds-Karp (1970, 1972).

/'BOX 2A. Searching a Graph N

In this section we have described a procedure to find a shortest
augmenting path. In fact, if we get rid of the unnecessary details, then
it turns out that this algorithm finds a shortest path from a given source
to every other point in the auxiliary graph obtained from network D by
taking all directed lines (u,v) with f(u,v) < c(u,v), as well as the reverse
of all directed lines (u,v) with f(u,v)> 0.

To find a path between two given points in a graph or digraph has
been an extremely important algorithmic problem ever since Theseus
almost became lost in the Labyrinth of the Minotaur. Several strategies
had already been proposed for Theseus before the notion of an algorithm
was made precise (see the algorithm of Trémaux in Lucas (1882) and the

\\solution in Tarry (1895)). To make this task, as well as the differences /
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( among the algorithms, more precise, let us define a search of a digraph D N
from root r as the following algorithm. We construct an arborescence A
rooted at r (i.e., a spanning tree which is oriented so that every point can
be reached from r) as follows. We start with V(4) = {r} and E(A)=J.
If we already have a certain A, then we choose any line connecting V'(A)
to V(D) - V(A) and add this line to A. Stop if no such line exists.

It is easy to see that we end up with an arborescence A which contains
exactly those points of D which can be reached from 7 on a directed path.
In this sense any search of the graph D reaches all points it can possibly
reach.

We have considerable freedom in choosing the line to be added to A
at each step. By being more specific, we get special versions of the general
search algorithm which have various important additional properties. To
discuss these, let us first rephrase the search algorithm as follows. Let the
points of the current arborescence be called labelled. While searching for
a line going from a labelled point to an unlabelled one, we may already
have convinced ourselves that some labelled point is not connected to any
of the unlabelled points by a directed line. Let us call such a labelled
point scanned. Note that if a point is scanned at a given step, then
no line directed out of it will be added to the arborescence at any later
step either, and so it remains scanned. We can now describe the search
procedure as follows.

(1) To begin, let r be labelled, and no point scanned.

(2) Choose any point which is labelled but not scanned. If no such point
exists, stop. Otherwise, let v be such a point and go to (3).

(3) Choose any line which connects v to any unlabelled point. If no such
line exists, call v “scanned” and return to (2). Otherwise, let u be the
head of this line. Call v “labelled” and return to (2).

We obtain two important, special cases of this algorithm by restricting
the choice of v in (2) in two different ways. These special selection rules
are often called the “first labelled first scanned” and the “last labelled
first scanned” rules. In the first version, we choose in step (2) the point
v (labelled but not scanned), which was labelled first. The procedure
obtained this way is called breadth-first search, because the arborescence
A obtained this way grows in height (or depth, depending upon how you
prefer to draw arborescences!) only if it cannot grow in breadth any more.

The breadth-first search arborescence A has a number of important
properties. Most significant of these is the fact that for every point v of
A, the unique path in A from r to v is a shortest rv-path in the whole
digraph D. Thus breadth-first search provides a shortest path from the
root to every other point.

Another important property of the breadth-first search arborescence
is that no line of E(D)— E(A) goes from any point of A to any of its
“Aescendants”. In the case of undirected graphs (which from the point
\, Of view of search procedures may be viewed as directed graphs with the /
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r

depth-first

r

breadth-first

FIGURE 2A.1. The two basic types of tree search

property that every line is bi-directed), the breadth-first search tree has\

the property that every line of the undirected graph G which is not a line
of A connects two points which belong to different branches of A.

The other important selection rule for (2) is obtained if we choose the
point v which was labelled last. This version is called depth-first search.
The arborescence A obtained by depth-first search has the property that
every line of D connects a point to one of its descendants, predecessors or
to a point of a branch which was grown earlier. In the special case when
the graph is undirected this last possibility does not occur; every line of
the undirected graph G connects two points of the tree, one of which is the
predecessor of the other. While we do not explicitly use depth-first search
in this book, it is as an algorithmic tool just as important as breadth-
first search. It is widely used, for example, in algorithms for finding the
2-connected components of a graph, testing a graph for planarity, etc.
See Tarjan (1972), Hopcroft and Tarjan (1973b, 1974), Lempel, Even and
Cederbaum (1967), Booth and Lueker (1976), Even and Tarjan (1975,
1976) and Chapters 3 and 8 of Even (1979).

in a graph starting from the same root point r.

Figure 2A.1 provides an example of each of the two types of search )

55




56 2. FLOW THEORY

The result, then, of Edmonds and Karp can also be formulated as
follows:

If in the mazimum flow algorithm the augmenting path is found by breadth-
first search, then the algorithm terminates with a mazimum flow in O(p®) aug-
mentations.

Another interesting problem is encountered when we not only es-
timate the number of augmentations needed to get a maximum flow,
but also the time bound for producing an augmentation. If we call the
product of these two time bounds “total time”, then it turns out that
Edmonds-Karp will terminate in O(p3 - p?) = O(p®) total time.

A more involved algorithm, the idea of which is due to Dinic (1970)
and which has been improved by Karzanov (1974), gives a better total
time bound of O(p®). The main idea is to make more efficient use of the
breadth-first search labelling procedure, which we applied to construct
an augmenting path, and construct an “augmenting flow” instead.

Let (D,¢,s,t) = (D,c) be a network as before. First let us agree to
construct a “reasonably good” flow (rather than a maximum flow). In
fact, assume that we have an algorithm to construct this “reasonably
good” flow in every network. (For the moment we shall not worry about
what “reasonably good” means precisely!) Then we may carry out the
following procedure. Start with the flow f, = 0. After some number of
iterations, assume that we have a flow f;. Define a new network (D, ¢;),
called the 7* layered network by Even (1976, 1979), where V(D;) = V(D)
and (u,v) € E(D;) if either (u,v) € E(D) and fi(u,v) < c(u,v) or (v,u) €
E(D) and fi(v,u) > 0 (this is the same construction used above to find
a shortest augmenting path). Also define c;(u,v) = ¢(u,v) — fi(y,v) or
¢i(u,v) = fi(v,u) according to which of these two cases holds. Find a
“reasonably good” flow &; in the network (D;,¢;). (If no s —t flow exists
in (D;,¢;), stop.) Use this flow &; to augment f; as follows:

f‘i+1(u) 'U) = f‘i(u) 'U) + ¢.,;(‘U,, 'U) if f‘i(uv U) = 0)
f‘i+1(u’ ’U) = fi(u: ’U) - ¢-,;(’U, u) if f‘i(u’ ’U) = c(”?”)a and
fiv1(u,v) = filu,v) + &i(u,v) — ®;(v,u) if 0 < fi(u,v) < c(u,v).

It is easy to see that fi,; is a flow in (D,c) and that
val(f,-+1) = val(f,-) +val(¢¢).

So we get a sequence fi, f2,... of flows in (D, c) with increasing values.
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The problem is to interpret the notion of “reasonably good” in such
a way that:

(1) it should be easy to find a “reasonably good” flow in any network in
which a non-trivial flow exists at all, and

(2) the sequence fo, f1,... should terminate after a small number of
iterations with a maximum flow.

The reader may note at this point that the Ford-Fulkerson Algorithm
is a special case of the above procedure when “reasonably good” means
a flow along an s —¢ dipath which saturates at least one line of the
path. The Edmonds-Karp algorithm corresponds to the special case when
“reasonably good” means a flow along a shortest s—t dipath. Dinic (1970)
introduced a more efficient notion of “reasonably good”. Let a flow f be
called a greedy flow if every line e with f(e) > 0 belongs to a shortest s—t
dipath and every shortest s —t dipath contains a line e with f(e) = c(e).
Thus a flow f is “greedy” in two ways: every atom of the transported
material travels as short a route as possible and the flow is maximal
(although not necessarily maximum) with respect to this property.

2.2.8. LEMMA. If &, is a greedy flow in (D, c;) then the length of a
shortest s —t dipath 1s strictly longer tn D; ;1 than in D;.

PROOF. The proof is left to the reader. (See Even (1976, 1979)). m

Using this lemma, it follows immediately that in the sequence fy, fi,
fa,... a maximum flow is reached after at most p — 1 iterations. So
property (2) is nicely satisfied.

To find a greedy flow Dinic gave an algorithm which takes O(pq)
steps. The algorithm is a version of depth-first search and we will not
go into the details. Karzanov improved this by finding a greedy flow in
O(p?) steps. For the details the reader is referred to Karzanov (1974) and
to Even (1976, 1979).

A number of further improvements in the total time bound have been
obtained since the formulation of the algorithms discussed above. These
improvements are due to ever more clever data manipulation schemes
rather than fundamental improvements in the algorithm itself and hence
we will be satisfied to direct the interested reader to the chronological
table of results and accompanying references below.

So what is the best we can hope for in total time for a flow algorithm?
Galil (1978) remarks that O(pq) is perhaps attainable, but he conjectures
that fundamentally new ideas will be necessary. By way of contrast,
Lawler (1976) has shown, using linear programming techniques that, in
fact, a maximum flow can always be obtained from an arbitrary starting
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Reference Total Time Bound

1. Ford and Fulkerson (1956) —

2. Edmonds and Karp (1970, 1972) pq?

3. Dinic (1970) g
4. Karzanov (1974) P’

5. Cerkasskil(1977) p*\/q
6. Malhotra, et. al.* (1978) 3

7. Galil (1978, 1980) p>/3¢2/3
8. Shiloach (1978) pqlog®p
9. Galil and Naamad (1979, 1980) pqlog’p
10. Sleator (1980) pqlogp

Sleator and Tarjan (1983)

*(Does not improve the bounds of algorithms 4, 5 or 7, but is simpler.)

TABLE 2.2.1.

flow in no more than g steps, but unfortunately no algorithm is known
to find this optimal sequence of augmentations!

Finally, let us return for a moment to the example above where
the Ford-Fulkerson flow algorithm did not terminate. What precisely
was so “diabolical” about the choice of augmenting paths? The problem
turns out to hinge upon the fact that in successive iterations labelled
points were scanned in different orders. Let us call a labelling procedure
consistent if whenever we have a set of labelled, but unscanned, points
we always pick the points to be scanned in the same order. A. Tucker
(1977) has proved that if a consistent labelling procedure is used with
the Ford-Fulkerson flow algorithm, the algorithm will terminate in a
maximum flow. Fulkerson himself (unpublished) formulated the following
conjecture.

2.2.9. CONJECTURE. Any consistent labelling procedure results in a
mazimum flow in a polynomial number of steps.
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/"BOX 2B. Numbers in Algorithms N

Numbers are basic objects and tools of study throughout mathe-
matics and of course they arise in many combinatorial problems as they
have in this chapter on capacities and flows. It can be rather difficult,
however, to handle numbers from the point of view of the theory of algo-
rithms.

Trouble begins to appear even if the numbers in question are integers.
For example, consider the case when all flow capacities are integers. We
have pointed out that the Ford-Fulkerson Algorithm, starting with the
0 flow, always yields a maximum flow in at most t iterations, where ¢
is the maximum value of a flow. Is this algorithm polynomial? Since
trivially ¢ < z , c(u,v), it is certainly polynomial if the capacities are
all 1’s (and in combinatorial applications this is often the case). But do
we still consider it polynomial if the c(u,v) are large?

The crux of the difficulty here is the definition of input size, when
the input contains integers. There are at least three, non-equivalent ways
to handle this problem.

(1) We may say that a natural number ¢ contributes t to the input size.
In this case we say that the problem is in unary encoding.

(2) We may say that a natural number ¢ contributes 1+ |log,t| to the
input size (this is the number of digits in the binary expansion of ¢). In
this case we say that the problem is in binary encoding. (Considering
bases other than 2 would make no essential difference here.)

(3) We may say that a natural number ¢ contributes 1 to the input size.
In this case we say that the problem is in arithmetic encoding.

To each of these notions of input size there corresponds a natural
way to define the number of steps of an algorithm. In cases (1) and
{2) every arithmetic operation must be carried out bitwise, and so the
multiplication of two k-digit numbers by the usual procedure will take
about 2k? steps. In case (3), however, it is better to count every arithmetic
operation (addition, subtraction, multiplication, comparison) as only one
step. Note that these arithmetic operations are polynomial-time in any
of these three encodings. (This is not the case with exponentiation, since
there the size of the output is not polynomially bounded).

Since the length of input in binary encoding is not larger than its size
in unary encoding, it may happen that a certain algorithm is polynomial
in unary encoding, but not polynomial in binary. For example, we have
seen that the Ford-Fulkerson Algorithm is polynomial in unary encoding
(the number of iterations is bounded by the problem size and one iteration
is easily seen to be polynomial). However, Example 2.2.7 shows that it is
not polynomial in the binary encoding. On the other hand, an important
conceptual development was initiated by an observation of Edmonds and
Karp, who proved that their algorithm is polynomial even in the binary
sense. Similarly the Dinic Algorithm (and its improvement by Karzanov)
\\ i polynomial in the binary sense also. /
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The Edmonds-Karp and Dinic-Karzanov Algorithms are also polyno- N
mial in arithmetic encoding: in this encoding the input size is somewhere
between p and p? for a graph with p points (depending on the number of
lines and on how the graph itself is encoded), and these algorithms take
O(p*) and O(p®) steps, respectively, if arithmetic operations are counted
as one step.

There is no immediate connection between polynomiality of an algo-
rithm in the binary and arithmetic sense. Consider the following trivial
algorithm: the input is a finite sequence S =(1,1,...,1) of 1’s, and the
algorithm computes 22'°! a5 follows: We start with z = 2. We square T
and cancel the last entry of S. We repeat this until S becomes void. In
the arithmetic sense, this algorithm takes O(|S|) steps and so it is poly-
nomial. On the other hand, in the binary sense just to print out 92"
takes exponential time!

There are many algorithms which are polynomial in the binary sense
but not in the arithmetic sense. A trivial example is the Euclidean
algorithm to find the greatest common divisor of two integers. The well-
known “Out-of-Kilter Method” to find a minimum cost flow also has this
feature and indeed it is not known if any algorithm for this problem can
be polynomial in the arithmetic sense. A more recent example is the
algorithm of Hagijan for linear programming. (See Box 7B.)

A further question remains to be clarified here. Since we know that
the Ford-Fulkerson Algorithm is polynomial if all capacities are 1, we
may try to reduce the general case of integral capacities to this case
by replacing a line having capacity ¢ by ¢ parallel lines with capacity
1. This reduction works fine as far as proving theorems is concerned;
for example, the Max-Flow Min-Cut Theorem could be obtained from
Menger’s Theorem this way. However, algorithmically it is a polynomial
time reduction only for the unary encoding of the capacities. Since
reductions of this kind will often be used in the sequel, it is important
to bear in mind that they are not polynomial in the stricter — binary —
sense.

Now we come to the question of non-integral numbers. Rationals do
not cause any trouble, since they may be handled as pairs of integers.
But what can we say about an irrational number?

One point of view is that since we cannot store infinite decimals in
a computer, we may as well ignore irrational numbers; they will never
occur as real-world data. But this is just sweeping dirt under the rug! It
does seem that Example 2.2.2 is trying to tell us something. Also, some
mathematical models may lead to problems where the numbers stem from
the model (not from a physical measurement), and hence they may be
genuinely irrational.

It appears that no satisfactory theory of computation with real num-
bers has been developed so far. One idea is to represent a real number
\ as an algorithm which produces arbitrarily good approximations of it. /
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/ In the spirit of polynomiality in binary encoding, we may say that the\

algorithm is efficient if it takes O(k°°™**) steps to get an approximation
with an error less than 27%. Addition, multiplication and subtraction do
not cause any trouble, but comparison does. If many approximations turn
out to be zero, can we conclude that the number is zero?

Thus we must be careful with conditional steps. For example, a step
like “If z > 0, go to 5; if £ <0, go to 6” should mean that for some ¢ > 0
appropriately specified, “If z > ¢, goto 5;if £ < —¢, go to 6; if —e <z <¢,
go to either 5 or 6”.

It is natural that if the output of an algorithm is a real number that
this means that the algorithm is able to compute approximations within
an arbitrarily prescribed error. For a discussion of some of these ideas
and probleme see Bishop (1967) and Lovédsz (1984). It may be shown
that suitable modifications of the Edmonds-Karp and Dinic-Karzanov
Algorithms will be polynomial in this sense, while the Ford-Fulkerson
Algorithm fails even to converge.

There are some real number fields other than the rational field in
which exact arithmetical computations can be carried out. For example
if a is a real algebraic number of order n, then the numbers in the field
Q|a] can be uniquely written in the form

ro+ria+ - +rno1a™ ), (rie Q),

and so they can be encoded by sequences (ro,...,7n_1) of rational num-
bers. In this encoding arithmetic operations can be carried out in poly-
nomial time (n is fixed throughout!).

The Edmonds-Karp and Dinic-Karzanov Algorithme are polynomial
for these “exact” real number computations, while the Ford-Fulkerson
Kdgorithm is not even convergent. )

2.3. Flow-equivalent Trees

Suppose we are given a capacitated digraph G in which we are
interested in determining the maximum flow between every pair of points.
Of course, we can simply run the flow algorithm (’2’) times. But we can do
better, at least in the case when G is “undirected”. (More precisely, when
every line of G is bi-directed with the same capacity in both directions.)
In this case, Gomory and Hu (1961) have shown that p—1 maximum flow
computations suffice. It also turns out that there is always a tree T with
capacities on its lines, with V(T) = V(G) and such that the maximum
flow between any two points in T is the same as it is in G. Moreover,
we can construct this T and determine all the maximum flow values
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between pairs of points in total time less than that required to do the (g)
computations in the original graph G. In addition, this “flow-equivalent
tree T” can be constructed so as to possess certain nice relationships
between its minimum cuts and those of the parent graph G.

The actual algorithmic procedure for constructing such a tree is
nicely treated in Ford and Fulkerson (1962) and in Hu (1969). Here we
shall focus on the existence and properties of the flow-equivalent tree,
but our treatment can be turned into a polynomial time algorithm. We
shall make use of the flow-equivalent tree in treating the work of Padberg
and Rao (1982) in Section 6.6.

Let G be any undirected graph and let ¢ : E(G) — R, be any
assignment of non-negative capacities to the lines of G. Next let T be
any tree with V(T) = V(G), but, we emphasize, T need not be a subgraph
of G. Nevertheless, any line € of T is a cut of T and hence induces a cut
of G. Let us denote this induced cut of G by C,.. Such a tree T is called
a cut-equivalent tree (relative to G) if for each line e = zy € E(T), the
associated cut C, induced in G is a minimum capacity z—y cut in G.

Suppose we also have capacities ¢’ : E(T') — R, assigned to the lines
of T. We say that T is a flow-equivalent tree if for all z,y € V(G) a
maximum z— ¥y flow in G has the same value as the maximum z -y flow
in T. (Note that the maximum z —y flow in T is trivial to determine.)
We shall see later that if 7 is a cut-equivalent tree and we define ¢'(e) =
cap(C,), for e € E(T) then T will also be flow-equivalent. The reader
may easily convince himself by an example that the converse is not true.

2.3.1. THEOREM. (The Cut-equivalent Tree Theorem). Any undirected
graph G possesses a cut-equivalent tree.

Before proceeding to the proof of this theorem we need to introduce
the idea of two cuts which “cross”. Let V(X) and V(Y) (@ # X,Y #
V(G)) be two cuts in G. We say these cuts are erossing if each of the
sets XNY, X -Y,Y -X and V(G)—X -Y is non-empty.

PROOF (of Theorem 2.3.1). Choose distinct points zo and g in G
such that among all such pairs, the maximum flow between zo and yo
is as smiall as possible. Let Cy be any minimum z¢ —yo cut in G.
We proceed inductively to construct a sequence of non-crossing cuts as
follows. Suppose we have found distinct cuts Cy,C1,...,C;—1 which are
non-crossing and each C; is a minimum z; — y; cut for some pair of
points z;, y;. Choose a pair of points z;, y; not separated by any of
Co,...,Ci_y and such that the maximum flow between z; and y; is as
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small as possible. (If no such pair z;, y; exists, then we have a family of
p — 1 non-crossing cuts and we stop.)

Claim 1. Given such a pair of points z;, y; there exists a minimum
z; —y; cut C; such that C; does not cross Cy,Cy,...,Ci_1.

To prove this claim, let C; be a minimum z; —y; cut. We may
suppose there is a cut C;, 0 < j <7—1, which crosses C!, or else we are
done.

Without loss of generality we may assume C; = V(X ), where z; €
X} and y; ¢ X;. Furthermore, we may also assume that C; = V(Xj;),
z; € X;, y; ¢ X; and that one of the five situations portrayed in Figure
2.3.1 must obtain. Let Y; =V(G)- X}, Y; =V(G) - X;.

For example, if as in (a), z;,z; € X; NX;, y: € (V(G)-X;)nX;, y; €
(V(G)-X;)nX; then let C; = V((V(G)-X;)nX;) and C; = V((V(G)—
X;)NX;). In the first four cases, by submodularity (cf. Section 1.2) or
simply by 2 straightforward line count, ¢(C;)+ ¢(C;) < c(C;) + ¢(Cy).
But then by the minimality of cuts C; and Cj, it follows that C; is a
minimum z; —y; cut (and C}, 2 minimum z; —y; cut). In the fifth case,
we have trivially ¢(C;) = ¢(C;) and so by submodularity we obtain again
that C!) is a minimum z; — y; cut. So we simply replace C; with C;.

Repeat this process, if necessary, for all C; which cross C, uncross-
ing a pair at a time until the C; at hand does not cross Cy,Cy, ..., or
C;-1. Then let C; = C;. (Note that uncrossing one pair cannot introduce
a new crossing elsewhere.) This completes the proof of Claim 1.

Thus we obtain a family Cy,...,C,, of non-crossing cuts and since
there remain no pairs of points unseparated by these cuts, we must have
m=p—2.

Now define E(T') on point set V(G) as the set of lines uv such that
exactly one C; separates u and v. We proceed to show T to be a tree.

Claim 2. Each cut C; separates the endpoints of at most one line
wv € E(T).

Suppose, on the contrary, that cut C; separates pairs u;v; and ugva.
Assume u; # uz. (See Figure 2.3.2.) Now by Claim 1 there must be a
cut C; in the sequence Cy,...,Cp-2 which separates u; and u2 and,
moreover, does not cross C;. Thus two cuts in sequence Cy,...,Cp_2
separate u; and v; and therefore u,v; ¢ E(T), a contradiction. This
proves Claim 2.

Claim 3. For every C; there is a pair u, v not separated by any other
cut of the family Cy,...,Cp_2, except C;.

To see this, fix C;. We prove by induction on j that for each j,
1+1 < j < p—2, there is a pair of points « and v separated by C;,
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FIGURE 2.3.1. Uncrossing cuts

but not by any of Co,...,Ci-1,Cit1,...,Cj—1. This is certainly true for
j=1+1 when u = z; and v = y; satisfy this requirement. So suppose
j>1+2. If C; does not separate u and v we are done, so suppose C;
does separate them. Without loss of generality, let us suppose u and z;
are on the same side of C;. (Cf. Figure 2.3.3.)
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FIGURE 2.3.3.

We claim that u and z; are not separated by Cy,...,Ci-1,Ci+1,- -+,
Cj_1, for suppose Cj from this list does, in fact, separate them. Cut Ck
does not cross C; and hence either separates u from v or z; from y;. But
Ci cannot separate u from v by the induction hypothesis, so it separates
z; from y;. But this is a contradition of the definition of Cj.

Hence u and z; are not separated by Co,...,Ci-1,Ci1,...,C51
(nor by C;!). So let u = u and v = z; and the proof of Claim 3 is
complete.

So by Claims 2 and 3 each C; contains exactly one line of T and
by the definition of T', every line of T is contained in exactly one of the
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V(G):

FIGURE 2.3.4.

C;’s. Thus T has exactly p—1 lines and every line of T is a cutline of
T. Hence T is a tree.

Finally we claim that for all 7, 0 <1 < p—2, if e; = uv is the unique
line of T lying in cut C;, then C; is a minimum capacity u—v cut in G.

Suppose, to the contrary, that this is false for some 7. Let ¢ be the
largest index for which the statement is false. Then there exists a cut
C separating u and v with ¢(C) < ¢(C;). Note that C cannot separate
z; and y; by the minimality of C;. On the other hand, C must separate
the endpoints of some line ¢; in T'. (Cf. Figure 2.3.4.)

Consider cut C; associated with line e;. It separates z; and y;, since
it does not cross C;, and hence j > 7. But then by the maximality of 1,
¢(C) 2 ¢(C;). Now neither C; nor C; crosses any of Cy,C},...,C;i_1 and
since both separate z; and y;, it must be the case that ¢(C;) > ¢(C;) (or
else C; would have been chosen as C;!). Thus ¢(C) > ¢(C;), contradicting
the definition of cut C. This completes the proof of the theorem. ]

The “uncrossing procedure”, which has been central to this proof, is
a powerful tool which we shall use repeatedly later in this book.

Given a graph with line capacities, (G, c) and its corresponding cut-
equivalent tree T, define a capacity ¢’ for each line e of T by c'(e) =
cap(C.) where, as before, C. is the cut in G induced by line e.

2.3.2. THEOREM. (The Flow-equivalent Tree Theorem). If (G,c) and
(T,c') are as given in the preceding paragraph, then (T,c') is a flow-
equivalent tree.

PROOF. Let z and y be any two points in G. Now in T there is a
unique r — y path; denote it by e;---e; where e; is incident with z, e
with y. So maxyval(f;y) = min{c'(e;),...,c'(ex)} where the maximum
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is taken over all z —y flows in T. Suppose this value is c'(e,), e, €
{e1,...,ex}. Thus
maXTval(fIy) =c'(er) = cap(Ce,)
> max g val(fzy)- (2.3.1)

On the other hand, let C be any minimum z —y cut in G. Then

there must exist a line e, along the (unique) z — y path in T such that
es € C. (Cf. Figure 2.3.5.)

FIGURE 2.3.5.

Now by the definition of cut-equivalent tree, c'(e;) = min{cap(C*)}
where the minimum is taken over all cuts C* in G separating the end-

points of e;. Thus in particular, since C separates the endpoints of es,
c'(es) < cap(C). Thus

max g val(fzy) = cap(C)
2 c'(es)
2 c'(er)
= max 7 val(fzy). (2.3.2)

Upon combining inequalities (2.3.1) and (2.3.2) the proof is complete.
[

2.3.3. COROLLARY. Let(G,c) be an undirected graph with line capac-
ity function ¢ and associated cut-equivalent tree T. Then for all z,y €

V(G), there is a line e € E(T) such that the cut C, tn G associated with
line e is a minimum z —y cut n (G, c).
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PROOF. Let 0 denote the minimum value of all z —y cuts in G. Then
0 = maxg val(fz,) = maxrval(fz,) = min{c'(e1),...,c'(ex)} = c'(e;) =
cap(Ce., ), where e, is as in the proof of the preceding theorem. But then
e, is the line we seek. |

Note that the result of this corollary “sharpens” the property in
the definition of cut-equivalent tree in the sense that in this corollary
z and y are no longer necessarily adjacent, whereas in the definition of
cut-equivalent tree they were.

2.4. Applications of Flow Theory to Matching Theory

Having suffered through the above material on flows, the reader may
well ask why we drag this material into a book on matching theory! There
exists a large family of interesting problems for graphs and digraphs
usually known as “degree-constrained subgraph” problems. In such prob-
lems we are often given non-negative integers (or integer pairs) assigned
to the points of a graph and then we are asked to decide when a subgraph
exists having degrees equal to the prescribed integers, bounded by the
given integers, etc. Indeed the existence of a perfect matching is such a
problem; namely, how do we decide when a given graph has a spanning
subgraph with all degrees = 1 at every point. The statement of the f-
matching problem is a straightforward generalization of the maximum
matching problem although the solution is not so straightforward. (The
reader’s attention is directed to Chapter 10 for a more detailed study.)

In the next several theorems we present some sample problems of this
kind which arise for bigraphs and digraphs. Our selection is motivated
here by the fact that these particular problems can be easily solved by
building a suitable network based on the graph at hand and then applying
the Max-Flow Min-Cut Theorem (i.e., Theorem 2.1.4).

Among the most important results in the study of connectivity of
graphs and digraphs are several which are usually lumped together and
collectively called “Menger’s Theorem” (1927). The theory of flows de-
veloped above will provide short proofs.

2.4.1. THEOREM. (Menger’s Theorem).

(a) (undirected line version)
Let G be an undirected graph with two distinguished points s and t. Then
the mazimum number of line-disjoint s —t paths in G 13 equal to the
mimimum size of any s —t separating set of lines.

(b) (undzrected point version)
If G is as tn part (a), and s 13 not adjacent to t, the mazimum number of
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openly disjoint 8 —t paths 13 equal to the mintmum number of points the
deletion of which destroys all s —t paths.

(¢) (directed line version)
If D is a digraph with distinguished points s and t, then the mazimum
number of line-disjoint (directed) s —t paths s equal to the minimum
number of lines the deletion of which destroys all directed s —t paths.

(d) (directed point version)
Let D be as in part (¢) and suppose (s,t) ¢ E(D). Then the mazimum
number of openly disjoint directed s — t paths is equal to the minimum
number of points the deletion of which destroys all directed s —t paths.

xn
S t s t
D o’

FIGURE 2.4.1.

PROOF. Let us consider version (c) first. Assign each line of D a
capacity of 1. The result then follows immediately from the Max-Flow
Min-Cut Theorem 2.1.4 and the Flow Integrality Theorem 2.2.1.

Now consider (d). Construct a new digraph D’ as follows: split each
point r # s,t into two points z, and z, and join z; to z, by a directed
line. Moreover, for each line of D into z, insert a line in D’ into z; and
a line of D’ out of z3 (cf. Figure 2.4.1); that is, z, is joined to y, in D’
if and only if z is joined to y in D. '

The reader is invited to complete the proof of (d) using part (¢). The
undirected versions follow from their directed counterparts by replacing
every undirected line uv by two directed lines (u,v) and (v,u). [ ]

Let us next apply the Max-Flow Min-Cut Theorem to get a quick
proof of Konig’s Minimax Theorem. Let G = (A, B) be any bigraph.
Build a network G’ by directing all lines of G from A to B, adding a new
point s (the “source”) joined to all points of A and a new point ¢ (the
“sink”) to which all points of B are joined, and then assigning capacity o
to all lines of G and capacity 1 to all new lines of G'. The proof is then
complete upon realizing that a maximum matching in G corresponds
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to a maximum flow in G’ and a minimum cover in G corresponds to a
minimum s—t cut in G'.

An extremely interesting historical note is in order here. Menger’s
proof of his famous minimax theorem (1927) contained a gap. In fact,
he failed to consider the case in which the graph involved was bipartite.
So Konig was really the first to formulate and prove Menger’s Theorem
for this omitted case by means of his Minimax Theorem for bigraphs
(Theorem 1.1.1)! Konig first noted in print in his book (1936) that his
Minimax Theorem repaired this gap in Menger’s proof.

Next let f be a non-negative integer-valued function defined on V(G)
where G is any graph. An f-factor is a spanning subgraph G’ of G such
that degq.(v) = f(v) for all v € V(G). We will show that flow theory
provides an efficient tool for obtaining the following characterization of
f-factors in bipartite graphs. In the following let g(X,Y) denote the
number of lines having one endpoint in set X, the other in Y.

2.4.2. THEOREM. Let G =(A4,B) be a bigraph and let f(v) be a non-
negative integer-valued function on V(G). Then G has an f-factor if and

only if
B 3 flv)=73_ flw)and

vEA weB
(i) forallX C AandY C B, we have

Yo fl@) <X, V) + Y flw).

zeX yeB-Y

PROOF. (=>). First suppose G has an f-factor F. Then if |F'| denotes
the number of lines in F', clearly,

> f@)=IFl=3_ f(w)

vEA weB

that is, (i) is satisfied.

Now choose X C A and Y C B. There are ¢(X,Y’) lines of G joining
X toY and hence at most ¢(X,Y) of F' joining these two sets. Similarly,
there are ) .5_y f(y) lines of F joining A to B—Y and hence at most
Lyea-v f( 13 lines of F joining X to B—Y. But there are exactly
Yzex f(z) lines of F' joining X to B and so (i) is satisfied.

(«=). Now suppose (i) and (ii) hold. Orient all lines of G from A to
B. Add a source point s joined to all points of A and a sink ¢ to which
every point of B is joined. Assign capacities to all lines of the resulting
digraph as follows: c(e) = f(z) if e joins s to z or z to ¢t and c¢(e)=1 on
all other lines.
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FIGURE 2.4.2.

Clearly, G has an f-factor if and only if the new digraph D has an
(integral) flow from s to t of value Y . 4 f(v) = 3 e f(w).

We claim that if S is any s — ¢ separator, where s € § C AU B,
the capacity of the separator will be at least 3, , f(v). To see this, let
X=8nAand Y =B- 8. Then we have (see Figure 2.4.2)

cap(S)= Y fl)+aX,Y)+ 3 f(v)

T€EA-X yeB-Y
2 ) f@+ 2 (),
z€A-X TeX
=) f(z).
T€EA

Since S was an arbitrary separator, we have by the Max-Flow Min-Cut
Theorem that D has a maximum s—t flow Fyy such that |Fo| > >, 4 f(z).
Moreover, since all the capacities in D are integral, Fy may be chosen to
be integral and hence D has an integral flow of value } .., f(z). [ ]

2.4.3. EXERCISE. (a)Show that Theorem 2.4.2 contains the Marriage
Theorem as a special case.

Complete a circle of four implications by showing that (b) the Mar-
riage Theorem implies the directed line version of Menger’s Theorem,
and

() that the directed line version of Menger’s Theorem implies the
Max-Flow Min-Cut Theorem.

Suppose next that G = (A, B) is again a bigraph and f, a non-
negative real function on V(G). A collection My of lines of G (with
repetition allowed) i8 an f-matching if

Y w(E)< f(z) (2.4.1)

zeE
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for each line E and each point z in G. Here w(E) is the number of times
E appears in My. If equality holds in inequality (2.4.1), My is said to
be a perfect f-matching. Finally, note that if no line is repeated in a
perfect f-matching My, then M is just an f-factor. We point out to
the reader that the special case of 2-matchings is studied in considerable
detail in Chapter 6.

The following necessary and sufficient conditions for the existence
of a perfect f-matching are easily verified using flow theory. In fact, we
need only change some capacities on the network model in the previous
proof.

2.4.4. THEOREM. Let G = (A,B) be a bigraph with a non-negative
integer function f defined on V(G). Then G has a perfect f-matching if
and only if

(1) Yeeaf(2) =yenf(y) and

(i) Yrex f(@) < Xiere) f(2), for all X C A

PROOF. The proof of this theorem is analogous to that of Theorem
2.4.2. [ |

It may be surprising that although we must postpone the discussion
of the f-factor problem for non-bipartite graphs until Chapter 10, the
corresponding problem for arbitrary digraphs can be easily solved at this
point. Let D be a digraph. When does D have 'a subdigraph with in-
and outdegrees equal to prescribed integer values?

In the following theorem let 7:p(S, T) denote the number of lines in
D with tail in S and head in T.

2.4.5. THEOREM. Let D be a digraph with integer pairs (f(z),g(z))
assz’gned to each point . Then D has a subdigraph D' with deg™(z) = f(z)
and deg™(z) = g(z) if and only if

(i) Lzevc) f(@)=Ysev(c)9(z) and
(ii) forallX,Y CV(D),

Y 9@ <Y fly)+mp(X,V(G)-Y)

zeX yeY

PROOF. We will construct an appropriate bigraph H to which we will
apply Theorem 2.4.2. Let V(H') = (A, B) where A and B are two disjoint
copies of V(D); that is, let A ={2' |z € V(D)} and B={z" |z €
V(D)}. Thenlet E(H')={(z',z"){(z,y) € E(D)}. Finally, let H be the
undirected bigraph arising from H' by surpressing the line orientations
(cf. Figure 2.4.3).
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Now weight the points of H with function A defined by:

_fo(z), wheny =7
hy) = {f(:l:), when y=z".

Now observe that D has a subdigraph D’ with the desired properties if
and only if H has an h-factor. But by Theorem 2.4.2 such an h-factor

exists if and only if (i) and (ii) hold. [ ]

a’ a”

a d
b, O bl'

_—

¢’ e

b c
d’ du

0 H

FIGURE 2.4.3.

Suppose next that we have an undirected graph G with non-negative
integer weights on each point. When can G be oriented in such a way
that the resulting digraph has outdegree at each point equal to the given
integer?

2.4.6. THEOREM. Let G be a graph and f(z) a non-negative integer

assigned to each point of G. Then there is an orientation D of G such

that degh(z) = f(x) for every z € V(G) if and only if

() Toeyic )= |EG)] and

(i) |Z(X)[ >3 ex f(x), for each X C V(G) where Z(X) denotes the set
of lines incident with X .

PROOF. Build a bigraph H from G by inserting one new point on each
line of G and extend f to H by setting f =1 for each of these “new”
points.

Then G has an orientation D of the type desired if and only if H
has an f-factor. Translating the conditions of Theorem 2.4.2 from the
graph H to the graph G we obtain the conditions in the statement of
the theorem. ]
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The preceding theorem is just one of a number of interesting results
dealing with the task of orienting undirected graphs so that the resulting
digraph satisfies certain prescribed conditions. One of the classical results
of the type is due to Robbins (1939) who proved that every 2-line-
connected graph possesses a strongly connected orientation. Frank and
Gyérfas (1978) obtained the variation on Theorem 2.4.6 in which the
orientation is required to be strongly connected.

A common generalization of these problems is obtained when we are
looking for orientations where the in- and outdegrees of all subsets of
points — not just single points — are prescribed. The reader is referred
to Nash-Williams (1960), Hakimi (1965) and Frank (1980).

We mention one final example of the use of flow theory in bigraphs.
It may be used to obtain the following result of Folkman and Fulkerson
(1969) on the number of line-disjoint matchings of a given size in a
bigraph. Let ¢(X,Y’) be as above.

2.4.7. THEOREM. Let G = (A,B) be a bigraph. Then G has h line-
disjoint matchings of size t if and only if, for all X C A and Y C B,
X, Y)2h(t-|A-X|-|B-Y]).

PROOF. A challenging exercise for the reader! (Hint: Build a new
bipartite graph H by adjoining |A| —t new points to B and |B|—t new
points to A. Join each new point to each point in the opposite color class
by many multiple lines. Then G has h line-disjoint matchings of size ¢
if and only if H has an h-factor.) [ |

2.5. Matchings, Flows and Measures

This section contains two applications of matching theory to measure
theory. This connection is somewhat surprising since matching theory is
a very “discrete” branch of mathematics while measure theory belongs to
the foundations of “continuous” mathematics. It seems, however, that
in continuous mathematics one more and more frequently encounters
gituations where standard techniques of analysis reduce the problem to a
non-trivial combinatorial situation and it is quite natural that matching
theory often serves as a tool for solving these combinatorial problems.

Let us formulate a measure-theoretic version of the bipartite match-
ing problem. For a general reference on measure theory see Halmos
(1950). Let (S;, A, P,)(z = 1,2) be probability spaces and let (S; xSy, 4, P)
be their product. We say that a measure @ on the o-algebra (S X Sz, 4)
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has marginals P, and P; if
QX x 83)=Py(X) for every X € 4;, and
QS xY)=P,(Y) foreveryY € 4,.

It is clear that @ = P has marginals P; and P;, but in general there will
be many more such probability measures.
Assume now that a set £ € A is also given. We say that a probability
measure Q on (S; X S, A) is concentrated on E, if Q(S; xS, —E)=0.
Now consider the following problem. Given (S;, 4, P;)(¢=1,2) and
E € 4, when does a measure @) exist on (S; X Sz, A) which is concentrated
on E and has marginals P; and P,?

2.5.1. EXERCISE. Prove: This problem includes the supply-demand
problem. (See Corollary 2.1.5.)

A rather trivial necessary condition for the existence of a measure
@ with the above properties is the following condition (). For every
X C 5, let EX denote the set of those y € S; for which there is an
z€ X with (z,y) €E.
(%) For every X € A1, and Y € A, such that EX C Y, we have
P (X) < B(Y).

In fact, assume that a probability measure @ exists which is con-
centrated on E and has marginals P, and P;. Then

Pi(X)= QX x S2)= QX x $nE)= QX x Y nE) = QX xY),
and so
PY)=Q(S; xY)2 QX xY)> P (X).

To see that () is not always sufficient for the existence of the
measure @, let, for example, (S;, Ay, Py) = (S;, A2, P2) be the o-algebra
of Borel subsets of [0,1], with the usual Lebesgue measure. Let

E={(z,y)| 0<z<y<1}.

Then (*) is fulfilled; in fact, EX contains all but at most one point of X,
for every X C (0,1). Suppose that there exists a measure @ concentrated
on E with marginals P, and P,. Consider the rectangle

R, =[0,t] x (t,1].
Then
Q(R:) = Q([0,¢] x [0,1]) — Q([0, ] x [0, £])
= Q([0.£] x [0, 1)) — Q([0,1] x [0,%])
= Py[0,t] - P,[0,t] =t —t =0.
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So Q(R:) =0. But since E is the union of countably many rectangles
Ry, it follows that Q(E)= 0. This is a contradiction, since

QE) =Q(0,1]x[0,1]) =

So no such measure ¢ can exist.

On the other hand, if some additional information about E is given,
the condition (*) may turn out to be sufficient. We prove the following
result (P. Major, unpublished; for a similar application of matchings to
measures, see Dudley (1968) and Lovész and Major (1973)). (Cf. also
Strassen (1965).)

2.5.2. THEOREM. Let E be a closed subset of [0,1] x [0,1] and let X
denote the Lebesgue measure. Suppose that for any two Borel sets X,Y C
[0,1] such that EX C Y, we have N\(X) < N(Y). Then there exists a
measure j on the Borel sets of [0,1] x [0,1] which ts concentrated on E,
both marginals of which are .

Let M denote the set of all probability measures on the Borel subsets
of [0,1] x [0,1], and let A be the set of those measures in M with both
marginals )\, that is,

A={peM| u(X x[0,1]) = (10,1} x X) = \(X)
for all Borel sets X C [0,1]}.

The combinatorial “backbone” of the proof of this theorem is the
following lemma.

2.5.3. LEMMA. Let [0,1] =Y, A;= U}, B; be two partitions of the
interval [0, 1] into disjoint Borel sets. Then there ezists a measure v € A
such that v(A; x B;) =0 for all (1,7) such that En(A; x Bj)=0.

PROOF. Build a bipartite digraph G on the set V(G) = {A,,..., AN,
Bi,...,Bum} by connecting A, to B; if and only if (A; x B;)NE # &. Let
A; have supply M\A;) and B; have dema.nd A(Bj). Then the conditions
of the Supply-Demand Theorem (Corolla.ry 2.1.5) are fulfilled:

(1) Tl M) =X)L

(2) For any subset I C {1 2 N},
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NB;)
A;B;€E(G) for some i€l
= > N(B;)
(A:xB,;)NE#@ for some i€l

>NE UA4)>X(UA4)

'LGI
_Z)\
el
Thus there exist flow values f;; (1 <7< N, 1< j< M) such that
EJ 1 Ji = (A‘i)!z:t—lf"-J_)‘( ;) fij 20 and fi; =0 if (4; x B;)n

E=0.
Define, for each Borel subset X C [0,1] x [0,1],

N M
=2 2 (X n(Aix B)))

1=1j5=1

(here \? is the 2-dimensional Lebesgue measure). Then the properties of
v required in the lemma are easily verified. ]

As an immediate corollary, we have

2.5.4. COROLLARY. LetG,,...,Gqn,Hy,...,H, C|0,1] suchthat(G;x
H;)nE =. Then there exists a measure v € A such that v(G; x H;) =0

fori=1,...,n

PROOF. Let A;,...,An be the atoms of the Boolean algebra generated

by Gi,...,Gnr and By,..., By, the atoms of the Boolean algebra gener-

ated by Hi,...,H,. Then the measure defined in the preceding lemma

clearly satisfies the conditions. |

PROOF (of Theorem 2.5.2). We can introduce a topology on M by
letting the neighborhoods of 1 € M be all sets

{veM| Iffid,u.—ff,-dul<efori=1,...,k}

where ¢ > 0 and fy,..., fx are continuous functions defined on [0,1] x
[0,1]. It is well known (see Billingsley (1968)) that M is compact in this
topology. Further, A is a closed subset of M.

Let G, H be open subsets of [0,1] such that (Gx H)NE =@J. Let

AGxH)={veA| v(GxH)=0}.
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Then A(G x H) is a closed subset of M. By Corollary 2.5.4,
AG1 xH))N++- NA(Gr X Hp) D

for any finitely many open subsets G1,...,Gn, H1,...,Hy, such that (G, x
H;)NnE =@. So by the compactness of M,

M A(Gx H) # @,
G,H

where G and H range over all pairs of open subsets of [0,1] such that
(GXH)NE =@. Let peNg yy A(GxH). Then u€ A and u(GxH)=0
for all pairs G,H of open subsets of [0,1] with (G X H)NE = &. But
[0,1} x [0,1] — E is the union of countably many such sets of the form
G x H. Thus u([0,1] x[0,1] - E) =0 and the proof is complete. [

It may be worth while to mention the following corollary of Theorem
2.5.2 (see Kamae, Krengel and O’Brien (1977)).

2.5.5. COROLLARY. LetF; and F3 be distribution functions such that
Fi(z) > Fy(z) for all z € R. Then there ezists a random vector variable
(&1, &2) such that &; has distribution function F; and & < &;.

PROOF. We offer a sketch only. Let

E={(F(z),Fay)) | z<y}.

Then E satisfies the conditions in Theorem 2.5.2, and hence there exists
a measure u on the Borel subsets of [0,1]X [0,1], concentrated on E, with
marginals A. Define

Flz,y) = u((o,Fl(x)) % (0, Fz(y)))-

Then any vector variable with distribution function F'(z,y) satisfies the
requirements. n

REMARK. The same proof shows the sufficiency of (*) if S; and S,
are compact metric spaces.

Another — probably even more striking — application of matching
to measure theory is the construction of the Haar measure on locally
compact topological groups. This application was mentioned by Rota
and Harper (1971), who elaborated upon the idea in the example of the
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construction of a translation invariant integral for almost periodic func-
tions on an arbitrary group. Here we shall describe how to construct
a translation invariant integral for continuous functions on a compact
topological group. The existence of such an integral, essentially equiv-
alent to the existence of Haar measure on such groups, was proved by
von Neumann (1934).

Recall that a topological group is a group G endowed with a topology
in which the group operations zy and z~! are continuous. (For a general
reference on topological groups see Pontrjagin (1939).) An invariant
integration for continuous functions is a linear functional L defined on the
continuous real-valued functions on G, having the following properties:
(1) L(af+Bg)=aL(f)+BL(g). (linearity)

(2) If f>0then L(f)>0.  (monotonicity)
(3) If I denotes the identity function, then L(l)=1.

(normalization)

(4) If s and ¢t are in G and f and g are two continuous functions such

that g(z) = f(szt) for every z, then L(g) = L(f).

(double translation invariance)

2.5.6. THEOREM. For every compact topological group there ezxists an
invariant integration for continuous functions.

Before proving this theorem we need some new ideas, notation and
lemmas. If A is a finite subset of group G and f any function defined on
G, we set

. 1
J(A)= Al > fla).

a€A

For U C G, we define
6(f;U) =sup{|f(z) - f(¥)|| =,y € sUt for some s,t € G}.

Here sUt = {sut | u € U} and is known as the translate of U.

The compactness of G implies that if f is continuous then it is also
uniformly continuous in the sense that for every ¢ > 0 there exists a
non-empty open set U such that §(f;U) <e.

A subset AC G is called an U-net (U C G) if AnsUt # @ for every
s,t € G. It follows from the compactness of G by standard arguments
that if U is open and non-empty then there exists a finite U-net.

The heart of the proof of Theorem 2.5.6 is the following lemma.
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2.5.7. LEMMA. Let A and B be minimum cardinality U-nets. Then

|1(A) - (B < 8(£; V).

PROOF. Define a bipartite-graph Gy with bipartition (A4, B) by con-
necting ¢ € A to y € B if and only if there exists s,t € G such that
z,y € sUt. We claim that this bipartite graph has a perfect matching.
Trivially |A| = |B|. Let T be any subset of V(Gy) covering all lines. We
show that T is a U-net. Let s,¢ € G. Since A is a U-net, there exists an
element £ € AnsUt. Similarly, there exists an element y € BN sUt. So
Ty is an line of G and by the definition of T, T must contain at least
one of 7 and y. Thus T is a U-net. Since A is a U-net with minimum
cardinality, we must have |T| > |A|. Since this holds for every T', Konig’s
Minimax Theorem 1.1.1 implies that G has a perfect matching.
So let {a1by,...,anbn} be a perfect matching in Go. Then

n

< 2 Y 1f(a) - £4)

i=1

< 2(n(/;0)) = (£ V).

E( f(a:) - £(6)

We in fact shall use the following corollary of this lemma.

2.5.8. LEMMA. Let A be a minimum finite U-net and B a mintmum
finite V-net. Then

|1(A) - F(B) < 8(f;U)+6(;V).

PROOF. For every be B, Abis also a U-net with minimum cardinality,
so by Lemma 2.5.7,

|7(A) - 7(A4b)| < 6(f;U).

Hence

|7(4) - F(AB)| = |F(4) —I-ET(Ab)ISi |F(A) - F(Ab)| < 6(f; V).
Bl i 1Bl i

Similarly,

|7(B)~ F(AB)| < 8(£; V).
Hence |}(A) — F(B)| < 6(f;U) +6(f; V) and the proof is complete. [ ]
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PROOF (of Theorem 2.5.6). The integration can be constructed as
follows. Let f be a continuous function. Let U, be a sequence of open
sets such that §(Un,f) — 0. Let A, be any U,-net with minimum
cardinality. Then the sequence {f(An)} satisfies Cauchy’s criterion of
convergence by Lemma 2.5.8 and hence it tends to a limit L(f). Lemma
2.5.8 also implies that this limit is independent of the choice of U,, and
A,, and so it is well defined.

Conditions (1)—(4) are also satisfied. To show (1), choose non-empty
open sets Uy, U,, U, so that

8(af +Bg;Un) =0, 6(f;U,)—0, 8(f;Ur)—0.

Since §(f;U) is invariant under the translation of U, we may assume
without loss of generality that V, = U, nU, nU, # J. Let A, be a
Vp-net with minimum cardinality. Then

L(af + Bg) = lim(a.f(A4n) + B3(An))
= alim f(An) + Blim§(An) = aL(f) + BL(g)-
Conditions (2) and (3) are trivial. Finally, to show (4) let U,, be a sequence
of non-empty open sets with 6(f;U,) — 0 and A, a minimum U,-net.

Note that by the hypotheses, §(g; Un) = 6(f;Uy,) and that sAnt is also a
minimum U,-net. Hence

L(g) = lim §(An) = lim (s Ant) = L(}). .
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3

Size and Structure of Maximum Matchings

3.0. Introduction

Suppose we are confronted with the following “real-life” problem.
At Nashpest University we are given the task of assigning students to
two-person dormitory rooms. In.an attempt to accomodate the students
as best we can, we ask to be provided with a list of pairs of students
who would be willing to share a room. Based on this information, can we
assign each person an acceptable roommate? Failing that, how can we
fill a maximum number of rooms? Clearly these are matching problems
in graphs where points represent students and two are joined by a line
if and only if they find each other acceptable as roommates. But note
immediately that the resulting graph is no longer bipartite. Indeed, if we
had to consider bipartite graphs only, we could just as well have brought
the book to a close right here!

But how do things really change when we attempt to do matching
in a non-bipartite graph? In the bipartite case we have the Marriage
Theorem 1.1.4 which serves as a good characterization of those graphs
with perfect matchings. Together with these results we have a polynomial
algorithm to determine a perfect (or maximum) matching in a bipartite
graph. This algorithm is clearly polynomial and was realized to be so —
at least as soon as mathematicians began to concern themselves with the
question of polynomiality.

But a good characterization of non-bipartite graphs with perfect
matchings had to wait until the late 1940’s. And a good algorithm
for finding perfect (or maximum) matchings was not found until the
1960’s! In this chapter we will become acquainted with Tutte’s good
characterization theorem. Although much of the intervening material
will be relevant to algorithmic work on matching, we will not present a
polynomial matching algorithm — due to Edmonds — until Chapter 9.

The most important result in non-bipartite matching theory is due
to Tutte (1947). This powerful result implies almost all of the results on
matchings known previously — results like Petersen’s Theorem 3.4.1 and
the Marriage Theorem. Its power comes from the fact that it sets forth
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conditions which are both necessary and sufficient for the existence of a
perfect matching in a general graph. We treat this theorem, as well as
its “defect” version which has come to be called the Berge Formula, in
Section 3.1.

In Section 3.2 we derive an important canonical structure theorem
due independently to T. Gallai and J. Edmonds. Many interesting results
are corollaries of this structure theorem, including Tutte’s Theorem itself.

As we shall soon see, Tutte’s Theorem shows that if a graph has no
perfect matching then a certain type of cutset of points must exist. We
call these, naturally enough, “Tutte sets”. In Section 3 of this chapter
we take a closer look at these Tutte sets and other related sets in graphs.

In the last section of this chapter we offer a survey of some of the
various known sufficient conditions for the existence of perfect matchings
and “large” matchings in general.

3.1, Tutte's Theorem, Gallai’s Lemma and Berge’s Formula

Suppose we have a graph G which contains a set of points S with
the property that the number of components of odd (point) cardinality
exceeds |S|. It is then clear that G cannot possibly have a perfect
matching. The importance of the following theorem of Tutte (1947) lies
in the demonstration that, conversely, if such a set S does not exist in
G then G has a perfect matching. Let ¢,(G) denote the number of odd
components of a graph G.

3.1.1. THEOREM. (Tutte’s Theorem). A graph G has a perfect match-
ing if and only if ¢,(G — S) < |9, for all S CV(G).

Before presenting a proof of this theorem, a few remarks are in order.

This theorem gives a good characterization of the existence of a
perfect matching (cf. Box 1A). If we want to exhibit the fact that a
graph has a perfect matching, it suffices to list one. If we want to exhibit
the fact that a graph G does not have a perfect matching (or say, the
counselor of the dormitory at N.U. wants to convince a group of irate
students of this), we can do so by specifying a Tutte set.

We have noted previously that the “only if” part of the proof is clear.
At the risk of repeating ourselves, suppose G has a perfect matching F’
and that S C V(G). Every odd component of G —§ must “send” at least
one line of F' to S, but every point in § “receives” at most one of these
lines and so G — S has at most S| odd components. Variations of this
simple — but very important — counting argument will come up several
times in the material to follow.
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Tutte’s original proof of the “if” part of this theorem used the idea
of the Pfaffian of a matrix. Indeed, we shall have occasion to use the
Pfaffian in Chapter 8 when counting perfect matchings in planar graphs.
But it was not long before simpler purely combinatorial proofs of Tutte’s
Theorem (i.e., proofs avoiding the use of Pfaffians) were discovered. See
Maunsell (1952), Tutte (1952), Gallai (1963a), Halton (1966) and Balinski
(1970). In fact at least three proofs now exist which derive Tutte’s result
from the bipartite theorem of P. Hall (cf. Gallai (1963a), 1. Anderson
(1971), and Mader (1973)).

FIGURE 3.1.1.

We shall take a different approach from any of the above. (Cf.
Hetyei (1972), Lovasz (1975b)). First we characterize the structure of
saturated non-factorizable graphs, that is, those graphs which have no
perfect matching, but if any line is added, the resulting graph does.

3.1.2. LEMMA. IfG 1is saturated non-factorizable and if S is the set of
points of G joined to every other point of G, then the components of G— S
are complete graphs.

PROOF. Let ab and be be adjacent lines of G —S§. We claim that a
and ¢ are adjacent. Suppose, to the contrary, they are not. Then by the
definition of S, there is a point d of G not adjacent to b (Figure 3.1.1).

Now G +ac has a perfect matching F; by the maximality of G and
similarly, let F;; be a perfect matching of G + bd containing bd. Now the
symmetric difference of F; and F; consists of alternating (and therefore
even) cycles and lines ac and bd each lie on such a cycle, say C; and C;
respectively. We must treat two cases.

First suppose C; # C,. In this case form the symmetric difference
F3=F; & E(C;). Then Fj is a perfect matching of G, a contradiction.
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Thus we may suppose C; = C,. Traverse C; from & through d and
continue until one of a and ¢ is reached. Say, without loss of generality,
a is reached first (cf. Figure 3.1.2). Let the b—a path just traversed be
P. Then P+ ab is an alternating cycle with respect to F;. Form the

FIGURE 3.1.2.

symmetric difference Fy = F, ® E(P +ab). Then Fy is a perfect matching
of G, and again we have a contradiction.
Thus the components of G — S are complete graphs as claimed. m

3.1.3. THEOREM. A graph G is saturated non-factorizable if and only
if it has the following structure: either |V (G)| 1s odd and G 1s complete,
or |V(G)| is even and G consists of point-disjoint complete subgraphs
So, G1,...,Gx such that k=|Sp| +2, Gi,...,Gx are odd and every point
of every G, 1s connected to every point of So. (See Figure 3.1.3.)

Before proceeding to the proof, we point out that this result has been
derived as an easy consequence of Tutte’s Theorem by a barely countable
number of graph theorists; for published versions see Skupieri (1973) and
Homenko-Vivrot (1971, 1973). Here we do the opposite, namely we derive
Tutte’s Theorem from Theorem 3.1.3.

PROOF (of Theorem 3.1.3). This is an easy consequence of Lemma
3.1.2. If |[V(G)| is odd then trivially G is complete. If [V(G)| is even
then let S be the set defined in Lemma 3.1.2 and let G,...,Gy be the
connected components of G —S. By the preceding lemma, these are
complete graphs and by the definition of S, S spans a complete graph
and every point of S is adjacent to every point in every G;.

If at most |S| components of G— S are odd then a perfect matching
of G is easily found. But this is a contradiction. So at least |S|+ 1,
and by parity, at least S|+ 2 components of G~ S are odd. If G— S
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has more than |S|+2 odd components then by connecting two of these
with a new line we still get a graph G, such that ¢,(G, — S) > |S|. But
then G; has no perfect matching, which contradicts the assumption that

N,

Gy Gs

G3

N 7,

FIGURE 3.1.3.

G is saturated and non-factorizable. Thus G — S has exactly k + 2 odd
components. It follows similarly that G — S has no even components. ®

PROOF (of Theorem 3.1.1). As noted earlier, necessity is trivial. To
prove sufficiency suppose, to the contrary, that G has no perfect match-
ing. Add lines to G as long as possible so that the resulting graphs
have no perfect matchings. Let G’ be an extremal line-saturated graph
resulting from this procedure.

If |[V(G)| is odd, let S =& and we are done. Hence suppose |V (G)|
is even. By Theorem 3.1.3, if S’ is the set of all points adjacent to every
point of G’ and H' = V(G)— S’, then H' # & since G’ is even and has
no perfect matching. Moreover, H' = G; U--- UG} where the G;’s are
point-disjoint complete subgraphs and k =|S’| +2.

So G’ — S’ has more than |S’| odd components. If we now remove
the lines of E(G') — E(G) we inserted, each of these odd components of
G' — S’ gives rise to at least one odd component of G —S’. Thus S’
violates the hypothesis and this contradiction proves Tutte’s Theorem.®
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3.1.4. EXERCISE. Derive the Marriage Theorem (Corollary 1.1.4) from
Tutte’s Theorem.

Just%s in the bipartite case, if a graph has no perfect matching, it is
natural to ask about the size of the maximum matchings. Before stating
and proving & minimax formula for this number, we prove a few facts
about matchings, some of which can be used in the proof of the minimax
result. ‘

The following results were proved by Edmonds and Fulkerson (1965).

3.1.5. LEMMA. LetG be a graph, A and B C V(G) and suppose |A| <

(B|.

(a) Assume that there exists a matching which covers A and one which
covers B. Then there ezists a matching which covers all of A and at
least one point of B— A.

(b) Assume that there ezists a mazimum matching which avoids A and
one which avoids B. Then there exists a mazimum matching which
avoids A and at least one point of B — A.

PROOF. We prove part (a); the proof of (b) is essentially the same.
(Cf. also box 3A).

Let M, and M; be matchings which cover A and B respectively.
Consider M;UM,. The components of this subgraph are common lines of
M, and M,, alternating cycles and alternating paths. From every point
in B—A there starts an alternating M;— M; path. Since |B—A| > |A—B|
by hypothesis, at least one of these paths, say P, does not end in A— B.
But then the matching M, & E(P) still covers A, and, in addition, at
least one point of B — A. »

The following immediate corollaries will be of considerable use.

3.1.6. COROLLARY. If a set of points 13 covered by some matching,
then 1t i3 also covered by a mazimum matching. u

3.1.7. COROLLARY. Let G be a graph, D C V(G) the set of those
pownts of G which are missed by some mazimum matching and for all
u,v € D, define u ~ v if and only if u = v or no mazimum matching
misses both u and v. Then ~ 13 an equivalence relation. [ |

3.1.8. EXERCISE. Let G be any graph and suppose X C V(G). Prove
that G contains a matching covering all points in X if and only if for
each S C V(G), the graph G- S has at most |S| odd components which
lie entirely in X.
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A graph G is said to be factor-critical (or hypomatchable) if G —v
has a perfect matching for every v € V(G) (Gallai (1963a)). This property
is a strong one indeed and it is perhaps surprising that (i) such graphs
form a relatively rich collection for study and (ii) such graphs will play an
important role in the decompgsition theory we shall soon develop. This
decomposition theory, in turn, will help us obtain estimates on the size
of a maximum matching in an arbitrary graph.

3.1.9. EXERCISE. No bipartite graph is factor-critical.

3.1.10. EXERCISE. Show that a graph G is factor-critical if and only
if G has an odd number of points and ¢,(G—S) < |S| for all @ # S C V(G)
(that is, @ is the only Tutte set in G). (Note that replacing |S| by |S|-1
on the right hand side results in an equivalent condition by parity.)

3.1.11. EXERCISE. Let G be factor-critical and suppose v € V(G).
Split v into two new points v’,v"” and partition the lines incident with v
between v’ and v"” subject only to the demand that the resulting graph
G’ remains connected. Prove that G’ has a perfect matching.

3.1.12. EXERCISE. Let G be a connected graph such that every block
of G is a triangle and every point has degree 2 or 4. Let S be the set
of points having degree 2. (a) Prove that G is factor-critical. (b) Prove
that for every subset X C § with |X| odd, G — X has a unique perfect
matching,.

It is clear that if G is a factor-critical graph then (G — u) = v(G)
for each u € V(G). Gallai (1963a) proved that for connected graphs the
converse holds as well.

3.1.13. THEOREM. (Gallai’s Lemma). If graph G is connected and
V(G —u) = v(G) for each ue V(G), then G 1s factor-critical.

We remark that an easy proof would follow from Tutte’s Theorem,
but here we choose a more direct proof based on Corollary 3.1.7.

PROOF. Let D be the point set defined in the statement of Corollary
3.1.7. Then by the hypothesis of the present theorem, D = V(G). Now
consider the equivalence relation ~ defined in Corollary 3.1.7. Obviously,
any two adjacent points are in relation ~, since a matching missing both
of them can be augmented by the line connecting them and so cannot
be maximum. By the connectivity of G, any two points of G must be
equivalent. But this means that no maximum matching misses more than



90 3. SIZE AND STRUCTURE OF MAXIMUM MATCHINGS
one point; in other words,
Y(G) 2 3(JV(G)|-1) (3.1.1).
On the other hand, by hypothesis, for any v € V(G),
YG) =G —v) < HV(G-v) = 4(V(O)-1)  (312)

and upon comparing inequalities (3.1.1) and (3.1.2) the proof is com-
plete. [ ]

A lot more can be said about the family of factor-critical graphs,
but these remarks are better suited elsewhere (cf. Section 3.2 and also
Chapter 5).

In a manner quite analogous to our approach for bipartite graphs
in Chapter 1, we now want to determine the size of a maximum match-
ing for graphs in general, in the case when no perfect matching exists.
Fortunately, Ore’s concept of deficiency can be suitably extended to
general graphs. Recall from Theorem 1.3.1 that in a bipartite graph G =
(A, B) the (A)-deficiency of G is the number of points of A not matched
by a maximum matching in G. For general (i.e., non-bipartite) graphs G,
and for any matching M in G, let us define the defect of the matching
M to be the number of points of G not matched by M. Now define
the deficiency of G, def(G), by the equation def(G) = |V(G)| — 2v(G).
Hence def(G) is the number of points left uncovered by any maximum
matching, that is, it is the minimum defect over the set of all matchings.

An analogue of Ore’s Deficiency Theorem, Theorem 1.3.1, has been
proved by Berge (1958a). The equation in this theorem is often called the
“Berge Formula”. The proof given here does not use Tutte’s Theorem.

3.1.14. THEOREM. (The Berge Formula). If def(G) denotes the de-
fictency of a graph G, then def(G) = max{c.(G - X)—|X|| X CV(G)}.

PROOF. Choose any X C V(G) and let M be any maximum matching
in G. Denote the odd components of G — X by G,...,G; where k =
¢o(G — X). Among these components, renumbering if necessary, let
Gh,...,G; be those containing a point not covered by M. (Note that
if def(G) =0, that is, if G has a perfect matching, then the theorem is
trivially true.) Thus for each of the k—1 components, G;41,...,Gg, there
is at least one line to M from the component of X in G. Thus k—7 <
|X|. On the other hand, def(G) >4 since each of G;,...,G; contains an
uncovered point. Hence def(G) >4 > k— [X| = ¢,(G—- X)~ | X]|.
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We must now show that there is a set X for which equality holds,
that is, one for which def(G) = ¢,(G—X)—|X|. Our proof is by induction
on [V(G)|.

Verification for small values of |V(G)| is trivial. Suppose now that G
is any graph and that the theorem holds for all graphs with fewer points
than G. There are two cases to consider:

Case 1. Suppose there is a point v € V(G) such that (G - v) <
Y(G). Then (G —v)=v(G)—1 and we have def(G—v) = |V(G)—{v}| -
20(G~v) = |V(G)| -1 -2((v(G) - 1) = [V(G)| - 21(G) + 1 = def(G) + 1.
Now by induction hypothesis, there exists a set X’ C V(G —v) such that
def(G)+ 1 = ¢,(G-v—X')— |X'|. Setting X = X'v {z}, we obtain
def(G) +1=1¢,(G — X)—|X| + 1, that is, def(G) = ¢co(G - X) — |X]|.

Case 2. Suppose v(G —v) = V(G) for every v € V(G). Denote the
components of G by Hl, ...,H,. For a fixed H; choose a point v € V(H,).
Then /(G) = v(Hy)+ -+ +V(H,) =v(G —v) =v(Hy)+--- +v(H; —v)+

- +v(H,) and hence u( 5) =Vv(H; —v).

Since v is an arbitrary point in H; it follows from the preceding
lemma of Gallai (Theorem 3.1.13) that each H; is factor-critical — and
hence odd — and thus def(H,) = 1. But then def(G) = 37_, def(H;) =
r = ¢o(G — D) and thus the choice of X = & yields equality and the
theorem is proved. "

3.1.15. EXERCISE. Deduce Tutte’s Theorem from Berge’s Formula.

There are other ways to obtain the Berge Formula. Our approach
is motivated by the fact that it distinguishes between points covered by
every maximum matching and those which are not. (That is, point v is
covered by every maximum matching if and only if (G—-v) < ¥(G).) This
distinction will reappear in the next section at the very beginning of our
development of the so-called Gallai-Edmonds canonical decomposition.

One especially important alternate path (no pun intended!) to a
proof of the Berge Formula is via Tutte’s Theorem itself. Thus Tutte’s
Theorem too belongs to that class of results called “self-refining” just as
do the theorems of Ko6nig, P. Hall and Frobenius (cf. Chapter 1).

3.1.16. EXERCISE. Derive Berge’s Formula using Tutte’s Theorem.
(Outline: Letting

6'(G) = max{ co(G - X) - 1X]| X SV(G)},

the inequality §'(G) < def(G) is obtained exactly as before. To obtain
the reverse inequality construct a new graph G' from G by adjoining a
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set H of 6'(G) new points to G, joining each point of H to each point
of G and to all other points of H. Now use Tutte’s Theorem to show G’
has a perfect matching.)

The following minimax formula for ¥(G) for general graphs (cf.
Edmonds (1965a)) is an analogue of Konig’s Minimax Theorem for bipar-
tite graphs. In fact, in Chapter 7 we will see that this is the “natural”
analogue in the context of linear programming duality.

An odd set cover of a graph G is a set ¥ ={S,...,Sk,v1,...,0,} of
odd subsets S; C V(G) and points v; € V(G) such that each line of G is
either covered by one of the points v, or spanned by one of the S;’s. The
weight of an odd set cover ¥ is w(¥) =7+ X% (1Si| - 1)/2.

3.1.17. EXERCISE. For any graph G, v(G) = minw(}) where X ranges
over all odd set covers.

Before ending our discussion of deficiency, we would like to make
one more point. The equality of the two quantities in the Berge Formula
is of more than passing interest. What this equation really says is that
the quantity def(G) (and thereby v(G)) is well-characterized (see Box
1A). Suppose we are given a graph G and a non-negative integer d. First
suppose d > def(G). How can we convince King Arthur of this? Let
r = (|[V(G)| — d)/2. Now if we can find a matching of size > r, we know
— as does King Arthur — that def(G) = |V(G)|-2v(G) < |V(G)|-2r = d,
8o he is convinced.

On the other hand, suppose d < def(G). How can we convince
him in this case? If we can produce a set of points Xy C V(G) such
that co(G — Xo) — |Xo| > d, then we both know that def(G) = 6'(G) =
max{c,(G-X)-|X|| X CV(G)} 2 co(G—Xo)—|Xo| > d and once more
he is convinced. Thus we survive long enough to proceed to Section 3.2!

/'BOX 3A. Matching Matroids and Matroid Duality N

_The assertion of Lemma 3.1.5 enablés us to define two matroids on
S=V(G). Let

={AC S| Ais covered by some matching }
p; = {AC S| A is missed by some maximum matching}.

Then Lemma 3.1.5 asserts that both (V(G),u1) and (V(G),u1) satisfy
the axiom of independent sets for matroids. Since the other two axioms
are trivially valid, it follows that (V(G), 1) and (V(G), 4y) are matroids.
(V(G), 1) is called the matching matroid of G.

It is interesting to note that the matroid x; has the following relation
\t.o 1 : A€ py if and only if y; has a maximum independent set (i.e., J/
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/ a basis) disjoint from A. This property could be used to define a dual\
matroid (S,u") for every matroid (S, u). Of course, it takes some proof
that this really defines a matroid, but this is not difficult and once it
is done, parts (a) and (b) of Lemma 3.1.5 become equivalent. This fact
explains why the proofs of statements (a) and (b) are essentially identical.

It is easy to see that the dual of the dual is the original matroid.
Duality is a most important operation on matroids which generalizes,
in an appropriate sense, duality of planar graphs, the current-voltage
duality of electrical networks, transposition of matrices, orthogonality of
linear subspaces, and more. We must refer the reader to the literature on
matroids such as Tutte (1971), von Randow (1975) and Welsh (1976).

Returning to matching matroids, it can be shown that every transver-
sal matroid is the restriction of a matching matroid. However, not every
transversal matroid is a matching matroid; for example, every matching
matroid must have even rank.

A considerably deeper result of Edmonds and Fulkerson (1965) asserts
that every matching matroid is transversal. Unfortunately, no direct
proof of this fact is known. The known proof makes use of the Gallai-
Edmonds Structure Theorem 3.2.1 which will be the main topic of the

\next section. /

3.2. The Gallai-Edmonds Structure Theorem

We now present a result which has consequences in matching theory
of the order of magnitude of Tutte’s Theorem, but is by no means as
well known. This is the so-called Gallai-Edmonds Structure Theorem.
As we have remarked earlier, Tutte’s Theorem provides us with a good
characterization of graphs with no perfect matching. Namely, to exhibit
that a graph G has no perfect matching we can present a set S of points
and at least |S|+1 odd components in G —S. (Such a separating set is
often called a Tutte set.) Of course there may be many such Tutte sets.
Is any one of these to be preferred over all the others?

Gallai (1963b, 1964a) and Edmonds (1965a) have proved indepen-
dently (and in quite different ways!) that there is one of these Tutte
decompositions which is “canonical” in a sense. Moreover, in general
much more information is available about the various pieces of this par-
ticular decomposition than is known for the others. Besides just the
size of a maximum matching, we may well want to know other things.
For example, we may want to know which lines lie in some maximum
matching, which points are covered by every maximum matching, etc.
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It is comforting to know that we can obtain this canonical decom-
position efficiently (that is, in polynomial time) via the Edmonds Match-
ing Algorithm. But we shall postpone the algorithmic aspects of this
question until Chapter 9 when we study matching algorithms.

o -0

FIGURE 3.2.1. The Gallai-Edmonds decomposition of a graph G

First, let us determine the important properties of this canonical
decomposition. Let G be any graph. Denote by D(G) the set of all
points in G which are not covered by at least one maximum matching
of G. Let A(G) be the set of points in V(G) — D(G) adjacent to at least
one point in D(G). Finally let C(G) = V(G) — A(G) — D(G).

The reader is invited to check the decomposition of the graph G in
Figure 3.2.1. Note that v(G) = 12.

A near-perfect matching in a graph G is one covering all but exactly
one point of G.

3.2.1. THEOREM. (The Gallai-Edmonds Structure Theorem).

If G is a graph and D(G), A(G), and C(G) are defined as above, then:
(8) the components of the subgraph induced by D(G) are factor-critical,
(b) the subgraph induced by C(G) has a perfect matching,
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(¢) the bipartite graph obtained from G by deleting the points of C(G)
and the lines spanned by A(G) and by contracting each component of
D(G) to a single point has positive surplus (as viewed from A(G)),

(d) + M is any maztmum matching of G, it contains a near-perfect
matching of each component of D(G), a perfect matching of each
component of C(G) and matches all points of A(G) with points in
distinct components of D(G),

() v(G) = 3 |V(G)| - c(D(G)) + |A(G)| |, where ¢(D(G)) denotes the

number of components of the graph spanned by D(G).

The statements in this theorem will follow relatively easily from part
(a) of the following result which will be referred to later as the “Stability
Lemma”. Parts (b) and (c) will not be used until later, but it is natural
to include them here.

3.2.2. LEMMA. (The Stability Lemma). Let G be any graph and let
A(G), C(G) and D(G) be as defined above.
(a) Let u € A(G). Then A(G —u) = A(G) —u, C(G —u) = C(G) and

D(G - u) = D(G).

(b) Let u € C(G). Then A(G —u) 2 A(G), C(G—u) € C(G)—u and

D(G - u) 2 D(G).

(¢) Let u € D(G). Then A(G —u) C A(G), C(G —u) 2 C(G) and

D(G-u)C D(G)-u.

PROOF. (a) It clearly suffices to show D(G —u) = D(G). Let M be a
maximum matching of G. Then M covers u, since u ¢ D(G) (in fact, M
covers A(G)). Hence v(G —u) =1(G)— 1. Moreover, if M is a maximum
matching of G, M —u is a maximum matching of G —u.

First we show D(G) C D(G —u). Choose any v € D(G). Let M, be
a maximum matching of G which misses v. Then M, —u is a maximum
matching of G —u and moreover, M, — u misses v too, so v € D(G —u).
Thus D(G) C D(G — u).

To show D(G —u) C D(G), choose a point v € D(G —u). Then there
is a maximum matching M’ of G —u which misses v. Let w be any point
in D(G) adjacent to u in G and let M be a maximum matching of G
which misses w. If M misses v, then v € D(G) follows, so suppose that
M covers v. Consider M U M'. By definition, M’ avoids v. Thus the
component of M UM’ covering v must be a path P starting at v with a
lineof M - M'.

Suppose P ends with a line of M'. Then the symmetric difference
of M and E(P) is a new matching M" in G which misses v. Moreover,
|M"|=|M| so M" is a maximum matching and v € D(G).
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So P ends with a line of M. Form yet another matching M3, the
symmetric difference of M’ and E(P). Then |M;| > |M'| and so M3 ¢
E(G - u) by the maximality of M'. Thus P must end at u. But now the
symmetric difference of M and E(P + uw) is a maximum matching of G
avoiding v and thus v € D(G).

(b) First note that D(G) C D(G —u) follows by the same argument
as that in assertion (a). To show A(G) C A(G —u), let z € A(G). By
(a), C(G-1z) = C(G) and hence u € C(G—z). Thus ¥(G—z-u) =
V(G-12)—1=v(G)—2=v(G-u)- 1, which implies that no maximum
matching of G—u can miss z; that is, £ ¢ D(G—u). But since z € A(G—u)
it has a neighbor in D(G) C D(G — u) and so by definition of A(G — u),
z € A(G—-u). Thus A(G) C A(G —u). The fact that C(G)—u 2 C(G—u)
is immediate from the other two relations.

(¢) To begin with, note that v(G — u) = ¥(G) and thus every max-
imum matching of G —u is a maximum matching of G as well. Hence
C(G) € C(G —u) and D(G) 2 D(G — u) follow immediately. To show
that A(G) D A(G —u), let z € A(G —u). By definition, z is adjacent
to some y € D(G —u). By definition there is a maximum matching of
G missing u and y, but no maximum matching of G missing u and
z. Also, trivially, no maximum matching of G can miss the adjacent
points z and y. By Corollary 3.1.7 this may only happen if no maximum
matching of G misses z, that is, if £ € A(G)U C(G). Since z is adjacent
to y € D(G —u) C D(G), it follows that £ € A(G). This proves that
A(G—u)C AG). [

Now we turn to the proof of the Gallai-Edmonds Structure Theorem.

PROOF (of Theorem 3.2.1). Let us delete the points of A= A(G) one
by one. Lemma 3.2.2 implies that in every step the point deleted belongs
to the set A of the graph present at that step and so

V(G- A)=v(G)—|Al (3.2.1)

Moreover,
C(G - A)=C(G) and D(G — A) = D(G), (3.2.2)

and if M is any maximum matching of G, then M NE(G —A) is a
maximum matching of G — A. .

Denote by Gjy,...,G; the components of G — A lying in D. Since
no line joins D and C, these components partition D. Let H be the
subgraph of G induced by C. By equations (3.2.2) every maximum
matching of G— A covers H, but each point of D will be missed by some
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such matching. Hence the maximum matchings of G — A each consist of
a perfect matching of H and near-perfect matchings M; of each G;. So
H has a perfect matching which proves (b). Moreover, since each point
of G; is missed by some maximum matching of G, it is immediate by
Gallai’s Lemma that each G; is factor-critical, proving (a).

Next we show (d) to be true. Since M N E(G — A) is a maximum
matching of G — A, the facts that M n E(H) is a perfect matching of
H and M n E(G;) is a near-perfect matching of G; are immediate. It
follows from equation (3.2.2) that |M N E(G — A)| = |M| —|A| and hence
M contains no line spanned by A. Since M covers all points of A, it
matches A with G— A. But clearly it matches no point of A with a point
in C(G) and no two points of A to the same component G;. This proves
(d).

To show (c) true we need to prove that every nonempty set X C A
is adjacent to at least | X|+1 components G;. Let G} be any component
adjacent to some point of X (since X C A, every point in X is adjacent
to at least one point in D(G), so such a G, exists). Let u be an element
of V(G;) and let M be a maximum matching missing u. By (d) already
proven, M matches the points of X with different components of Gj,
and in fact since M N E(G}) is a near-perfect matching of Gy, it follows
that the points of X are matched with components G; different from Gj,.
So together with G}, there are at least |X| +1 components G; adjacent
to X and (c) is proved.

Finally, (e) follows by equation (3.2.1) and parts (a) and (b) of the
present theorem:

14
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Some important consequences of this theorem are immediate.

(1) From part (e) it is immediate that the deficiency of G, def(G) =
¢(D(G)) — |A(G)|; that is, it is the number of components of D(G) left
unmatched into A(G) by any arbitrary maximum matching of G.

(2) The non-trivial part of the proof of Tutte’s Theorem is an easy
corollary of the Gallai-Edmonds result, for suppose ¢,(G—X) < |X| holds
for all X C V(G). Then in particular, ¢,(G — A(G)) < |A(G)|. Then
substituting into the equation of part (e),
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Y(C) = %(IV(G)I —(D(G)) + |A<G)|)
- V()]

and hence G has a perfect matching.

Similarly, the non-trivial part of the proof of validity of Berge’s
Formula is a consequence of this theorem, since X = A(G) gives equality
in that formula.

(3) If G has no perfect matching, then every line incident with a
point of D(G) lies in some maximum matching of G. We need only the
definition of D(G) to see this. For let u € D(G) and uv any line meeting
u. By definition there is a maximum matching M missing «. Hence by
the maximality of M, there is a line vw in M which covers v. But then
M —vw + uv is the desired matching.

It follows from (d) that no line induced by A(G) or connecting A(G)
to C(G) belongs to any maximum matching. The lines induced by C(G)
show a much more complicated behavior in this respect and this problem
will be one of our main concerns in Chapter 5.

(4) If G is itself a factor-critical graph, then we have a degenerate
case of the Gallai-Edmonds decomposition; namely, D(G) = V(G), so
AG)=C(G)=2.

(5) If G has a perfect matching we have a different degenerate case;
namely, D(G) =, so A(G) =3 and hence C(G) =V(G).

(6) If G is a bipartite graph with bipartition (A, B) and if it has
positive surplus (from A), then A(G) = A and D(G) = B. In fact, trivially
V(G) = |A| and the P. Hall Theorem implies that G — v has a complete
matching of A into B — v for every v € B. Hence B = D(G) and thus
A= A(G).

Thus the Gallai-Edmonds canonical decomposition is trivial in three
cases: for factor-critical graphs, graphs which have perfect matchings and
positive surplus bipartite graphs. On the other hand, it tells us that every
graph can be built up from graphs of these three types. More precisely,
we have the following result.

Let Go be a bipartite graph with bipartition (U, W) with positive
surplus from U. For every w € W, let G,, be a factor-critical graph. Let
H be a factorizable graph. Define a graph G on the point set

V(G)=UuVEH)IU | V(Gw)
weW

a8 follows. Keep all lines of the graphs H and G,. For every line
ww € E(Gy), u € U, w € W, add a line connecting u to an arbitrary
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point of G,,. Add lines connecting U to V(H) and points of U to each
other arbitrarily.

3.2.3. THEOREM. The graph G constructed above has A(G) =U, C(G)
V(H) and D(G) = Uyew V(Gw). Every graph arises by the above con-
struction uniquely.

PROOF. Clearly, def(G) > ¢,(G—U)~|U| = |W|—|U|. On the other
hand, select any matching My of G covering U and let M be the set
of corresponding lines of G. Let z,, € V(G,,) be the endpoint of the line
of My incident with G,, if such a line exists and an arbitrary point of
G,, otherwise. Let M,, be a near-perfect matching of G, — z,,. Let M"
be a near-perfect matching of H. Then M = MgUM" U, e My is a
matching of G with defect |W|—|U|. Hence def(G) = |W|—-|U| and M is
8 maximum matching. A similar argument shows that a point u € V(G)
is missed by some maximum matching if and only if v € ey V(Muw).
From this the first assertion follows.

The second assertion is an immediate consequence of the Gallai-
Edmonds Structure Theorem. n

For a more in-depth study of the structure of maximum matchings
we must thus treat three mutually disjoint classes of graphs separately:
graphs with perfect matchings, factor-critical graphs and positive surplus
bipartite graphs. Of these, graphs with perfect matchings have by far
the most interesting structure and we shall study them in the next two
chapters. Factor-critical graphs will be treated in Section 5.5. Positive
surplus bipartite graphs were already discussed in Section 1.3 and we
shall not have much more to say about them.

In the case of bipartite graphs, the canonical decomposition is not-
ably simpler. This structure was worked out by Dulmage and Mendelsohn
(1958, 1959, 1967) before the general result of Gallai and Edmonds. Their
work relates the canonical structure to minimum point covers. Some of
their results are summarized in the next theorem. Their decomposition
theory for bipartite graphs with perfect matchings will be discussed in
Section 4.3.

Let G be a bipartite graph with bipartition (Uy,U2). We can think
of V(G) as being “doubly partitioned” as shown in Figure 3.2.2. Here
the “vertical” partition is the canonical decomposition of Gallai-Edmonds
and the “horizontal” one is just the given bipartition (Uy, Uz).

3.2.4. THEOREM. Let bigraph G = (Uy,Us) and for i =1,2 let A; =
ANU;, C;=CnU; and D; = DNU; where A, C and D are the three sets
of the Gallai-Edmonds decomposition for G. Then



100

e N et e 3
N o
RN N )

3. SIZE AND STRUCTURE OF MAXIMUM MATCHINGS

D = D; U D, 1s an independent set of points,

the subgraph G{C1UCy] has a perfect matching and hence |Cy| = |Cq|,
F(Dl) = Az and F(DQ) = A1,

every mazimum matching of G consists of a perfect matching of
G[C1 U C3), a matching of A; into D, and a matching of A, into
Dy,

if T s any minimum point cover for G,

AJUVA; CTCA VAV Uy,

C1UA VA, and CaUA; UA; are minimum point covers. Consequent-
ly, A1 U Ay s the intersection of all minimum point covers, and

The subgraphs induced by A; UD, and A3 U D, have positive surplus
when viewed from A; and A, respectively.

o4
> ¢

o<

FIGURE 3.2.2.

PROOF. To get (1), observe that if any component of G|D] were not a
single point, it would be factor-critical and hence could not be bipartite,
a contradiction.

Statements (2), (3) and (4) are immediate by the properties of the

Gallai-Edmonds decomposition and the fact that G is bipartite.

To prove (5) suppose a € A; —T. Then there is a point d € D such

that line ad belongs to E(G) and hence d € T'. Moreover, there is exactly
one d in D adjacent to a. If there were more, say {d,...,dr} € I'p(a),
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(r >2), then T —{dy,...,d-} U{a} is a cover of G of smaller cardinality
than T, a contradiction.

Now let M be a maximum matching of G which does not contain d.
Then M covers a with a line in G[A; U Ay] contradicting part (d) of the
Gallai-Edmonds Theorem. Thus A; C T and by a symmetric argument,
Ay CT.

Next suppose TND # &, say d € TnD. Suppose, without loss of
generality, that d € Da. Then I'g(d) C A; CT. Hence T —{d} is a cover
for G, contradicting the minimality of T. Hence T'n Dy = . Similarly,
TnD;, = and (5) is proved.

Assertion (6) follows from v(G) = |Cy| + |A] = |C1| + |A1| + |A2| =
|C2| +A1] + |A2| = 7(G) by Konig’s Minimax Theorem. But then since
CiUA; UAy and Cy U A, UA; are point covers for G, they must be
minimum point covers.

Finally, to prove (7), assume indirectly that for some non-empty
X C Ay, say, IXI > lF(X)ﬁDgl Then T = (Al—X)U(F(X)ﬂDQ)UAgucl
is a cover for G, and since |T| < |[A;|+|A42|+|C1| = 7(G), it is & minimum
cover. But this contradicts (5), since A; ¢ T. n

By Theorem 3.2.4 every bipartite graph has a unique decomposition
into three graphs: Go = G[C;UC3], G1 = G[A1UD;) and G2 = G[A3UD4]
together with additional lines between A; and A;, A; and C3, and
between A, and C;. These additional lines do not occur in any maximum
matching. By (7) bigraphs G; and G have positive surplus. Such graphs
have been described in Section 1.3. Graph Gy, on the other hand, is a
bigraph with a perfect matching. Such bigraphs do have an interesting
further decomposition which will be discussed in the next chapter.

The following exercises illustrate several other applications of the
Gallai-Edmonds Structure Theorem.

3.2.5. EXERCISE. Prove that every connected graph with a point-
transitive automorphism group is either factor-critical or has a perfect
matching. (Hint: all points must belong to the same class of the Gallai-
Edmonds decomposition.)

3.2.6. EXERCISE. (Erdds and Gallai (1961).) Suppose G is a k-con-
nected graph with v(G) < p/2—1. Then

(a) ¥Y(G) 2 k, and

(b) 7(G) < 2v(G)—k.

Let us close this section by mentioning another problem — solved
only recently — for which the Gallai-Edmonds Structure Theorern pro-
vides the natural setting. The problem is as follows. Give a good
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characterization (see Box 1A) of those graphs in which every matching
extends to a maximum matching; that is, graphs in which every maximal
matching is maximum. We shall call such graphs equimatchable. Since
a graph is equimatchable if and only if all its connected components are
equimatchable, we will restrict ourselves below to connected graphs.

Although the good characterization is quite tedious even to state in
detail, the bottom line is that it giyes rise to a polynomial algorithm
for deciding membership in the class of equimatchable graphs. We give
only a brief outline here; the reader is referred to Lesk, Plummer and
Pulleyblank (1984) for details.

The class of equimatchable graphs having perfect matchings is quite
restricted. Such graphs have been named randomly matchable by Sumner
(1979) who proved the next result.

3.2.7. EXERCISE. A connected graph G is randomly matchable if and
only if G = Ky, or G =K, for some n > 1.

If equimatchable graph G does not have a perfect matching the
problem becomes more interesting. Let V(G)=D(G)UA(G)UC(G) =
(D,A,C) be the Gallai-Edmonds decomposition for G. The following
result can then be proved.

3.2.8. THEOREM. Let G be a connected graph containing no perfect

matching. Then G 1s equimatchable if and only if

(1) C=O and A s independent,

(2) for every v € A, graph G — v has no matching covering I'(v) ,

(3) for every pair of points u,v in the same component of D with uv ¢
E(G), graph G —u—v contains no matching covering I'(u) U I'(v),

and
(4) there are no two independent lines joining any component of D to
A. |

Using the result of Exercise 3.1.8, it is easy to see that this theorem
gives a good characterization of equimatchable graphs. Using a polyno-
mial matching algorithm (see Chapter 9) we can decide in polynomial
time whether a graph is equimatchable.

3.3. Toward a Calculus of Barriers

Motivated by the Berge Formula 3.1.14, we define a barrier as a set
X C V(G) such that ¢,(G—X) =|X|+def(G). (Note that def(G) >0.) A
very large part of this book is concerned with maximum matchings, that
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is, those matchings which minimize the defect. (See the left hand side
of the Berge Formula, Theorem 3.1.14.) Much less is known about the
barriers, that is, those subsets of points which produce the maximum
value on the right hand side of Berge’s Formula, although even the
superficial study of them described in this section yields some interesting
results and some tools to be used in later chapters.

The empty set may or may not be a barrier in general. However, if G
has a perfect matching, & is a barrier. By the Gallai-Edmonds Structure
Theorem 3.2.1, the set A(G) is a barrier. In general A(G) is not a unique
barrier and one of our concerns will be to characterize A(G) among all
barriers.

The definition of barriers suggests the following question.

What happens to the deficiency function when we remove points
from G?

3.3.1. LEMMA. If G s any graph and X C V(G), then def(G — X) <
def(G) + | X|.

PROOF. Let M be a maximum matching of G. Then v(G) = |M|=
|[E(MNE(G-X)|+|E(GINE(X)|+|E(M)nV(X)| < v(G-X)+|X| which,
by the definition of deficiency, is equivalent to the inequality sought. m

We will call a set of points in G extreme if equality holds in Lemma
3.3.1, that is, if def(G — X) = def(G) + |X|. Note that the empty set is
always extreme as is the set A(G) in the Gallai-Edmonds decomposition.
We point out a few additional simple properties of extreme sets in the
following series of exercises for the reader.

3.3.2. EXERCISE. Let G be any graph. If X is extreme in G and M
is a maximum matching in G then M consists of a matching of all of
X into V(G)~ X and a maximum matching of G —X. Thus no line in
G[X] lies in any maximum matching of G.

3.3.3. EXERCISE. In any graph every subset of an extreme set is
extreme.

3.3.4. EXERCISE. Let G be any graph. If Y is an extreme set [barrier]
in G and X CY then Y — X is an extreme set [barrier] in G - X.

3.3.5. EXERCISE. Let G be any graph. If X is extreme in G and Z
is extreme in G — X, then X U Z is extreme in G.
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3.3.6. EXERCISE. Let G be any graph. A singleton set {u} C V(G)
is extreme if and only if u € A(G) U C(G), where A(G) and C(G) are as
in the Gallai-Edmonds decomposition of G.

3.3.7. EXERCISE. Let e = zy be a line in G and suppose G has a
perfect matching. Then {z,y} is extreme in G if and only if e lies in no
perfect matching of G.

Obviously every barrier is extreme. The following lemma describes
a certain converse relationship.

3.3.8. LEMMA. LetG be any graph. Then every eztreme set of G lies
in a barrier.

PROOF. Let X be any extreme set in G and let T'= A(G-X)UX.

Then co(G = T) = ¢o(G — (A(G - X)u X))
=¢o(G—X —-A(G-X))
= ¢o(D(G - X))
= |A(G - X)| + def(G - X),
(using part (e) of the Gallai-Edmonds Theorem)
= |A(G — X)| + def(G) + | X |,
(since X is extreme)
= |T| + def(G)
and hence T is a barrier. |

Let us note that the proof of the trivial half of Berge’s Formula
implies that every maximum matching covers every point of any barrier,
and hence every barrier is contained in A(G) UC(G). The following two
results shows that every element of A(G)uU C(G) is contained in some
barrier.

3.3.9. EXERCISE. Let G be any graph. Then if X is a barrier in G
and z € X, then X —z is a barrier in G —z.

3.3.10. LEMMA. Let G be any graph, z € A(G)UC(G), and let G' =
G —~z. Then A(G")U{z} 1s a barrier in G. Moreover, if z € C(G) and B’
is any barrier in G', then B'U {z} is a barrier in G.

PROOF. (i) Suppose z € A(G). Then A(G’) = A(G) - = by part (a) of
the Stability Lemma 3.2.2 and hence A(G’)U {z} = A(G) is a barrier in
G (since by the Gallai-Edmonds Theorem, A(G) is always a barrier of
G).
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(ii) Suppose z € C(G). Then obviously def(G') = def(G) +1. So
co(G = (B'U {2})) = ¢o(G'— B') = |B'| + def(G’) = |B'| + def(G)+ 1 =
|B'U {z}| + def(G). .

In a sense barriers are analogues of the tight sets studied in Section
1.3. Lemma 1.3.3 provides us with a very handy “calculus” of tight sets.
Is there any analogue of this for barriers? It seems that the situation here
is considerably more complicated than it is for tight sets, and we are far
from a description of the structure of all barriers.

FIGURE 3.3.1. Two barriers whose union and intersection are not

The difficulty in handling barriers seems due to the fact that the
intersection and union of barriers is not a barrier in general. In Figure
3.3.1, the sets X and Y are barriers, but neither their union nor their
intersection is such. But let us see how much can be salvaged from the
wreckage!

3.3.11. THEOREM. The intersection of two (inclusionwise) mazimal
barriers 1s a barrier.

PROOF. Let X and Y be two maximal barriers. Let Gy,...,Gi be
the connected components of G—X and Hj,...,H,, the connected com-
ponents of G —~Y. Note that by the maximality of X and Y, these
components are odd, and since X and Y are barriers, k = | X| + def(G)
and m = |Y|+def(G). Let X; =XnV(H;), Y, =YnV(G;) and A =
X NY. Without loss of generality we may assume that X1,...,X,,, # 3,
Yi,00 0, Y, #0, but Xy 41 =+ =X =Yg 41 =+ =Y =, and also
that, kl <my.
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Observe that Gk,+1,..., Gk are components of G—X —~Y and hence
each of them is contained in a connected component of G-Y. If G; C H;
where ky +1 <7<k, m+1 < j <m, then G; = H; and G; is a connected
component of G—A. The number of such G;’s is at most |A|+def(G), by
the definition of def(G). Consider now those components G; which are
contained in an H;, 1 <j < my. Such a G; is a component of H; — X .
Note that by the maximality of Y,

¢o(Hj — X5) < |1X]

(since otherwise X;UY would be a larger barrier). Since H; has an odd
number of points, the usual parity argument yields

co(Hj — X3} < |X;] - 1.

So H; contains at most |X;| —1 components G; (ky +1 <7 < k). So the
total number of components G, disjoint from Y is at most

mi
|A] + def(G) + 3 (1X;] = 1) = | A| + def(G) + | X — A] — my
j=1
= |X| + def(G)—my
=k— my
<k-k.

Since this number is, obviously, exactly k—k;, we infer that equality must
hold throughout and in particular G — A must have exactly |A| + def(G)
odd components. Thus A is a barrier. a

Note that we have not used any part of the preceding theory in the
proof of Theorem 3.3.11. In fact, a proof of Tutte’s Theorem can be
based on this result.

3.3.12. EXERCISE. Let G be a graph such that ¢,(G - X) < |X]|
holds true for every X C V(G), but deleting any line of G destroys this
property. Prove that G consists of disjoint lines. Give a new proof of
Tutte’s Theorem based on this result. (Difficult!)

For which graphs can a result similar to that of Theorem 3.3.11 be
obtained for arbitrary barriers? The following theorem and corollary,
which will have an important application later in Chapter 5, provides
such a class of graphs.
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3.3.13. THEOREM. Let G be a graph such that C(G) = & and let X
andY be barriers such that no line connects X =Y toY —-X. Then XnY
and X VY are barriers.

PROOF. The condition on X and Y implies, by Lemma 1.3.2, that
(G- (XNnY))+¢(G-(XUY))2¢(G-X)+c(G-Y).

Let Gi,...,Gx be the connected components of G — (X NnY). Since
X nY C A(G) it follows by the Stability Lemma 3.2.2 that C(G ~ (X n
Y)) = C(G) = I, and hence none of Gy,...,Gx can have a perfect
matching. Thus

def(G - (X nY)) = Zdef ) > k=c(G-(XnY)).

Similarly,
def(G - (X VY)) 2 ¢(G - (X UY)).

Hence,

IXNY|+|X VY| +2def(G) > def(G — (X NY)) + def(G~ (X UY))
2c(G-(XNnY))+¢(G-(XUY))
>¢(G-X)+¢(G-Y)

2 ¢o(G-X)+¢(G-Y)
=|X|+|Y| +2def(G).

Since the first and last expressions are equal, we must have equality
throughout. In particular, ¢(G — (X NY)) = def(G— (X nY)) = |X n
Y| + def(G). But the first equality implies that def(G;) = 1 for every
component G; of G—(X NY'), and so all components of G—(X NY') are
odd. S0 ¢,(G—(XNY))=¢(G~(XNY))=|XNY|+def(G); that is,
X NY is a barrier. Similarly, X UY is a barrier. [ ]

3.3.14. COROLLARY. LetG be a graph in which C(G) = & and A(G)
18 an independent set of points. Then the union and intersection of any
two barriers is a barrier.

PROOF. If X and Y are any two barriers, each lies in A(G)UC(G) =
A(G) and hence X UY is independent in G. The result follows im-
mediately from Theorem 3.3.13. )
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Maximal barriers yield a nice characterization of A(G).

3.3.15. THEOREM. A(G) is the intersection of all mazimal barriers in
graph G.

PROOF. Let X be any maximal barrier. The maximality of X implies
that A(G —X) = O (otherwise X UA(G —X) would be a barrier properly
containing X). By the Stability Lemma 3.2.2, we have A(G) C A(G —
X)uX, and so A(G —X) = implies A(G) C X. Since this is true for
every maximal barrier X, it follows that the intersection of all maximal
barriers contains A.

To complete the proof we have to show that if z € V(G) -~ A(G) then
there exists a maximal barrier which does not contain z. If z € D(G)
then we already know that no maximal barrier contains z. So suppose
r € C(G). Let M be any maximum matching and let zy be the line of
M incident with z. Then A(G)u {y} is, obviously, a barrier. Let X be a
maximal barrier containing A(G)U {y}. Again, as in the proof of Berge’s
‘Formula, X cannot span a line of M, and so z¢ X. [

3.3.16. EXERCISE. Show by an example that A(G) is not necessarily
contained in every barrier of graph G.

The set A(G) is itself a barrier. How may we distinguish it among
all barriers? The previous proof shows that if C(G) # &, then A(G)
is not a maximal barrier. Figure 3.3.2 shows that, in general, A(G) is
not a minimal barrier. So to characterize A(G) as a barrier with certain
extremal properties, we need to consider a slightly more complicated
notion. Let D;(X) denote the union of odd components of G — X (for
X C V(G)). The next theorem says that A(G) is the barrier X for which
the set D1(X) is (inclusionwise) minimal.

3.3.17. THEOREM. For every barrier X in a graph G, D((X) 2
Di(A(G)) = D(G).

PROOF. 1t is evident that D1(A(G))= D(G). Let z € D(G) and let M
be a maximum matching missing z. By the proof of Berge’s Formula,
the connected component Gy of G — X containing =z must have exactly
one point not covered by M, and no line of M can connect Gy to X.
Hence G must have an odd number of points and so z € D(X). ]
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3.3.18. EXERCISE. Let G be any graph and X a maximal barrier in
G.

(a) Prove, using P. Hall’s Theorem, that there exists a matching M
in G which matches each point of X with points in different components
of G- X.

(b) Prove, using Exercise 3.1.10, that every component of G — X is
factor-critical.

(c) Conversely, show that any set X satisfying (a) and (b) is a
maximal barrier.

(d) Give a new proof of Berge's Formula from the above.

(e) Try to eliminate the use of Exercise 3.1.10 from the proof in (d)
by using induction instead.

FIGURE 3.3.2. A barrier X properly contained in A(G)

We conclude with a property of minimal barriers. A similar property
of minimal Tutte sets was observed by Sumner (1974, 1976). In fact the
proofs and implications are identical. A claw is an induced subgraph
isomorphic to the complete bipartite graph K, 3. Claw-free graphs will
also be studied in connection with vertex packing in Section 12.4.

3.3.19. LEMMA. Let X be an (inclusionwise) minimal barrier in a
graph G. Then every point in X 1s the center of a claw in G.
PROOF. Assume that z € X is not the center of a claw. Then z is
connected to at most two components of G~ X. But then ¢,(G — (X —
z)) = ¢o(G ~ X) — 1 and therefore X — z is a barrier, contradicting the
minimality of X. a
Sumner used the previous observation to prove the following fact,
observed independently by Las Vergnas (1975):
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3.3.20. THEOREM. Every connected claw-free graph unth an even num-
ber of points contains a perfect matching.

PROOF. By Lemma 3.3.19 every minimal barrier of G is empty. But
by the assumptions on G, ¢,(G) =0 and so def(G) = 0. ]

Jiinger, Pulleyblank and Reinelt (1983) have recently extended the
above result by proving that if G has an odd number of points and is
claw-free, then G contains a near-perfect matching.

3.3.21. EXERCISE. Let G be a connected graph which does not con-
tain a “cherry”, that is, two points of degree one with a common neighbor.
Prove that G has two adjacent points whose removal does not disconnect
G. Give a new proof of Theorem 3.3.20 based on this fact. (See Lovész
(1979¢).)

3.4, Sufficient Conditions for Matchings of a Given Size

Let us reconsider the question ‘When does a graph possess 2 perfect
matching?’. Of course the theorem of Tutte gives necessary and sufficient
conditions for a perfect matching to exist. However, a number of inter-
esting results exist in which sufficient (but not necessary) conditions are
provided. Not surprisingly, most of the proofs involved are indirect and
hence start with a Tutte decomposition of a graph assumed to have no
perfect matching. Then a counting argument leads to a contradiction.
Modulo this idea, these arguments usually become quite straightforward,
though sometimes tedious.

In his pioneering 1891 paper (already mentioned in the historical
remarks in the Preface to this book), Petersen proved the following
classical result.

3.4.1. THEOREM. Every connected cubic graph with no more than two
cutlines has a perfect matching.

Let us note at the onset that Petersen’s original proof was somewhat
tedious and shorter proofs were subsequently given by Brahana (1917-18),
by Frink (1925-26, 1926) and by Konig (1936): However, with Tutte’s
Theorem in hand the following even shorter proof is possible.

PROOF. Let G be a connected cubic graph with no more than two
cutlines. (We remind the reader that graph G need not be simple.) Of
course |V(G)| is even. Suppose indirectly that G has no perfect matching.
Then G contains a cutset S with ¢,(G — §) odd components and |S| <
¢o(G — S)—2. Since G is cubic each odd component is joined to S by
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some odd number of lines. If this odd number is one, the corresponding
line must be a cutline. By hypothesis there are at most two such in G.
Hence the odd components of G — S send at least 3(co(G—S)—2)+2 =
3¢o(G—8)—4> 3(]S|+2)~4=3|S|+2 lines to S. But of course S sends
at most 3|9] lines to the odd components and a contradiction results. m

Note that two cutlines is “best possible” in the sense that there are
cubic multigraphs with three cutlines, but no perfect matching (cf. the
graph in Figure 3.4.1).

FIGURE 3.4.1.

This kind of argument can be — and has been — generalized to
more complicated situations. Here is a representative result of this kind,
still dealing with regular graphs.

3.4.2. THEOREM. (Plesnik (1972)). Let G be an r-regular graph with
an even number of points which is (r — 1)-line-connected. Then, if any
r—1 lines are deleted from G, the resulting graph has a perfect matching.

PROOF. Let G’ denote the graph resulting from G upon deletion of
some 7—1 lines and suppose, indirectly, that G’ has no perfect matching.
Then by Tutte’s Theorem there is a set S with ¢,(G'—S) > |S] and hence
by parity — since [V(G')| is even — co(G— 8) > |S| +2. Let Gy,...,Gk
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denote the odd components and Gg41,...,G:, the even components of
G -8.

Now let us count lines. To this end let o; be the number of lines in
E(G)- E(G') joining G; to S, and S, those in E(G)— E(G’) joining G;
to other G,’s, and ~; those lines of G' between G; and §. So a; +3; +
is the total number of lines joining G; to G —G; and hence by hypothesis
is at least r—1.

We now claim if G; is an odd component that, in fact, a;+5;+7v; > 7.
Suppose not; that is, suppose a; + f3; +v; =7 —1. Then the sum of the
degrees of subgraph G; is 7|V (G;)| - (r — 1) = r(|V(G:)| — 1) + 1 which
is an odd number contradicting the fact that G; is odd. So the claim is
proved and we have the inequality:

t t t
Y ai+ Y Bi+d it (3.4.1)
i=1 1=1 i=1

Counting all lines removed from G to get G' we have EZ=1 oy +
15°¢  Bi and so:

2 th a; + th B < 2Ar—1). (3.4.2)
=1 =1

On the other hand, there are altogether Zi=1 i+ 3¢, i lines entering
S and hence:

Za1+z'yl <rlS|. (3.4.3)

Adding inequalities (3 4.2) and (3.4.3), we obtain

BZai+Zﬂi+Z'yi$T(ISI+2)—2. (3.4.4)

80 t < |S]+2, a contradiction. =
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3.4.3. COROLLARY. IfG isanr-regular, (r—1)-line-connected graph
on an even number of points then every line of G is contained in a perfect
matching.

PROOF. If e=uv and if the other lines at u are ey, ..., e,_1, consider
a perfect matching of G —¢; —+-- —e,_1. ]

Let us remark here that for the first time we have met a class of
graphs which have the property that each line lies in a perfect matching.
We shall call such a line allowed and any line which is not allowed will
be called forbidden. Graphs in which every line is allowed are called
1-extendable (or sometimes matching covered). They will be studied
extensively in the next three chapters.

Let us also remark in passing that we have really proved a bit more
than claimed in Theorem 3.4.2. In particular, we do not need the full
strength of the assumption that G is (7 — 1)-line-connected.

3.44. EXERCISE. (Cruse (1977)). Show that the conclusion of
Theorem 3.4.2 still holds for r-regular graphs if we omit the assumption
that G is (r — 1)-line-connected and replace it by the weaker assumption
that any odd set X, |X| > 3, is joined to G — X by at least r —1 lines.

In view of the fact that the Berge Formula is a positive deficiency
version of Tutte’s Theorem, it is not surprising that there are positive
deficiency analogues of some of the above results. (See, for example,
the results on graphs with transitive automorphism groups to be found
in Section 5.5.) See also Little, Grant and Holton (1975, Theorem 3.1,
1976) and Plesnik (1979, Theorem 1).

Generalizations in other directions also exist. For example, Plesnik
(1979) addresses the problem of finding matchings with defect d in r-
regular, (r—1)-line-connected graphs missing sets of arbitrarily prescribed
points and lines. In a somewhat different direction, Chartrand and
Nebesky (1979) and Chartrand, Goldsmith and Schuster (1979) study
sufficient conditions for perfect matchings in r-regular, but only (r — 2)-
line-connected, graphs. The interested reader is referred to these papers
as the hypotheses of these theorems are too complicated to be stated
here.

Now let us further explore the question of how large a matching
can be “in general”. But of course the question itself as posed is “too
general”. How large can a matching be in terms of what? Among the
more reasonable graph parameters which come to mind immediately are
number of points, number of lines, minimum degree, maximum degree,
point connectivity and line connectivity.
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3.4.5. EXERCISE. Prove that if a simple graph G on an even number
of points p has more than (”;1) lines, then it has a perfect matching.

One approach, apparently first posed in the language of set families
by Erdés and Rado (1960) and continued in papers of Abbott (1966),
Chvétal (1970), Abbott, Hanson and Sauer (1972) and finally Chvétal and
Hanson (1976), proceeds as follows. Let f(p,v,A) denote the maximum
number of lines which may be contained in any simple graph on p points
having matching number v and maximum degree A. Chvatal and Hanson
obtain exact values for f(p,v, 4), although the results are quite tedious
to state. If the reader will bear with us, however, we feel at least once in
this section we should be explicit!

3.4.6. THEOREM. Letp, v, A be positive integers withp > 2v +1 and
let f(p,v,4)=f. Then:
(a) fA<2wandp<2w+|v/[(A+1/2)]], then

f= {min{[pA/? |, vA+2(p—v)/(A+3)|((A-1)/2)}, if Aisodd,
“pa/2, if Aiseven.

(b) fA<2vandp>2v+ [u/ (A +1)/2)}], then
f=vA+|v](A+1)/2)||l4/2]},and

() ifA>2w+1, then

el ), e

v, fp2v+ A

PROOF. The proof uses the Berge Formula and careful counting to
show that f does not exceed the right hand side and then extremal graphs
are constructed to show that equality holds. [

To get a bit more of the flavor here, however, let us consider a simple
proof due to Bollobés (1977) of part of Theorem 3.4.6(c). In particular,
let us prove that if A > 2v+1, then f(p,v, 4) < vA. So consider a graph
G on p points with A(G) = A. By Berge’s Formula there is a cutset S
in G such that ¢,(G~8)=p+ s—2v where s =|S|. Then clearly s < v.
It is an easy exercise to see that the number of lines in G — S cannot
exceed the number of lines of the graph on V(G) - S which consists of
one “large” complete component and ¢,(G — S) — 1 isolated points.
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Now there are p—2v+ s—1 singletons and hence the one “large” odd
component must have p—s+p—-2v+35—1=2v—2s+1 points. But then
G- S contains at most (2””§s+1) = (v —s)(2v—2s+1) lines and hence G
itself has at most sA+(v—s)2v—2s+1)=s5(2s+A—4v—-1)+ 2% +v
lines. Since 1 < s £ v, it is easy to verify that the maximum of this
expression occurs when s =v and is vA as claimed.

Generalizing some earlier work of Weinstein (1963, 1974) Bollobés
and Eldridge (1976) have obtained more “finely tuned” results, but the
results are even more cumbersome to state than those of Chvatal and
Hanson so we mercifully omit a complete treatment! Suffice it to say
that these two authors define and determine functions m(p,§, A) and
m(p,8,4,k) and m(p,8,A,\) where £ and \ are the point and line
connectivity and where, for example, m(p,§, A, \) is the minimum size
of a maximum matching in any graph with p points, minimum and
maximum degrees § and A respectively and line connectivity X.

Now what other parameters might be useful in estimating the size
of a maximum matching? I. Anderson (1973) introduced the new idea
of the binding number of a graph. In particular, the binding number
of G, bind(G) = min{|I"(X)}/|X| | D # X C V(G) and I'(X) # V(G)}.
Anderson proved that any graph with binding number at least g has
a perfect matching. Not long thereafter, Woodall (1973) generalized
Anderson’s result to obtain a lower bound in terms of the binding number
for the size of a maximum matching in graphs which do not necessarily
have perfect matchings. (In the same paper Woodall proved the beautiful
theorem which says that any graph G with bind(G) > 2 has a Hamilton
cycle.)

We present a result which generalizes Anderson’s theorem slightly.
In point of fact, however, the proof of this result is essentially identical
with that of Anderson.

3.4.7. THEOREM. LetG be a graph on an even number of points. If
I1(X)| 2 min {JV(G) ,%.{X| — £} for all X CV(G),

then G has a perfect matching.

PROOF. Suppose, to the contrary, that G has no perfect matching.
Then there exists a set S C V(G) with |S| < ¢o(G - 8). Let p = |V(G)]
and k = |S|. Since p is even, by parity we may assume ¢o(G—S) > k+2.
Let m denote the number of singleton components of G —S. (Note that
I'(V(G)— 8) = V(G) if and only if m =0.)
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Case 1. Suppose m > 0. Then |P(V ( )=~ 8)| < p and hence by
hypothesis |[I'(V(G)—S)| > 4|V(G)— S| - % s0 §(p—k)-2 < |1 (V(G) -
S)| < p—m. From this we have:

p+3m< 4k +2. (3.4.5)

On the other hand, counting points in the odd components of G- S,
we have m + 3(k +2—m) < p—k and hence

4k—2m+6<p. (3.4.6)
From inequality (3.4.5) we have
4k—3m+22p. (3.4.7)

Combining inequalities (3.4.6) and (3.4.7), we obtain 4k —2m + 6 <
4k —3m +2 or m <2 -6 <0, a contradiction.

Case 2. Suppose m = 0 (and hence all odd components have at least
three points). Let X be the union of any &k +1 of the odd components
of G—S. Since X fails to contain at least one odd component of G — S,
we have |I'(X)| < p and hence |I'(X)| > $|X|— 2. On the other hand,
IF(X)| < X] + &, so |X]+k > 4]X| — £ and hence 3k > |X| - 3(2).
But |X| > 3(k+1) as well, so 3k > 3(k+1)~3(%) =3k+1 > 3k, a
contradiction. |

We now state Woodall’s generalization of Anderson’s theorem. As
Woodall himself points out, his proof is completely analogous to that of
Anderson, except once again Berge’s Formula is used instead of Tutte’s
Theorem. The proof is left as an exercise.

3.4.8. THEOREM. Let G be any graph with p points with
bind(G) = c. Then:

pc/(c +1), f0<c<}
V(G) 2{p/3, if3<c<l,and
p(Bc—2)/3c—2c-1)/c, f1<c<} a

Note that if G has an even number of points, Anderson’s theorem
follows from the last inequality above, for then p(3c —2)/3c = p/2 and
2(c—1)/c< 1.

Let us turn our attention to yet another recently formulated para-
meter. A graph is “tough” if relatively few components result from the
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deletion of any cutset of points. More precisely, the toughness of G, t(G)
is defined to be +o0, if G = K, and to be min(|S|/¢(G - 8)), if G # K.
Here the minimum is taken over all point cutsets S of G and ¢(G - S)
denotes the number of components of G —S.

The formulation of this concept is due to Chvatal (1973¢) who was
motivated by certain studies on Hamilton cycles in graphs. It is clear
that if G is Hamiltonian then ¢(G— 8) < |S| for all point cutsets S in G.
Hence every Hamiltonian graph G has toughness t(G) > 1.

The idea of toughness sounds temptingly similar to that of binding
number and at first thought we might expect a close connection between
them. Indeed Woodall (1973) proves the following elementary result
which the reader may verify as an exercise.

3.49. THEOREM. For any graph G, bind(G) <t(G)+1. ]

But binding number and toughness are not so similar as we might
think! We know (Woodall (1973, Theorem 12)) that every graph G with
bind(G) > 2 has a Hamilton cycle. Compare this resuli with the following
conjecture by Chvatal (1973b) which remains unsettled at the time of
this writing.

3.4.10. CONJECTURE. There exists a positive real number to such
that for every graph G, t(G) > to vmplies G is Hamiltonian.

It is known that t, = $ is not large enough here, for if we construct
a thirty point cubic graph H from the Petersen graph by replacing each
point by a triangle, H then has no Hamilton cycle, but t(G) = 3. Chvital
conjectures that ¢, = 2 will, in fact, be sufficient.

The analogous connection between toughness and perfect matchings
is, however, much easier to settle.

3.4.11. EXERCISE. (a) Prove that if t{(G) > 1 then G has a perfect

matching.

(b) Show that for every € > 0, there are graphs G(e) such that t(G(e)) >
1 —¢, but G(¢) has no perfect matching.

Before bringing these sufficiency proceedings to a close, let us ex-
hume one last parameter, the genus of G, ¥(G) (i.e., the minimum genus
of an orientable surface into which G can be embedded; see A. White
(1973)). Together with (point) connectivity, this parameter can yield yet
another sufficient condition for a perfect matching. First we need the
following well-known result. The proof is once more remanded to the
custody of the reader. (See Harary (1969)).
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3.4.12. LEMMA. LetG be a simple bipartite graph with p > 3 points, q
lines and genus (G). Then

g<2p+44(G)-4.

Nishizeki (1978, 1979) has shown the following to be true.
3.4.13. THEOREM. Ifk=«(G)>4, ifp=|V(G)| 1s even andif v(G) <
k(k —2)/4, then G has a perfect matching.

PROOF. We use Tutte’s criterion. Let X C V(G), we show that
¢o(G—X)=1t<|X| (=s). This is trivial if X does not separate the
graph, so assume that X is a separating set. Then s > k by hypothesis.

Form a simple bigraph G’ with p’ = s+t points and some ¢’ lines by
contracting every odd component of G—X to a single point, deleting all
even components of G — X and all lines spanned by X and identifying
parallel lines. Clearly 4(G') < 4(G).

If z is a point arising from the contraction of an odd component of
G — X, then by the k-connectivity of G, degs.(z) > k. Hence

q > kt. (3.4.8)
On the other hand, Lemma 3.4.12 implies
g <20’ +44(G') -4

=2(s+t)+44(G) -4

<2(s+t)+k(k—2)—4. (3.4.9)
By inequalities (3.4.8) and (3.4.9) we have

kt <2(s+t)+k(k—2)—4,
and hence

2
t<k_2s+k—k_2.

2 4
t—3<(k-——§‘—1)3+k"m

2 4
<| = -
‘(k~2 1)k+k Py
=2.

Since t — s is an even integer, this implies that t —s <0, that is, t < s as
claimed. ]

Thus
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3.4.14. COROLLARY. Every4-connected graph which has an even num-
ber of points and ts embeddable on the torus has a perfect matching. ®

It is interesting to compare this corollary with the celebrated result
of Tutte which states that every 4-connected planar graph has a Hamilton
cycle. The analogous result is not known to hold for the torus (Griinbaum
(1970b)).

3.4.15. EXERCISE. If G is planar with mindeg(G) > 3 and p > 10,
then 1
v(G) 2 5(1’ +2).

For reference see Nishizeki and Baybars (1979).

3.4.16. EXERCISE. (a) (Berge (1973)). Let G be any simple graph
with an even number of points and having the property that any two
point-disjoint odd cycles in G are joined by a line. Prove: G has a perfect
matching if and only if | X| < |[I'(X)] for every X C V(G).

(b) (Fulkerson, Hoffman and McAndrew (1965)). Prove: if G is r-
regular, has an even number of points and if any two point-disjoint cycles
are joined by a line, then G has a perfect matching.
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4

Bipartite Graphs with Perfect Matchings

4.0. Introduction

In Chapter 3 we presented the Gallai-Edmonds Structure Theorem
in order to learn more about the maximum matchings of a graph. But we
then saw that if we are interested, say, in the number of such matchings,
we must first settle the same question for the more special class consisting
of graphs with perfect matchings. The subgraph C(G) of the Gallai-
Edmonds decomposition is always such a graph, and for graphs with
perfect matchings C(G) = G. So in this case, the Gallai-Edmonds result
is of no help to us. We must then take up the study of graphs with
perfect matchings separately and we shall do so in this chapter and the
next. The present chapter is devoted to bipartite graphs.

So let us consider a bipartite graph G with a perfect matching.
In the investigation of many questions of interest to us (for example,
the number of perfect matchings or the number of linearly independent
perfect matchings), those lines of G which do not occur in any perfect
matching play no role. If we delete these lines we are left with a graph
in which every line occurs in a perfect matching. We may restrict our
attention to the connected components of this graph. Such components
are called “elementary” graphs.

In the present chapter we shall begin by investigating the structure
and properties of elementary bipartite graphs. We shall introduce a
new kind of decomposition, called ear decomposition, which will turn
out to be a powerful tool in the study of the structure of matchings.
For example, ear decompositions help us to show that every elementary
bipartite graph has a spanning elementary subgraph with no more than
3(p—6)/2 lines. Finally, we shall show how a general bipartite graph with
a perfect matching can be assembled from elementary bipartite graphs.
These results will also serve as motivation for our approach to the study
of elementary graphs and decomposition techniques in general.
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4.1. Elementary Bipartite Graphs and their Ear Structure

Let us recall from Chapter 3 that a line of graph G (bipartite or
not) is allowed if it lies in some perfect matching of G and forbidden
otherwise. A graph G is said to be elementary if its allowed lines form a
connected subgraph of G. The term “elementary” for this concept was
coined by Hetyei in the 1960’s, although the idea itself is much older.
Indeed we can find this idea employed by Konig in his 1915 paper! In
the case of bipartite graphs there are several useful alternate definitions
of this notion. In the following theorem, due mostly to Hetyei (1964), we
present four such. (See also Lovdsz and Plummer (1977).)

4.1.1. THEOREM. Suppose G 1is a bipartite graph with bipartition

(U,W). Then the following are equivalent:

(i) G 1s elementary; '

(ii) G has ezactly two mintmum point covers, namely U and W;

(iii) |U| =|W]| and for every non-empty proper subset X of U, |I'(X)| 2
IXt+1;

(iv) G=Ka, or [V(G)| >4 and for anyu €U, weW, G—u—w has a
perfect matching;

(v) G 1s connected and every line of G is allowed.

PROOF. (i)=(ii). Suppose G has a minimum point cover K such that
Ky=KnU # 3 # KnW =K. Suppose G|K|] contains an allowed
line uw. Let M be a perfect matching for G containing vw. Then M
matches U—Ky into Ky and W—-Ky, into K. Hence [U-Ky| < |Kw)|.
But U is a cover and |U| = |Ky| + |U — Ky| < |Ku| + |Kw| = |K]|,
contradicting the minimality of K. Thus all lines in G[K] are forbidden.
But removal of all lines in G[K| necessarily disconnects G and thus G is
not elementary.

(ii)=>(iii). That |U|= |W| is immediate. Suppose there is a set X,
X CU,D#X #U, such that |[I'(X)| < |X|. Now (U—-X)uTI'(X) covers
Gand (U-X)uI'(X)|=|U-X|+|I'X)| < |U-X|+|X|=|U]| and
hence (U — X)uI'(X) is a minimum point cover for G. But U - X # &
and hence by assumption I'(X) =, that is, X is a set of isolates. But
then U — X covers G and |U — X| < |U|, a contradiction.

(iii)=(iv). Suppose G # K;. Then since |U] = |W|, |V(G)| > 4.
Let ueU, weW and let H =G —~u—w. We now prove that H has
a perfect matching using the Marriage Theorem. Choose X C U —u,
X # @. Suppose |[I'g(X)| < |X|. Then [I'a(X)| < [Ta(X)|+1 < |X]|.
Moreover, X # U and we have a contradiction of (iii).
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(iv)=(v). If G = K, we are done, so suppose |V(G)| > 4. Suppose G
is not connected. Let G; be a component of G such that |V{(G)n U} <
[V(G1)nW|. Let u e V(G1)nU and w € W—V(G;1). Then G—u—w has
no perfect matching, a contradiction. Thus G is connected. That each
line of G is allowed is immediate.

(v)=(i). Trivial. |

4.1.2. EXERCISE. Show that it can be checked in polynomial time
whether or not a given bigraph is elementary.

4.1.3. EXERCISE. If G is elementary bipartite and G # K3, then G
is 2-connected.

4.1.4. EXERCISE. If e is any allowed line of an elementary (not neces-
sarily bipartite) graph G, then any graph G’ obtained from G by inserting
an even number of new points in line e is again elementary.

4.1.5. EXERCISE. Let G be a bipartite graph and M a perfect match-
ing of G. Orient all lines of G toward the same color class and contract
the lines of M. Then the resulting digraph is strongly connected if and
only if G is elementary.

We next present a further equivalent property. We have seen by
Exercise 4.1.2 that the property of being elementary is in P and there-
fore in NP. In fact we can use property (v) to exhibit that a graph is
elementary by verifying connectivity and by providing for each line a
perfect matching containing it. The characterization to follow yields a
more geometric procedure for showing that a graph is elementary. It can
be used to easily find many (in fact, all!) elementary bipartite graphs.
We shall refer to this property as the “ear structure” of an elementary
bipartite graph. The idea of an ear structure for elementary graphs oc-
curs first in Hetyei (1964).

Let z be a line. Join its endpoints by a path P; of odd length
(the so-called “first ear”). We may now proceed inductively to build a
sequence of bipartite graphs as follows: If Gr_1 =z+ P, +--- + P,_; has
already been constructed, add an r*" ear P, by joining any two points in
different color classes of Gr_; by an odd path (i.e., P;) having no other
point in common with G,_;. The decomposition G, = z+P;+:--+F, will
be called an ear decomposition of G,. (We shall see in the next chapter
that in the study of non-bipartite elementary graphs more complicated
“ear decompositions” will be used). More specifically, the representation
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presented in this paragraph will henceforth be called a Bipartite Ear
Decomposition.

The reader already familiar with graph theory may have recognized
that a similar decomposition occurs in the following result due to Whitney
(1932): A graph is 2-connected if and only if it can be represented as
G =P, +Py+---+P,, where P, is a cycle and each P, is a path joining
two different points of P; + .-+ + P;_; having no other point in common
with Py + -+ + P;_,.

A similar characterization of strongly connected digraphs in terms of
ears could also be formulated. In view of Exercise 4.1.5 this is equivalent
to the following theorem for which we prefer to give a direct proof.

4.1.6. THEOREM. A graph is elementary bipartite of and only if G has
a Bipartite Ear Decomposttion.

PROOF. Suppose first that G = z+ P, + --- + P, is a bipartite ear
decomposition. We shall proceed by induction on the number of ears.
If =1, G is an even cycle and hence elementary. Now suppose G,_; =
z+P+---+P;_y (r>72>2)is elementary. We will show G;=z+ P, +
-+« + P; is also elementary. Denote the points of attachment for P; by a
and b.

Choose any line = in G;_,. Since G,_; is elementary by the induc-
tion hypothesis, there is a perfect matching F', of G,_; containing = by
Theorem 4.1.1. Clearly F' extends to a perfect matching F;; of G; such
that z € F,.

Since G;_; is elementary, by Theorem 4.1.1 we know that G;_,—a—b
has a perfect matching F' which clearly extends to a perfect matching
F; of G, which uses all lines of P; which are not in F;; defined above.
Thus all lines of G; lie in perfect matchings and so G; is elementary.

Conversely, suppose G is an elementary bipartite graph. We seek an
ear decomposition of G. Choose any line z of G and a perfect matching
F; of G containing z. Then if z = ab, suppose (without loss of generality)
that y = bc is a line adjacent to z. Further, let F, be a perfect matching
of G containing y. (Such must exist by Theorem 4.1.1). Then the
component of F;UF, containing z and y is an even cycle C = z+ P, and
we have our first ear.

If G =2+ P, we are done, so suppose there is a line 2 = ef in
G —(z + P,) with at least one endpoint, say e, on £+ P,. (Such must
exist, of course, since G is connected.) Let F), be a perfect matching of
G containing z. Define P to be the alternating path in F; U F, obtained
by starting at e, traversing F, U F, through z to f and ending upon
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the first return to z + P;. The (necessarily odd) path so traversed is our
second ear P,. Clearly we may continue to find new ears until every line
of G lies in some ear. [ |

Sometimes it is convenient to describe a bipartite ear decomposition
by the sequence of subgraphs (Gy,Gy,...,G,), where Gg = z and for
0<i1<r,G;=z+P; +--- +F;. By the preceding theorem every G, is
an elementary bipartite graph and it is easy to see that G, is a “nice”
subgraph. (If G is a graph and H is a subgraph of G then H is said to
be nice if G — V(H) has a perfect matching.)

FIGURE 4.1.1. An ear decomposition

Let us maize several remarks here concerning such ear decomposi-
tions. Let (Gyp,...,Gr-1,Gr = G) be the sequence of graphs in any ear
decomposition.

(1) Such an ear decomposition may be started with any line z of G.

(2) Such an ear decomposition is not in general unique.

(3) Single lines may serve as ears.

(4) Note that for all ¢, 1 <7< r, the graph G — V(G;) has a perfect
matching. Given any nice subgraph H of G, we can find a decom-
position G = H + P, +--- + P, just as in Theorem 4.1.6, where for all
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1, 1 <1 <7, P; is an ear (i.e., a path of odd length) joining different

color classes of H+ Py +:-+ + P;_;.

(5) I G is an elementary bipartite graph and G’ is a nice elementary
subgraph of G, then there is a bipartite ear decomposition of G
in which G’ occurs as one of the G;’s. For we can first find a
bipartite ear decomposition of G’ and then, by the preceding remark,
complete this to a decomposition of G.

(6) If G has a ear decomposition z+P;+: - - +F,, then it is easy to see that
r=q—p+1 where p=|V(G)| and q = |E(G)| and hence, although
an ear decomposition may not be unique, the number of ears in any
such decomposition is always the same. We shall sometimes find it
convenient to denote an ear decomposition simply by P, +-+- + F,
where P; is understood to denote the beginning even cycle.

(T) A bipartite ear decomposition of a bipartite graph automatically
proves that it is elementary. So the property “elementary” is in
NP. In fact, this property is in P, since condition (ii) in Theorem
4.1.1 can be checked in polynomial time. But quite often an ear
decomposition provides a more convenient way to exhibit the fact
that G is elementary. If we draw a picture of G so that the ear
decomposition is recognizable, then the reader does not have to verify
the existence of a perfect matching in all the graphs obtained from
G by deleting one point from each color class. (See Figure 4.1.1 for
an example having 18 ears!)

It is natural to ask at this point if there is any analogue to this ear
decomposition which holds for non-bipartite elementary graphs. Unfor-
tunately it is not always possible to obtain a decomposition of such
a graph into a chain of elementary subgraphs each obtained from the
preceding one by adding a single ear. On the other hand, however, we
can show, among other things, that if G is any elementary graph, there
is a chain G C Gy C--- C Gx =G where Gy is a line and for 0 <1 <k,
each G; is elementary and for 0 <7 < k—1 each G,;; is obtained from
G; by attaching one or possibly two ears. This will be discussed in more
detail in the next chapter.

There are several other nice consequences of the ear structure for
elementary bipartite graphs, but these are more easily treated after dis-
cussing minimal elementary bipartite graphs in the next section.
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4.2. Minimal Elementary Bipartite Graphs

It is often useful in studying graphs with a given property to focus
our attention on “line-minimal” graphs having this property. We have al-
ready used this approach successfully in our treatment of positive surplus
bipartite graphs (see Theorem 1.3.8) and also implicitly in the first proof
of Konig’s Minimax Theorem.

An elementary graph G is said to be minimal elementary if G —e
is not elementary for all lines e € E(G). We proceed to investigate the
properties and structure of such graphs which are, in addition, bipartite.
(See Lovész and Plummer (1977).)

In a somewhat different direction, these graphs, reformulated in
terms of non-negative matrices, prove useful in the study of doubly
stochastic matrices and the permanent function. (Cf. Brualdi and Gibson
(1977), Brualdi, Harary and Miller (1980), and Chapter 8 of the present
book. For more details see Section 3 at the end of this chapter.)

4.2.1. THEOREM. Any nice elementary subgraph of a minimal elemen-
tary bipartite graph is minimal elementary.

PROQF. Every nice elementary subgraph of an elementary bipartite
graph occurs in some ear decomposition, so this theorem is equivalent to
saying that if G= P, +--- + P, is a minimal elementary bipartite graph
where P is an even cycle, then for each 7, i=1,...,r, G;=P,+:-+ + P
is also minimal elementary. Clearly it is enough to show this for G,_; =
G'. Since G’ is elementary by Theorem 4.1.6, it remains only to show
minimality. But if y is any line of G’ and if G’ — y is elementary, then
80 is G' —y + P, = G — y again by Theorem 4.1.6, a contradiction. [ ]

We point out in particular that in any ear decomposition of a mini-
mal elementary bipartite graph no ear can consist of a single line.

If we want to exhibit that a bigraph is elementary, then clearly it
suffices to exhibit this for a spanning minimal elementary bipartite sub-
graph. The smaller this subgraph, the better! The next few results show
that minimal elementary bipartite graphs must be “small” in various
senses. One measure of smallness is that the graph should not contain
certain subgraphs. We present a result in this direction.

It follows from Theorem 4.2.1 that if G is a minimal elementary
bipartite graph with an ear decomposition P, +:-- + P, (r > 1), the
starting cycle P; can never be a 4-cycle (unless G is itself a 4-cycle). But
we can show more, namely that a 4-cycle can never be a proper subgraph
of any minimal elementary bipartite graph; in other words, such graphs
must have girth > 6.
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4.2.2. THEOREM. IfG is a minimal elementary bipartite graph and G
1s not a 4-cycle, then it contains no 4-cycle.

PROOF. Suppose, on the contrary, that G contains a 4-cycle as a
proper subgraph. Choose any line in G and add ears until the first 4-
cycle is found. This 4-cycle had to arise by adding an ear of length one or
three. But since G is minimal it must have been an ear of length three.
Call this ear P, and denote by H the subgraph of G obtained in the
ear construction just prior to adding P. Furthermore, let z = ab be the
line of H such that z U P forms the 4-cycle. Since, as remarked prior to
this theorem, no ear decomposition can start with a 4-cycle, H # z. By
Theorem 4.2.1 it follows that H + P is a minimal elementary bipartite
graph. On the other hand, however, H' = H + P — z arises from H by
subdividing a line by two points and is thus elementary, a contradiction
to the minimality of H + P. [ ]

The following upper bound on the number of lines in a minimal
elementary bipartite graph is easy to obtain. The proof is left to the
reader as is the exhibition of an extremal family of graphs. (See Lovisz-
Plummer (1977)).

4.2.3. THEOREM. LetG be a minimal elementary bipartite graph with
p points and q lines. Then q < (3p —6)/2 and the bound is sharp for all
(even) p > 6. [

We certainly know too that every minimal elementary bipartite graph
contains points of degree two; for example, two such points must occur
in the final ear of any ear decomposition. But the next result implies the
existence of rather a lot more such points in general. To this end it is
convenient to introduce the following ideas. A line is said to be a 2-line
(a 3-line) if both of its endpoints have degree =2 (> 3) in G.

4.2.4. LEMMA. Let G = (U,W) be a minimal elementary bipartite
graph and suppose G =z +--+ + P, 1s an ear decomposition of G. Then
every P, contains at least one 2-line.

PROOF. In the given ear decomposition fix any ear F;. Among all ear
decompositions of G which use a piece of P; as an ear, choose one which
uses a smallest such piece. Denote this piece by P; and let '+ P +---+P,
be the ear decomposition in which P; occurs. Let o and §8 denote the
endpoints of P, a€U, BeW. '

We claim all inner points of P; have degree =2 in G. (Note that
by selection and by the lack of single-line ears, P; will have at least two
inner points.)
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So suppose this claim is false. Let z = uv be any line not in P, but
having one endpoint — say v — an interior point of P;. Let F; be a
perfect matching of G containing z and let F' be a perfect matching of
G—-V(P,+--- + P;). Starting with z, take an alternating F; — F' path

{a)

(b)

FIGURE 4.2.1.

P leaving v. Let A=UnV(G,_,) and B=WnV(G,_,). There are two

cases to treat.

(1) Suppose P returns to P; at some point a, say, before reaching
A-V(P;) or B-V(P;) (Cf. Figure 4.2.1(a)). Then take the ear
decomposition z'+ P} +-++ +P;_; + [P, ~ P;(a, v] + P|+P;[a,v] which
is a nice elementary subgraph and therefore can be extended to an
ear decomposition of G. Since P;[a,v] is a proper section of P}, we
contradict the selection of P;.

(2) Suppose P reaches AUB at a point w € B say, before P; (Cf. Figure
4.2.1(b)). Then take z'+P}+--- +Pi_, +|P;—P.[v, 8]+ P]+Pi[v, ]
(which is again a nice subgraph) and proceed as in case (1). [ ]
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4.2.5. COROLLARY. If G 1s a minimal elementary bipartite graph
which 1s not an even cycle and if C is any cycle in G, then C contains
two 2-lines which are separated on C by points of degree >3 in G.

PROOF. Let C be any cycle in G and let z be any non-2-line in G.
Choose any ear decomposition G=z+ P; + -+ + P, for G and suppose
C is first complete at stage £ + P; +--- + Px. Then by the preceding
theorem, Py, and therefore C, will contain a 2-line y.

On the other hand, we are also free to find an ear decomposition for
G beginning with line y; that is, G=y+ P + -+ + P,. Suppose in this
ear decomposition C is first complete at y+P) +--- +P;. Then P; forms
a piece of C and by Theorem 4.2.3 contains a 2-line z (#y). If j > 1,
then the two ends of ear P; are points of degree > 3 on C separating y
and 2, while if 5 = 1, then since G is not a cycle and is non-separable,
there must be two points of degree > 3 separating y and 2 as desired. m

4.2.6. COROLLARY. Any minimal elementary bipartite graph G 1is
separated by its 2-lines.

PROOF. Suppose not. Then form G’ from G by deleting all 2-lines
of G. G’ must then be a spanning tree for G. But then return one
2-line to G' and the resulting graph will contain a cycle C containing a
single 2-line and moreover, C retains this property in G, contradicting
Corollary 4.2.4. [ |

4.2.7. THEOREM. LetG be a minimal elementary bipartite graph with
p points, q lines and qp 2-lines. Then we have the following lower bounds
Jor qa:

(8) g22g-p+2;

(b) g22>|(p+15)/6].

Moreover, bound (b) is sharp for allp > 6.

PROOF. Note first that if p = 4 or 6 then the cycle C, is the only
minimal elementary bipartite graph on p points and each has ¢; = p.

Hence suppose p > 6. Bound (a) is immediate from Theorem 4.2.3
by letting the starting line z of the ear decomposition be a 2-line.

To obtain bound (b) let F' be the forest resulting from G after
removing all 2-lines. Let k denote the number of points of degree 2 in
F, s, the number of isolates in F', m, the number of endpoints of F', and
let ¢ be the number of components of F'.

Then 3(p—m —k —8)+m + 2k <2(p —¢) and thus

3s+2m+k 2>p+2c (4.2.1)
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FIGURE 4.2.2. Extremal graphs for Theorem 4.2.7

On the other hand, the number of lines in ' is
p—c22k+m (4.2.2)

since no point counted by k is adjacent to one counted by m.

From inequality (4.2.1), k > p+2c—2m—3s, so by inequality (4.2.2)
we have p—c > 2p+4c—4m+m—6s and hence 3m > p+5c—6s. But then
2s+m 2 (p+5c)/3 > (p+10)/3 and therefore g2 = (2s+m)/2 > (p+10)/6
and, since g3 is integral, g2 > [(p+15)/6]. The extremal graphs realizing
this bound are presented in Figure 4.2.2. |

4.2.8. EXERCISE. If G is a minimal elementary bipartite graph on
p > 8 points and if g3 = the number of 3-lines in G, then g3 < 2|(p—8)/4]
where the bound is sharp for all (even) p > 8.

The next lemma not only enables us to obtain yet another charac-
terization of minimal elementary bipartite graphs, this time in terms of
cycles and chords, but has several other interesting corollaries as well.
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Here as usual, a chord of a cycle is any line not contained in the cycle,
but having both ends on the cycle. To avoid confusion in the following,
we shall call a path of length n > 1 having all interior points of degree
2 in the graph G an n-path in G. Moreover, if P is an n-path in G for
any n > 1, call P a pending path.

4.2.9. LEMMA. If G is an elementary bipartite graph and Go s any
subgraph of G without tsolated points, then there exists a nice elementary
subgraph G’ such that Go C G' C G and G’ has cyclomatic number no
greater than |E(Gp)| — 1.

PROOF. Let G’ be a nice elementary subgraph of G containing G and
of minimum size with respect to these properties. (Such a G' exists since
G is elementary.)

Now define a new graph G, as follows. Let W be the set of points of
G' having degree at least 3. Then we may assume W # &, for otherwise
G’ is a single line or a cycle and we are done. Given any two points of W,
join them by a 2-path for each even pending path joining them in G', by
a single line for each odd pending path joining them in G’ which has no
line in common with Gy and finally, by a 3-path for each pending path
joining them and containing a line of Gg. (See, for example, Figure 4.2.3
where G = G' and W = {u),u3,us, w3, wq,ws}. Note that |E(Gp)| =9,
while |[E(G1)| - |V(G1)| +2 = |E(G)| - |V(G')| +2 =6.)

We claim that G, is a minimal elementary bigraph. It is clearly
bipartite and elementary. Suppose it is not minimal elementary and
hence that G; —e is elementary, for some line e in E(G1). Then e is
not on any 2-path or 3-path in G; and hence the corresponding (odd)
pending path in G’ must have no line belonging to Gy. But then deleting
this pending path from G’ results in a proper subgraph G" of G’ which
is nice and Gy C G”. Moreover, G" is elementary since it arises from
G, — e by replacing each pending path with one of the same parity. But
this contradicts the minimality of G’ and the claim is proved.

Now by Theorem 4.2.7(a), Gy has at least |E(G;)| — |V(G1)| + 2
different 2-lines. On the other hand, G; has at most |E{Gy)| 2-lines,
by definition of Gy. Hence |E(Go)| > |E(G1)| - [V(G1)| + 2 = |E(G")| —
|[V(G')| + 2 and the proof is complete. [ |

‘The first corollary is a special case of a theorem of Little (1974b)
and the proof is immediate. (For the general case of Little’s theorem, see
Theorem 5.4.4.)

4.2.10. COROLLARY. Any two lines of an elementary bipartite
graph are contained in a nice cycle. |
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FIGURE 4.2.3.

We have seen in Theorem 4.2.2 that a minimal elementary bipartite
graph cannot contain a 4-cycle. A complete list of such excluded sub-
graphs is not known, but the following result shows at least that the
following question is algorithmically decidable: Given a graph Gg, does
there exist a minimal elementary bipartite graph G containing G¢ as a
subgraph? (The algorithm, however, is exponential.)

4.2.11. THEOREM. IfGy is a subgraph of a minimal elementary bipar-
tite graph, then it is a subgraph of one with cyclomatic number no greater
than |E(Go)| — 1 and with at most 12|V (Gp)| — 10 points.

PROOF. Let G be a minimum minimal elementary bipartite graph
containing Go. By Lemma 4.2.9 there is a nice elementary subgraph G’ C
G such that Go C G’ and G’ has eyclomatic number at most |E(Go)| ~1.
From Theorem 4.2.1 we know that G’ is also minimal elementary and
hence G = G’ by the choice of G. So the eyclomatic number of G is at
most |E(Gp)| — 1.
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Let g, be the number of 2-lines in G. It is clear that G has no 2-lines
point disjoint from Gy since G is minimum. Furthermore any point of
Gy is incident with at most two 2-lines of G. So we have ¢, < 2|V(Gy)|-

But on the other hand, Theorem 4.2.7(b) implies that g2 > (p+10)/6,
where p = [V(G)|. It follows immediately that p < 12|V(Gg)| — 10. [ |

It is interesting to consider Lemma 4.2.9 from another point of view.
Let Go be any bipartite graph and consider all elementary bipartite
graphs containing Gg as a subgraph. From any member of the class we
can construct further members by (1) joining two points in different color
classes by a line or (2) subdividing a line by two points. Lemma 4.2.9
implies that we can obtain all members of the class from a finite number
of initial graphs — a so-called finite basis — by repeated applications of
(1) and (2).

Next we state and prove another finite basis theorem of similar
flavor, but applicable to all bipartite graphs. Yet another finite basis
theorem will be given in Chapter 12 and will be proved using the result
we present here.

Let X be a finite set and suppose X3,...,X; € X . Consider the class
K of bipartite graphs G such that X C V(G) and G — X has a perfect
matching for 1 = 1,...,t. From any member of K we can construct
further members by (1) joining two points in different color classes by a
line, (2) subdividing a line by two points or (3) adding two new points and
a line connecting them. Then Theorem 4.2.12 below implies that we can
generate all members of K from a finite basis by repeated applications
of (1), (2) and (3). (See Lovész (1978).)

4.2.12. THEOREM. Let X be a set, X1,...,X; € X and suppose that
|X;| <7 fori=1,...,t. Let G be a bipartite graph such that
() XCV(G),
(b) G- X, has a perfect matching, and
(c) of any line of G is deleted, property (b) fails to hold in the resulting
graph.
Then the number of points in G with degree > 3 is at most r3(3).

PROOF. By property (¢c) we can associate with each line e of G an
integer index i(e), (1 < ¢(e) < t), such that G— e — Xj(.) has no perfect
matching. In other words, each perfect matching of G — X must
contain e. Hence lines with the same index are independent.

For each point of G of degree > 3, consider the indices of some three
lines adjacent to it. Suppose that the conclusion of the theorem is false;
that is, suppose that there are more than r3(}) points of degree > 3. It
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then follows that there are more than r3 points with the same triple of
indices. Without loss of generality we may assume that in particular the
indices 1, 2 and 3 occur at more than 73 points.

Letting 7 and j range over {1,2, 3}, choose a perfect matching F; of
G - X, and consider the graphs G;; with V(G;;) = V(G) and E(G;;) =
F; UF;. The components of G;; are
(1) the points of X; N X as isolates,

(2) the common lines of F; and F} as 2-point components,
(3) cycles alternating with respect to both F; and Fj, and
(4) alternating paths the endpoints of which lie in (X; - X;)U(X; - Xj).

Note that the number of paths of type (4) is clearly at most r.

Let v be any point to which lines with all three indices 1, 2 and 3 are
incident. Trivially, then, v cannot be in any component of type (1) or (2)
of G;;, since it is incident with lines of F; and F); and these are distinct.
It cannot lie on an alternating cycle of G;; either, for then “switching”
on this cycle, we could obtain from F; a perfect matching F; of G — X;
which does not contain the line of index 7 at v, a contradiction. So v
must lie in an alternating path component of G;;.

Since the number of points v having the same incident triple of
indices 1, 2 and 3 is greater than 3, we can find two points u and v
among them which belong to the same alternating path component of G;
for all three choices of the pair {7,5}. So for each pair {%,7} C {1,2,3},
there exists a path P;; connecting u and v and alternating with respect
to F; and F;. If we choose the labelling appropriately we may assume
that Pj, starts with a line of F), and P;3 starts with an F5 line at point
u, say. (Note that we do not make any claim of this sort about path
Pi3.)

Starting at point u, traverse P2 until a point of Ps3 is encountered.
(At the latest this will happen when point v is reached.) Then return
to point u using P;3. The cycle traversed has even length (since G is
bipartite) and so it must alternate with respect to F2. But then, as above,
“switching” on this cycle we obtain from F, another perfect matching
F} of G— X3, which does not contain the line of index 2 incident with
point u, a contradiction. [ ]

To illustrate these ideas the reader is invited to consider the following
example.

4.2.13. EXAMPLE. Let X = X; = {1,2,3,4}, X, # &, X35 = {1,2}
and let X; = {3,4}. Then by a straightforward — though tedious —
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FIGURE 4.2.4. The class K of basis graphs

FIGURE 4.2.5. A minimal elementary bigraph with a chord z

argument, it may be shown that the basis graphs for the corresponding
class K are precisely those shown in Figure 4.2.4.
The following remains unsettled at the time of this writing.

4.2.14. CONJECTURE. The conclusion of Theorem 4.2.12 holds for
non-bipartite graphs as well.
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4.2.15. EXERCISE. Use Theorem 4.2.12 to prove the finite basis con-
sequence of Lemma 4.2.9 in the special case when Gy is connected. (Hint:
Let the X;’s be the pairs of endpoints of lines of Gj.)

Our final result of this section is the following concise characteriza-
tion of minimal elementary graphs. '

4.2.16. THEOREM. Let G be an elementary bipartite graph. Then G
s minimal if and only if no nice cycle has a chord.

PROOF. If G is minimal, consider any ear decomposition starting with
any given nice cycle. Then any chord of this cycle would have to be an
ear which, as we have already shown, is impossible.

Conversely, suppose G is not minimal. Then it contains a line z = ab
such that G —z is elementary. But then by Corollary 4.2.10, a and b lie
on a nice cycle in G — z and thus z is a chord of this cycle. [ |

We hasten to point out that Theorem 4.2.16 does not preclude the
existence of chords in minimal elementary bipartite graphs. The minimal
elementary bipartite graph of Figure 4.2.5 has a chord labelled z.

4.3. Decomposition into Elementary Bipartite Graphs

In Section 3.2 we began to look at the work of Dulmage and Mendel-
sohn (1958, 1959) on developing a canonical decomposition of arbitrary
bipartite graphs and showed how their results could in fact be derived
from the Gallai-Edmonds Theorem. In particular, it was demonstrated
there that every bipartite graph has a unique decomposition into three
point-disjoint subgraphs together, perhaps, with some additional lines
joining these three graphs in certain ways. Two of these three graphs are
positive surplus bipartite graphs. Such graphs were further analyzed in
Section 1.3.

The remaining graph was shown to always contain a perfect match-
ing. We now show how this type of graph can be further decomposed into
elementary bipartite graphs. (In the notation of Section 3.2 we hence
propose to further decompose G[C; U C3].) These results are due to
Konig (1916a, 1916b) and Dulmage and Mendelsohn (1958, 1959). So let
G = (U,W) be a bipartite graph with a perfect matching. The subgraph
of G consisting of all lines which are allowed in G has components, say,
Ly,Lg,...,Lg (k > 1). Clearly, each L; is an elementary graph. Define
point sets S; and T; by S; = UnV(L;) and T, = WnV(L;) fori=1,... k.
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Let Gq be the bipartite graph obtained from G by shrinking every
S; and T; to a point and replacing each set of parallel lines which might
result by a single line. (Cf. Figure 4.3.1.)

1.3.1. LEMMA. The bipartite graph Go = (Uy,Wp) defined above has
a unique perfect matching M consisting of the k lines ly,...,lx where l;
joins points S; and T; of Go.

PROOF. Suppose M is not unique; that is, suppose that M’ is also
a perfect matching for Go and M’ # M. Say, M' = {l},...,l;}. Then
back in G the lines of M’ correspond to k lines at least two of which
join S;’s and T;’s with different subscripts. Of course in G for each
¢ =1,...,k there is exactly one line of M’ covering a point of S; and
exactly one covering a point of T;. In deleting all points of M'NG we have
removed exactly two from each L;, namely one from S; and one from T;
for each 1 =1,...,k. But each L; is elementary, so by Theorem 4.1.1,
G - V(M’) has a perfect matching which together with the deleted lines
of M’ forms a perfect matching for G containing at least two lines joining
different L,’s. But these two lines are thus allowed in G contradicting
the definition of the L;’s they join. [ ]
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Next we need the following result.

4.3.2. LEMMA. LetGq=(Uy,Ws) be any bipartite graph with a unique
perfect matching. Then the points of Go can be labelled Uy = {u,,...,um},
Wo = {w1,...,wmn} such that for every line u,w;, 1> 7.

PROOF. The proof is by induction on m. If m =1, the result is clear.
Suppose m > 1. Let Mj be the unique perfect matching in G¢ and let P
be an alternating path starting and ending with a line of My and having

54 Sz Sk Aq O

(& g

- @)

71 TZ Tk A 2 (o) 2

FIGURE 4.3.2. Dulmage-Mendelsohn decomposition of a bigraph

maximum length with respect to these properties. Let u be an endpoint
of P and without loss of generality we may assume u € Uyg. We claim
dege, (w) = 1. But this is clear, for u can be adjacent to only one point
in Wy or else we contradict either the uniqueness of the perfect matching
in Gg or the maximality of P.

Let uw be the line of M incident with u. Then G' = Gg—u—w also
satisfies the hypotheses of this lemma. Thus by the induction hypothesis
we may index the points U’ = {us,...,um}, W' = {wa,...,wn} such that
for each line u;w; in G', 1> 7. But then letting w = w, and u=u;, we
have the desired labelling of Gop. |

4.3.3. EXERCISE. Let G be a bipartite graph with a unique perfect
matching. Orient all lines of GG toward the same color class and contract
the lines of M. Show that the resulting digraph is acyclic. Use this to
produce an alternate proof of Lemma 4.3.2.

Applying Lemma 4.3.2 to our bipartite graph G having a perfect
matching we see immediately that the components L,,...,L; can be
ordered so that for any line uv € G with u € S; and v € T; we have 7 < ;.
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Now consider an arbitrary bipartite graph G. By Theorem 3.2.5,
the subgraph G[C; U (] has a perfect matching, and so we can apply
the previous decomposition results. Let T;, S; be defined as above for
G|[Cy U Cy] instead of G. (Cf. Figure 4.3.2.)

Recalling from part (6) of Theorem 3.2.4 that C; U A; U A; and
CyUA; UA; are both minimum point covers of GG, we see that there is a
sequence of “intermediate” minimum point covers for G:

AlUAUT U UTy,
AlquuSluTzu---UTk,

A1UA2.U31U---US-L‘UTHlU---UTk,

A UAUS U+ US,.

This decomposition theory can be of some assistance in sparse matrix
inversion. Let A be any n X n matrix over any field. Construct a
bipartite graph G(A) with bipartition (U, W) where U = {uy,...,u,},
W = {wi,...,w,} and ww; € E(G(A)) if and only if a;; # 0. If G(A)
has no perfect matching then detA = 0 and A is not invertible. So
suppose G(A) has a perfect matching. Let Si,...,Sk and Ti,...,Tx be
constructed as above. Then the corresponding rearrangement of the rows
and columns of A result in rectangular blocks of zeros which in turn
facilitate the computation of A~! (cf. Figure 4.3.3). This rearrangement
can of course be carried out by pre- and post-multiplication of A by
appropriate permutation matrices P and Q.

This rearrangement of the rows and columns of A may be useful in
particular if we have to invert several matrices with the same pattern of
zeros, since then the decomposition need only be done once.

REMARK. Several of the results on minimal elementary bipartite
graphs presented in this chapter were in fact stated and proved first
in the language of non-negative matrices. Let A be any non-negative
square matrix and G(A) = (U, W) the corresponding bigraph. A matrix
A is partly decomposable if its rows and columns may be permuted so

as to yield a matrix of the form X 0) where X and Y are square.

Otherwise A is fully indecomposable. It is clear, using Theorem 4.1.1,
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that A is fully indecomposable if and only if G(A) is elementary. If a
fully indecomposable matrix A loses this property whenever any non-zero
entry is changed to zero, it is said to be nearly decomposable. Clearly
this corresponds to G(A) being a minimal elementary bipartite graph.
Couched in this matrix terminology we can find proofs of Theorem 4.1.6
due to Hartfiel (1970) and Theorem 4.2.6 by Minc (1972).

. S

FIGURE 4.3.3.

For the general problem of finding a perfect matching in G(A) —
or as sparse matrix researchers prefer to call it, “transversal selection”
— we have available for bigraph matching the Hopcroft-Karp Algorithm
(1971, 1973) (or any other for that matter). But heuristics often perform
better in practice than these algorithms do. For a comprehensive survey

of the state of the art from the sparse matrix researcher’s viewpoint, see
Duff (1977).



This Page Intentionally Left Blank



5

General Graphs with Perfect Matchings

5.0. Introduction

In Chapter 4 we learned about bipartite elementary graphs, their so-
called “ear structure” and how to express the structure of any bipartite
graph having a perfect matching in terms of elementary bigraphs. In this
chapter we want to pursue the same goals in the more general case when
the graph is no longer necessarily bipartite.

After becoming familiar with some useful basic properties of general
elementary graphs in the first section we proceed to introduce a canonical
partition for any elementary graph in Section 2. Historically, this idea
seems to have originated with Kotzig (1959a, 1959b, 1960) and was
further developed by Lovész (1972a). Two equivalent ways of defining
this partition are: (a) the blocks of the partition are exactly the maximal
barriers in G, or (b) the associated equivalence relation on V(G) is defined
by: z and y are equivalent if and only if G—z—y has no perfect matching.

A new general decomposition procedure for all elementary graphs is
then developed. It involves this canonical partition and uses as building
blocks the elementary bipartite graphs of Chapter 4 together with a
new kind of graph called “bicritical”. A graph G is bicritical if G
contains a line and G — z — y has a perfect matching for every pair of
distinct points £ and y in G. This decomposition can be pushed one
step further by decomposing bicritical graphs into 3-connected bicritical
graphs, also called bricks. We will refer to this entire procedure as the
Brick Decomposition Procedure.

We shall call any simple graph with a perfect matching saturated if
the addition of any new line increases the number of perfect matchings.
In Section 3 we will return to the idea of the canonical partition and use it
to help us obtain a construction (the so-called “Cathedral Construction”)
for saturated non-elementary graphs.

The chart shown in Figure 5.0.1 describes the canonical procedure
which we obtain by combining the methods of Chapters 3, 4 and 5.

We do not know of any ”canonical” decomposition procedure ap-
plicable to the four classes forming the four endpoints of the above tree.
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General Graphs

Factor-critical Graphs Graphs with Bipartite Graphs
Perfect Matchings with
Positive Surplus

2-connected Saturated Graphs
Factor-critical Graphs

Elementary Graphs

/\

Elementary Bicritical Graphs

Bipartite Graphs

3-connected
Bicritical Graphs

FIGURE 5.0.1. The Brick Decomposition Procedure

So we shall have to find a new approach to describe structural properties
of these graphs.

One such approach is the technique of ear decomposition. We in-
troduced and used ear decompositions of elementary bipartite graphs
in Chapter 4. Similar decompositions can be defined for general 1-
extendable graphs and for factor-critical graphs. These are introduced
and studied in Sections 5.4 and 5.5.

A second approach to obtaining structural information about these
families of ”building blocks” is to study those members of the families
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which are minimal with respect to line deletion. Our main result on
bipartite graphs with positive surplus (Theorem 1.3.8) tells us that the
minimal graphs with this property are forests with all points in one of
the two color classes having degree 2. In Chapter 4 we proved several
properties of minimal elementary bipartite graphs. In Sections 5.4 and
5.5 we derive some similar results for 1-extendable, minimal bicritical
and minimal factor-critical graphs. In this study ear decomposition
techniques are the main tools.

One of the most important uses of the decomposition methods in
this chapter is to help us estimate how many different perfect matchings
a graph has. Exact determination of this number seems quite a difficult
Job. In fact, it is NP-hard (see L. Valiant (1979a)). However, our results
will be used to determine some useful lower bounds for this number. More
on this subject can be found in Chapter 8.

5.1. Elementary Graphs: Elementary Properties

Let us begin by extending to all graphs a concept introduced for
bipartite graphs in Chapter 4. A graph G with a perfect matching is
elementary if its allowed lines form a connected subgraph. If G has
a perfect matching, is connected and all of its lines are allowed, G is
said to be 1-extendable (or sometimes matching covered.) Thus every
l-extendable graph is elementary. Note that for connected bipartite
graphs these two properties are the same by Theorem 4.1.1. But this is
not always so for non-bipartite graphs as one readily. sees by considering
K4 — e where € is any line in Kjy.

The following remarks, although transparently obvious, will prove
useful subsequently:

(1) If G is any graph (other than K;) and G’ results from G by sub-
dividing a line with two points, then G’ is 1-extendable if and only
if G is 1-extendable.

(2) If G is any elementary graph (other than K3) and G’ results from
G by subdividing a line e with two points, then G’ is elementary if
and only if e is allowed in G.

(3) Every elementary graph is 2-connected.

(4) The allowed lines of any elementary graph form a 1-extendable
spanning subgraph.

In order to begin to ascertain the structure of general graphs with
perfect matchings we will find it convenient to employ two additional
ideas, one old and one new. Suppose for the moment that G is an
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arbitrary graph which may or may not contain a perfect matching. The
old idea we need here was introduced in Section 3.3. Recall that a set
X CV(G) is a barrier if ¢o(G — X ) = |X|+def(G). Thus set A(G) of the
Gallai-Edmonds decomposition of G is always a barrier.

First we give a characterization of elementary graphs in terms of
the Gallai-Edmonds structure. The following two lemmas lead us toward
such a characterization.

5.1.1. LEMMA. If G is elementary, then C(G —z) = @, for all x €
V(G).

PROOF. Suppose that C(G —z) # & for some z € V(G). Let f be any
allowed line in G and let My be a perfect matching of G which contains
f. Let e=zy be the line of My covering z. Then My —e is a maximum
matching of G — z which misses ¥ and hence y € D(G — z). From the
Gallai-Edmonds Theorem we know that no line of My —e joins C(G—z)
and A(G —z) and hence no line of My joins these two sets. In particular,
f does not join these sets and since f was an arbitrary allowed line in
G, no allowed line in G joins A(G —z) and C(G — z). Moreover, we saw
above that all allowed lines of G covering = have their other endpoints
in D(G —z).

Thus the allowed lines of G form a disconnected subgraph of G
contradicting remark (4) above. |

5.1.2. LEMMA. Let G be any graph. If X 13 a mazimal barrier in G,
t€X and C(G—-1z)=0, then A(G-z)=X —z.

PROOF. By Exercise 3.3.9, X — z is a barrier in G — z and hence, by
the remark in Section 3.3, X —zC A(G—z)UC(G—z)=A(G—1z). On
the other hand, by Lemma 3.3.10, A(G — z)U {z} is a barrier in G and
8o by the maximality of X, X = A(G-z)u{z} and the lemma follows.®

At this point the reader may wish to remind himself of the definition
of an extreme set of points given in Section 3.3.

5.1.3. THEOREM. A graph G is elementary if and only if def(G) =0
and for allz € V(G), C(G—z)=0.

PROOF. The necessity of the condition is immediate from Lemma
5.1.1.

Now suppose def(G) = 0 and C(G —z) = @ for all z € V(G), but
G is not elementary. That is, suppose V(G) = ViUV, V] # QD # Vs,
Vi NV, = and every line of V(V;,V3) is forbidden. Thus every perfect
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matching of G must match V7 onto itself and it follows that |V;| and
|V2| are both even.

Claim 1. G is connected.

Suppose it is not. Since def(G) =0, G is the disjoint union of graphs
G1,Gy,...,Gk, (k > 2), such that def(G;) =0 for all 2. Thus each |V(G,)]
is even.

Let Uy = V(G,) and U = Ufzz V(G;). Choose any z € U, and let
M be any maximum matching of G —z. Since def(G) = def(G,) = 0,
def(G — z) = def(G; —z) = 1 and so M misses exactly one point of
U; and hence matches U, with itself. So D(G — z) C U; and hence
D(G —z)UA(G —1z) CUy. But then C(G —z) D Uy # & which is a
contradiction. This proves Claim 1.

So G is connected and in particular it follows that V(V},V2) # &;
that is, there is a line vyv5, v; € V;, which is forbidden in G by the
definition of V7 and V5.

Thus {vy,v,} is extreme in G by Exercise 3.3.7 and hence lies in a
barrier S of G by Lemma 3.3.8. Without, loss of generality, assume S is
an (inclusion-wise) maximal barrier.

Claim 2. Every line zy with z € S and y ¢ S is allowed in G.

To see this, let zy be such a line. Now C(G —z) = & by hypothesis
and so by Lemma 5.1.2 we have S = A(G —z)u{z}; that is, A(G-z)C S.
But then y ¢ A(G —z) and again since C(G—z) =0, y € D(G —1z). So
there is a maximum matching M, of G — missing y (and of course no
other point of G — z, since def(G —z) = 1). But then M U {zy} is a
perfect matching of G, proving Claim 2.

Claim 3. G — S has no odd component joined to both §nV; and
SnVs.

Suppose, on the contrary, that H is such a component. Let uv be
a line with v € V(H) and v € §nV;. By Claim 1 there is a perfect
matching F of G which contains uv. Thus u € V) by definition of the
partition (V1, V) (cf. Figure 5.1.1.).

Since G has a perfect matching F', graph G—v has a Gallai-Edmonds
decomposition in which D(G —v) # &, but C(G —v) = &. (Cf. Figure
5.1.2 and recall that A(G —v)U {v} = S as argued in the proof of Claim
2.)

If ¢, is the line of F' covering v, then F'—e, is a maximum matching
of G—v. Thus F —e, covers A(G —v) and has at most one line joining
each odd component of D(G —v) (of which H is one) to A(G —v). Upon
reinserting v and e, we have exactly one line of F' joining S to each
component of G — S and in particular, exactly one line of F' joining H
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to S. So E(H)NF is a near-perfect matching of H. Thus E(H ~V3)nF
is a near-perfect matching in H — V2, and so |V(H)n V1] is odd.

Similarly, |V (H) N V3| is also odd and hence [V(H)] is even, a con-
tradiction. This proves Claim 3.
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So by Claims 1 and 3 all odd components of G — S are joined to
SnV;y or SNV,, but not to both. For ¢ =1,2, let a; be the number of
odd components of G — S joined to SN V;. Then a; + a2 =co{G—-S) =
|S|+def(G) = |S|. Without loss of generality we may assume ay <|SNVy|.
Let z € SNV,. Then recall S -z = A(G — z) from Lemma 5.1.2 ard
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hence A(G —z) has a subset of k = |S NVj| points joined to at most
k odd components of (G — z) — A(G — z) contradicting part (c) of the
Gallai-Edmonds Structure Theorem. This completes the proof of the
theorem. ]

The following result shows that for elementary graphs the idea of a
calculus of barriers can be pushed somewhat further than in the case of
general graphs. (Cf. Theorem 3.3.11.)

5.14. LEMMA. Suppose G is elementary and that X and Y are bar-
riers in G such that X NY # & and no line of G joins X -Y toY — X.
Then X NY and X VY are barriers in G.

PROOF. Suppose » € XNY and denote G—v, X —v and Y —v by G’
X' and Y’ respectively. Then X’ and Y’ are barriers in G’ by Exercise
3.3.9 and clearly no line joins X' =Y to Y'— X'. Also G is elementary
so C(G') = & by Theorem 5.1.3. But then by Theorem 3.3.13, X'nY”’
and X' UY"’ are barriers in G'. Hence X NY = (X'nY")uU {v} and
XUY =(X'uY")u{v} are barriers in G by Lemma 3.3.10. [ |

The careful reader may wonder what has become of the even com-
ponents of G — S when G is elementary and S is a barrier! But relax,
dear reader, the next result assures us that there are none!

5.1.5. THEOREM. Let G be elementary. Suppose X is a non-empty
extreme set in G. Then

(3) o(G—-X)<|X], and

(b) if (G —X)=|X]|, then all components of G — X are odd.

PROOF. Let G,,...,Gy be the components of G —X. Then since G
has a perfect matching, def(G —X) = |X|= ¢, def(G).

We claim that def(G;) > 0 for each ¢. For suppose def(G;) = 0,
say. Let F' be any perfect matching of G. Now at least def(G;) lines
of F leave G; and therefore at least Ef=1 def(G;) = |X| lines of F' leave
G - X. Since X has only |X| points to receive these lines, we have
equality throughout and in particular no lines of F' leave G;. But F' was
arbitrary, so all lines in V(G,) are forbidden, a contradiction, and our
claim is proved.

Thus def(G;) > 1 for each i and hence |X| = S3F_ def(G;) > k
proving assertion (a).

If k= |X|, we must have def(G;) =1 for all ¢ and hence |V(G;)| is
odd, proving (b). [ ]
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We will now conclude this section by using the above theorem to
obtain a “Tutte-like” characterization for all elementary graphs.

5.1.6. THEOREM. A graph G is elementary if and only if co(G —X) <
|X| for all X C V(G) and if equality holds for some X # @ (i.e., if X 1s
a non-empty barrier) then G — X has no even components.

PROOF. (<). G must have a perfect matching by Tutte’s Theorem, so
def(G) = 0. Now choose any point z € V(G) and note that G’ = G—1 has
def(G') = 1. Let X = A(G")u{z}. Then co(G —X) = co(G' —A(G")) =
|A(G")| + def(G") = |A(G")] +1 = |X|, where we use the fact that A(G") is
a barrier in G'.

So by assumption, G~X has no even components, that is, C(G—z) =
. But then by Theorem 5.1.3, G is elementary.

(=). Suppose now, conversely, that G is elementary. Then by
Tutte’s Theorem, co(G—X) < |X| for all X C V(G). Now assume further
that co(G— X) = |X| for some X # &, X C V(G). Thus X is a barrier
in G.

Suppose R is an even component of G — X and let F' be a perfect
matching of G. Then the lines of F' matching X to the odd components
of G — X must cover X and hence no line of F' matches any point of R
to X. This contradicts the fact that G is elementary and hence R =&
and the proof of the theorem is complete. ]

5.2. The Canonical Partition P(G)

We now introduce the canonical partition of the point set of any
elementary graph. This partition will prove to be a most useful tool in
obtaining the main structural results of this chapter. We define P(G)
to be {S1,...,S8%} where Si,...,Sk are the maximal barriers in G (or
equivalently, the maximal extreme sets in G). This partition is the “new”
idea promised at the beginning of Section 5.1.

5.2.1. LEMMA. If G is elementary then P(G) = {S1,..., 5} is a par-
tition-of V(G).

PROOF. Since G is elementary, V(G) = C(G) and so0 if z € V(G),
A(G—z)U {z} is a barrier in G by Lemma 3.3.10. Thus every point of
G lies in a maximal barrier of G.

On the other hand, suppose X and Y are maximal barriers in G
and suppose € X NY. By Lemma 5.1.1, C(G—z)= O for all z€ V(G).
Thus if z€ X NnY, by Lemma 5.1.2 we have A(G~z)=X-z=Y -2z
andso X =Y. ]
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The next theorem summarizes some important properties of the
partition P(G).

5.2.2. THEOREM. Let P(G)={S1,...,Sk} be the canonical partition

of an elementary graph G. Then:

(a) X CV(G)isextremein G ifand onlyif X C S;, for somei, 1 <1< k.

(b) Ifz andy are points of G, then G—z—y has a perfect matching if and
only iof z and y lie tn different classes of P(G). In particular, a line
e = zy € E(G) 1s allowed in G if and only if  and y lie in different
classes of P(G).

(¢) If9#XCS;€PG), thenAG-X)=8,—X and C(G-X)=.

(d) Let SC V(G). Then S € P(G) if and only if G — S has ezactly |S]|
components and each 18 factor-critical.

PROOF. (a)is immediate by Lemma 3.3.8 and by Exercise 3.3.3.

(b). Let z and y be any two points in G. Then G —z —y has no
perfect matching if and only if def(G — 2 — y) > 0 and by parity this
inequality holds if and only if def(G —z—y) > 2. But this in turn holds if
and only if {z,y} is extreme, that is, (by part (a)), {z,y} C S; for some
S; € P(G)

(c). Suppose @ # X C S; € P(G) and that z € X. Since G is
elementary, it follows by Lemma 5.1.1 that C(G —z) = &, for all z €
V(G). But then by Lemma 5.1.2, A(G —z)=S; —z and hence X —z C
AG —12).

Now since G — X = (G —z)— (X —z), we have A(G—X) = A(G—
z)— (X —z)) = A(G — 2) — (X — z), using Lemma 3.2.2(a) |X — z| times.
But this in turn =(S;,—-2)— (X —-z)=5,-X.

On the other hand, if y € A(G —z), then C(G—z—y) = C(G —z) by
Lemma 3.2.2(a) and this set is empty by Lemma 5.1.1. Again, G —X =
(G—1)—(X —z) for all z € V(G), so again by repeatedly applying Lemma
3.2.2(a) and letting z = z, we have C(G - X) = C(G — {z1,...,Zx}) =
C(G-zy—+ —zk_1)—2k)=C(G—z1—++ —Tk—1) =+ =C(G—1z1) =
C(G - z)=, using Lemma 5.1.1 again at the last step.

(d). First suppose S € P(G). Then by part (¢), A(G—-S)=0 =
C(G - S) and so by the Gallai-Edmonds Theorem, G — S consists of
factor-critical components. Since S is a barrier in G, there must then be
precisely |S| such components.

Conversely, suppose S C V(G) is such that G — S has exactly |S|
components and each is factor-critical. Then ¢o(G — S) = |S| = |S| +
def(G), so S is a barrier and hence S C S; for one of the maximal barriers
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S; in G. So by part (¢), A(G—-8)=S;—S. But G—S is given as a union
of disjoint factor-critical graphs so A(G—~S)= and hence S=5;. =

Let us pause at this point to make several additional remarks about
the partition P(G).

1. Note that if G is elementary and e = zy is allowed in G and if
we obtain a new graph G’ by subdividing the line e by the insertion of
two new points u and v, then the classes of P(G') are the same as those
of G except u joins the class of y and v joins the class of z. (Note that
the path resulting from e is zuvy.)

2. If G is elementary and if for some e € E(G) the graph G—e is still
elementary, then P(G) is a refinement of P(G —e). To see this, simply
observe that if S € P(G) then S is an extreme set in G — e, for we have
def(G’ — S) > def(G — S) =S| and hence equality must hold.

3. If G is elementary and e ¢ E(G) is a line joining two points z and
y in V(G) then (a) P(G +¢) refines P(G) and from Theorem 5.2.2 it is
immediate that (b) line e = zy is allowed in G +e¢ if and only if z and y
lie in different classes of P(G).

4. An alternative way to define the partition P(G) is to show that
the relation {(z,y) | z,y € V(G) and either = = y or {z,y} is extreme
in G} is an equivalence relation. (To verify that this is an equivalence
relation “from scratch” is no easy matter, but using Theorem 5.2.2(a),
it is trivial.) Of course, then, we define P(G) to be the corresponding
equivalence classes. Recall from Exercise 3.3.7 that {z,y} is extreme if
and only if G —z —y has no perfect matching.

5.2.3. EXERCISE. Prove that if the set P(G) of maximal barriers
partitions V(G) then G is elementary.

In a spirit parallel to that of our inquiry into the degenerate cases
of the Gallai-Edmonds decomposition we present the next two results.

5.2.4. EXERCISE. Let G be an elementary graph. Then P(G) consists
of precisely two classes if and only if G is bipartite.

The second degenerate case arises when each class of P(G) is a
singleton. The next theorem tells us that this situation occurs exactly
when G is bicritical. (Recall from the introduction to this chapter that
G is bieritical if and only if G contains a line and for each pair of distinct
points z and y in G, G —z — y has a perfect matching.)

5.2.5. THEOREM. The following are equivalent for any graph G:
(a) G 1s bicritical.
(b) G 1s elementary and all classes of P(G) are singletons.
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() IFX CV(G) and |X| 22 then co(G—-X) < |X|-2.

PROOF. Suppose first that G is bicritical. Then it is 1-extendable and
therefore elementary. Suppose P(G) = {Si,..., Sk} and suppose |S;| > 2,
say. Then if z and y are points in Sy, we know {z,y} is extreme and
hence, by Theorem 5.2.2(a), def(G — z —y) =2 and hence G — z — y has
no perfect matching, a contradiction. Hence (b) holds.

Next suppose that G is elementary with only singleton classes in
P(G). By Tutte’s Theorem we have ¢o(G — X) < |X]| for all X C V(G).
Suppose then that there is an X C V(G) with |X| > 2, but ¢o(G - X) >
|X|—1. Since |V(G)) is even, co(G—X) # | X |—1 by parity, so ¢co(G—X) =
|X| and hence X is a barrier in G. But then X lies in a class S of P(G)
and so |S| > 2, a contradiction.

Finally, choose any two points z and y in V(G) and let G' =G —
z—y. Suppose X' C V(G'), but that ¢o(G'— X') > |X'| +1. Then if
X =X'u{z,y}, we have ¢o(G—X)=¢co(G'—X") > |X'|+1=|X]|-1,
contradicting (c). Thus ¢o(G’' — X') < |X'| for all X' C V(G’) and by
Tutte’s Theorem, graph G’ has a perfect matching. Thus G is bicritical
and the proof is complete. ]

We now proceed to use P(G) to develop a canonical decomposition
(or construction) procedure for all elementary graphs.

5.2.6. THEOREM. Let G be elementary, suppose S € P(G), |S]| > 2,
and let H be any component of G—S. Then
(a) the bipartite graph G:g obtained from G by contracting each com-

ponent of G— S to a single point and deleting each line spanned by S

18 elementary,

(b) the graph H' obtained from G by contracting the set V(G)—V(H) to

a single point uy s elementary, and
(¢) PH')={{un}}u{TnV(H)|TeP(G)}.

This theorem describes a way to decompose the graph G into smaller
elementary graphs H' and the elementary bigraph G5 which functions
as a "frame” for reassembling the H’s to recover G. We shall refer to
this operation as the decomposition of G with respect to S. (See Figure
5.2.1.) If one of the elementary graphs H' is not bicritical, we select a
class of P(H') with more than one point and repeat the decomposition.
We continue until a list of bicritical graphs is obtained. This procedure
is called the bicritical decomposition of G.

PROOF (of Theorem 5.2.6). Let M be a perfect matching of G. Then
no line of M lies in S and by Theorem 5.2.2(d), M must match each
point of S to a point of a different component of G —S§. So each
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FIGURE 5.2.1.

perfect matching of G is mapped onto a perfect matching of G by the
contraction.

On the other hand, it is clear that each perfect matching of G is
mapped onto a perfect matching of H'. So an allowed line of G, if not
contracted, corresponds to allowed lines in G5 and H'. But a contraction
of a connected graph is connected and hence (a) and (b) follow.

To prove (c), it will suffice to show (i) that if z,y € V(H) then
G — z— y has a perfect matching if and only if H'—z — y has one, and
(ii) if z € V(H) then H' —z — uy has a perfect matching.

In order to show (i) let z and y be arbitrary points of V(H) and
suppose first that G —z —y has a perfect matching M. Since H —z —y
is odd, M must contain exactly one line from H to §. So M is mapped
onto a perfect matching of H' —z —y.

Conversely, suppose H' — z —y has a perfect matching M'. Then
M’ corresponds to a matching M in G covering H —z —y and having
exactly one line e joining H —z —y to S. But then e must join two
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different classes of P(G), so by Theorem 5.2.2(b), e is allowed in G. So
let M, be a perfect matching of G containing e and let f be the line of
M’ covering point ug. But then e is the only line of M, joining S to H
by Theorem 5.2.2(d), so (M, — E(H)).U(M'—{f}) is a perfect matching

of G-z—y.
To prove (ii) simply observe that H' —ug = H is factor-critical by
Theorem 5.2.2(d) and hence H —z = H' —z —uy has a perfect matching.
|

This will be enough to provide us with a procedure for constructing
all elementary graphs from two families of basic “building block” graphs,
namely elementary bipartite graphs and bicritical graphs.

5.2.7. THEOREM. A graph is elementary if and only if it can be built
up from elementary bipartite graphs and from bicritical graphs by iterating
the following construction:

CONSTRUCTION. Let Gg = (U(Go), W(Gy)) be an elementary bipar-
tite graph with more than two points. With each point w € W(Gy) associate
a (previously constructed) elementary graph G(w) which has the property
that P(G(w)) contains a one-element equivalence class {vy} such that
degg(u)(vw) = degg,(w). Now splice G(w) to Go at vy, and w as follows.
Let A(w) and B(w) denote the sets of points joined to w in Gy and to v,
in G(w) respectively. Now delete v,, and w and and construct any bipar-
tite graph on (A(w), B(w)) requiring only that every point of A(w)L B(w)
15 covered by as many new lines of this newly constructed bigraph as the
number of deleted lines which covered it. Repeat this construction for each
w € W(Gy). Finally, add lines joining pairs of points in U(Gy) arbitrarily.
We illustrate this construction in Figure 5.2.2.

PROOF (of Theorem 5.2.7). The “only if” part of the proof is obvious
by Theorem 5.2.6.

Conversely, suppose G is obtained via the Construction from smaller
elementary graphs. We show that G is elementary.

Suppose a;b; is a line of G with a; € A(w,) and b; € B(wy).
Then a;w; is a line of Gy and hence is allowed in Gy. Let Fy =
{aywr,...,axwk} be a perfect matching of Gy containing aiw;. We
construct a matching Fy covering U(Go) in G by including a line joining
each a; to some b; where b; € B(w;). Note that these lines a;b; all
exist because, by the rules of the Construction, every point of A(w;) is
covered by a line to B(w;). Now extend F; to a perfect matching of
G by recalling that in each G(w), every line incident with point v, is
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allowed in G(w) (since {v,,} is a singleton class in P(G(w))). Thus each
G(wj)—vj — b; has a perfect matching. Thus all lines in G with exactly
one endpoint in Gy are allowed in G.

o ———— V2

/ (Wg) \

Glwy) Glw,) Glws)

Go

NS

[— optional fine

FIGURE 5.2.2.

By a similar argument, the allowed lines of each G(w) are allowed in
G and hence it follows that G is elementary. (Actually we have proved
the slightly stronger result that if G results from G by deleting all lines
with both endpoints in U(Gyp), then G is already elementary.) Finally we
claim that U(Gg) € P(G). To see this, recall that each {v,,} C V(G(w)) is
a singleton class in P(G(w)). Thus by Theorem 5.2.2(d), graph G(w)—vy,
consists of |{v,}| =1 factor-critical component (i.e., G(w)— vy, is factor-
critical) and hence G —Up has |Up| = k factor-critical components.  ®
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It is natural to ask in what sense is the above Construction of a given
elementary graph unique. If elementary graph G is not bicritical, then
P(G) always contains a class S with |S| > 2, but of course there may be

(A) Starting with equivalence class Sy:

X0 K11

(B} Starting with equivalence class S;:

X} 1

FIGURE 5.2.3.

many such classes. Is the collection of bicritical graphs obtained by the
bicritical decomposition procedure of Theorem 5.2.6 independent of the
class S chosen? In Figure 5.2.3 we may see that this is not the case.

We can decompose bicritical graphs one step further into 3-connected
bicritical graphs called bricks. First, however, we need some definitions.
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Let G be a 2-connected graph and let {z,y} be a cutset of G. Then
G can be written as G UGj,, where G} and G, are connected graphs
different from K and V(Gy)nV(G;) = {z,y}. Let G1 = G| +zy and
G2 = G, + zy. If either one of Gy and G2 is not 3-connected, then we
take one of its 2-element cutsets and repeat this procedure.

Thus G can be decomposed (in the sense described above) into 3-
connected graphs and triangles, possibly with multiple lines. We shall
call these the 3-blocks of G. We remark that the 3-blocks of a graph
are uniquely determined up to multiplicity of lines; that is, the final list
of 3-blocks does not depend upon which 2-element cutset is chosen at
each step of the decomposition procedure. (See Hoperoft and Tarjan
(1973a).) This fact, however, will not be needed here and if we talk
about the 3-blocks of a graph, we shall have in mind any list obtained
by a decomposition procedure.

5.2.8. LEMMA. A graph is bicritical +f and only if it is Ko, or it s
2-connected and each of its 3-blocks is bicritical.

PROOF. It suffices to prove that if G = G} UG,, where G| and G,
are connected graphs different from K,, V(G;)nV(G;) = {z,y} and
G; = G; + zy, then G is bicritical if and only if both G, and G2 are
bicritical.

First suppose that G is bicritical. Then G —z —y has a perfect
matching, so G; and G2 must both be even and each G; —z—y has a
perfect matching.

Suppose u,v € V(G;). Then G —u —v has a perfect matching M.
Since |V(G;)| is even, M 0 E(G;) covers either all points of G'—u —v or
misses precisely two, namely z and y. In this second case, M + zy is a
perfect matching of G, —u—v. So G is bicritical.

Second, assume that both G; and G, are bicritical and suppose
u,v € V(G). If u and v both lie in V(G1), say, then consider a perfect
matching M; of G—u—v. If the line zy of E(G1)—E(G}) belongs to My,
then M; —zy, together with a perfect matching of G2, forms a perfect
matching of G—u—v. If M; does not contain zy, then M; and a perfect
matching of G —z —y form a perfect matching of G —u —wv.

If ue V(G;)~{z,y} and v € V(G,) - {z,y} , say, then let M; be a
perfect matching of G; —u —z and M,, a perfect matching of G —v—y.
Then M; U M; is a perfect matching of G. Thus G is bicritical. [ |

Lemma 5.2.8 implies that the 3-blocks of a bicritical graph are
bricks. Currently this, then, is the limit of our decomposition procedure.
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The results of Section 7.6 will imply that the number of bricks
obtained, when decomposing an elementary graph, is invariant. In fact,
we can actually show that the collection of bricks itself is uniquely
determined.

If we start with a saturated elementary graph then the collection of
bicritical building blocks, 3-connected or not, is also uniquely determined.
See Theorem 5.3.7 for the details.

5.2.9. EXERCISE. A graph is factor-critical if and only if it is con-
nected and each of its blocks is factor-critical. [ ]

5.3. Saturated Graphs and Cathedrals

In this section all graphs will be assumed to be simple. A graph G
with a perfect matching is said to be saturated if G + e has more perfect
matchings than G for all lines e € E(G). Thus, in particular, a saturated
graph must be connected. In Figure 5.3.1 we show two saturated graphs:
Go which is elementary and G which is not. Note that a 1-extendable
graph is saturated if and only if it is bicritical.

From any graph G with a perfect matching we can obtain a saturated
graph by joining pairs of non-adjacent points as long as no new perfect
matchings are produced. Many important graph-theoretic properties are
preserved by this procedure. But the most important point for us is that
the set of perfect matchings is unchanged. The structural results of this
section could be extended to unsaturated graphs by saturating them as
above.

At the end of Section 5.2 we developed a construction procedure for
obtaining any elementary graph using bicritical graphs and elementary
bipartite graphs as fundamental building blocks. In the present section
we shall first investigate that construction procedure when the elementary
graph produced is saturated and then we shall extend the construction to
obtain all saturated non-elementary graphs. Our approach follows closely
that initiated by Kotzig (1959a, 1959b, 1960) and further developed by
Lovész (1972a).

We begin with three lemmas about saturated graphs in general which
we shall eventually need to analyze their structure. For convenience we
denote A(G —z)U{z} by A*(G —z) for every z € V(G).

5.3.1. LEMMA. LetG be any saturated graph and let z € V(G). Then:
(8) D(G - ) consists precisely of those points of V(G)— {z} which are
not adjacent to T or which are joined to T by an allowed line of G.
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(b) Every point of A¥(G — z)u C(G — ) is adjacent to every other point
of A¥(G — z) and all such adjacencies are forbidden lines in G.
(¢) C(G—1z) induces a saturated graph.

PROOF. Since G has a perfect matching, we have V(G) = C(G) and
thus by Lemma 3.3.10, the set A*(G — z) is a barrier in G. But again
since G has a perfect matching, if we delete A*(G — ) from G, we must
have exactly |A*(G — z)| odd components remaining. But then every
perfect matching of G matches all of A*(G—z) into D(G - z), and hence
no line joining C(G —z) to A*(G —z) is allowed in G. If we add any new
line f joining A*(G —z) to A*(G—1z) or A¥(G~z) to C(G—z), the same
reasoning shows that f is forbidden in G + f. This proves part (b).

Gg:
(elementary)

G:
{non-elementary)

Ouemememe() cllowed lines O———— forbidden lines

FIGURE 5.3.1.
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If any new line f is added joining two points of C(G — z), since G
is saturated, f must lie in a new perfect matching My of G + f. But
then since all lines joining C(G) to A*(G — z) are forbidden, line f in
fact must lie in a new perfect matching of C(G—z). Hence (¢) is proved.

Now suppose y € D(G — z) and suppose y is adjacent to z. Let M
be a maximum matching of G —z which misses y. Then M U {zy} is a
perfect matching of G and hence zy is allowed in G. So if D’ is the set
of all points in V(G)— {z} which are not adjacent to z or are joined to
z via an allowed line, we have shown D(G —z) C D"

The converse inclusion is obvious by part (b). This completes the
proof of (a) and hence the proof of the lemma. [}

5.3.2. LEMMA. Let G be saturated and z € V(G). Then:

(a) ifz€ A(G—z), then A¥(G—2)C A¥(G—1z) and D(G—2)C D(G—1z),
and

(b) ifz€ C(G~xz), then A¥(G—2) 2 A¥(G—z) and D(G—-2) 2 D(G —x).

PROOF. First suppose z € A(G—z). Then by Lemma 5.3.1(b) all points
of A¥(G—z)uC(G —z) are joined to 2z by forbidden lines of G. Suppose
y € D(G — z). Then, by Lemma 5.3.1(a), either y is not adjacent to z or
line yz is allowed in G. But if y € A*(G —z)UC(G —z), then by Lemma
5.3.1(b), line yz is forbidden in G, a contradiction. Thus y € D(G —z)
and hence D(G —z) C D(G —z).

Now suppose z € A(G —z). Then an argument symmetric to that in
the preceding paragraph yields D(G —z) C D(G — z). Thus D(G —z2) =
D(G —z) and hence A*(G — z) = A*(G —z).

On the other hand, suppose z ¢ A*(G —2). We want to show
AYG - 2) C A¥(G —z). Now if z € D(G - z), then z € D(G — z) which
is absurd. So z € C(G — z) and hence by Lemma 5.3.1(b) all points
of A*(G — z2) are joined to z by a forbidden line of G. But no point of
D(G—z) is joined to z by a line forbidden in G by Lemma 5.3.1(a), hence
A(G - 2)nD(G — z) = &. Moreover, no point of C(G —z) is adjacent to
any point of D(G —z) and hence no point of C(G —z) is adjacent to any
point of D(G —z). Thus C(G —z) N A(G — z) = & and hence it follows
that A(G — z) C A(G — z), completing the proof of (a).

To prove (b), assume z € C(G —z). Then no point of D(G — ) is
adjacent to z and hence D(G —z) C D(G —z) by Lemma 5.3.1(a) applied
to G —z. Using Lemma 5.3.1(b), we know that every point of A(G —1z) is
joined to z by a forbidden line. So A(G —z)ND(G — z) = &. Moreover,
each point of A(G — 1) is joined to at least one point of D(G —z) and
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consequently to at least one point of D(G —z). Thus A(G —z) C A(G —2)
and the proof is complete. ]

5.3.3. LEMMA. Let G be any graph having a perfect matching. Then
G 1s saturated if and only if every eztreme set in G induces a complete
graph, all lines of which are forbidden in G.

PROOF. First assume G is saturated, X is extreme in G and {z,y} C
X. Thus by Exercise 3.3.3, {z,y} is also extreme in G.

Suppose z and y are not adjacent in G. Then def(G +zy—z-y) =
def(G—z—y) = def(G)+2 since {z,y} is extreme in G. But def(G+zy) =
def(G) = 0, so we have def(G + zy —z — y) = def(G + zy) + 2 and hence
{z,y} is extreme in G +zy. Thus zy is forbidden in G +zy by Exercise
3.3.7, and hence G is not saturated, a contradiction. So we must have
zy € E(G) and thus zy is forbidden in G by Exercise 3.3.7.

Conversely, suppose G is not saturated and thus there are two points
z,y € V(G) with zy ¢ E(G), such that G and G + zy have the same
perfect matchings. Thus zy is forbidden in G + zy. But again using
Exercise 3.3.7, {z,y} is extreme in G + zy. Hence def(G —z —y) =
def(G +zy—z —y) = def(G + zy) +2 = 0+ 2 = def(G) + 2 and thus {z,y}
is extreme in G. But this contradicts the hypothesis that zy must be a
forbidden line of G. |

Now let us assume further that our saturated graphs are elementary.
As a first result we have the following immediate consequence of Lemma
5.3.3 which tells us exactly how the forbidden lines of G are distributed
vis-a-vis the classes of the partition P(G).

5.3.4. THEOREM. If G 1is a saturated elementary graph, then the for-
bidden lines of G constitute point-disjoint complete subgraphs induced by
the classes of P(G). ]

5.3.5. EXERCISE. Show that if G is a saturated elementary graph and
S € P(G), then P(G) must have at least |S| singleton classes different
from S.

Now let us recall the decomposition procedure developed in Section
5.2. In particular, we saw there that the bicritical building blocks were
not uniquely determined. But if G happens to be saturated they are
unique in the sense of Theorem 5.3.7 below.
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5.3.6. LEMMA. Let G be a saturated elementary graph, S € P(G) and
let H be one of the components of G—S. Let H' be obtained by contracting
V(G)—V(H) to a single point. Then H' is a saturated elementary graph.
Moreover, if X € P(G) 1s such that X NV (H) # &, then X C V(H) and,
wn fact, X € P(H').

PROOF. Graph H’ is elementary by Theorem 5.2.6. Suppose we add a
new line ¢’ to H'. Let e be the corresponding line added to G. Since G
is saturated there is a perfect matching M. of G containing e. But from
Theorem 5.2.2(d), we know M, matches each point of S to a different
component of G — S and hence M, corresponds to a perfect matching of
H’ containing line e¢’. So H’ is saturated.

Now suppose X € P(G) and XNV (H) # . (Of course then X # S.)
Suppose also that X NV (H,) # & for some H, # H, where H; is another
component of G — X . But since no lines of G can join points lying in
different components of G — S, it follows that G[X] is a disconnected
subgraph of G contradicting the fact that G[X) is complete according
to Theorem 5.3.4. Thus X C V(H) and, in fact, by Theorem 5.2.6(c),
X e P(H). [

To underline the importance of Lemma 5.3.6 let us describe once
more what it implies. It tells us that if G is saturated elementary, if
S € P(G), if H is a component of G—8 and if S;,...,S;, are the classes
of P(G) such that S;, nV(H) # &, then, in fact, each such S;; lies
entirely within H and, moreover, P(H') = {{ts},Si,,...,Si.}, where tg
is the point obtained by contracting G — H to a point. Since in addition,
H' is saturated elementary, we begin to see the basis for an inductive
reduction procedure here which helps us prove the next theorem. This
next result tells us that the Construction of general elementary graphs
discussed in Section 5.2 is, in a sense, “more unique” when the graph is
saturated.

Graph G is as defined in the statement of Theorem 5.2.6.

5.3.7. THEOREM. Let G be a saturated elementary graph and let G*

be the graph obtained by contracting each class S of P(G) to a point ts.

Then:

(a) the blocks of G* (i.e., the mazimal 2-connected subgraphs of G*) are
bicritical,

(b) the number of blocks of G* containing tg is ezactly |S|,

(¢) If one builds G by iterating the construction of Theorem 5.2.7, the
wmatial bicritical building block graphs must be precisely the blocks of
G*, and
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(d) the elementary bipartite graphs used in the last step of the Construct-
ton of G are uniquely determined in the sense that they must be of the
form Gg, for some S € P(G).

PROOF. Choose any S € P(G) and contract S to a single point to
obtain a graph G'. Then by Lemma 5.3.6, the blocks of G' are saturated
elementary graphs and every class of P(G)—{S} is a class in P(H), for
one of these blocks H. If S’ is a non-singleton class in P(H), shrink it to
a point to obtain an even smaller graph all blocks of which are saturated
elementary. Continuing in this manner, we ultimately arrive at a graph
G* such that all blocks of G* are bicritical. So (a) is proved.

Part (b) follows immediately from Theorem 5.2.2(b).

Now suppose we have built G via the Construction and that the last
graph in the procedure is the elementary bipartite graph Go = (Up, Wp).
Then recall from the proof of Theorem 5.2.7 that U € P(G). This proves
part (d).

But now from Lemma 5.3.6 we know that for any S € P(G) and
any component H of G— S, graph H' (where H' is as in Lemma 5.3.6)
is saturated elementary and has, as its partition classes, {ts} and some
of the classes in P(G). But graph H' is then either bicritical or is itself
built up using the Construction, where we must use a non-singleton class
of P(H') as the beginning “Uy”. But this class of P(H') is also a class
in P(G)! Thus we may view the given Construction of G in reverse, so
to speak, by successively shrinking non-singleton classes of G to single
points, while any remaining non-singleton classes remain non-singleton
classes in the shrunken graph. Ultimately we will shrink all non-singleton
classes of G to single points and obtain G*. After each shrinking step, the
block graphs, that is, those playing the role of a H', remain elementary
and we stop only when all classes of each H' at hand are singletons.
But this means all such blocks are bicritical by Theorem 5.2.5(b). Thus
no matter how we start to dissect a Construction of graph G, we must
end the dissection with the blocks of G* as the initial bicritical building
blocks. This proves part (¢) and, consequently, the theorem. [ |

It is instructive, we think, to study the Construction of the saturated
elementary graph G shown in Figure 5.3.2. The reader is invited to
convince himself that if he dissects G by shrinking non-singleton classes
of G in an order different from the one we chose, he will nevertheless end
up with the bicritical blocks of G* as his beginning bicritical building
blocks just as we did.
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We are now prepared to describe a canonical construction procedure
for all saturated non-elementary graphs.

THE CATHEDRAL CONSTRUCTION. Let Gg be any saturated elemen-
tary graph. To each class S € P(Gy) assign an (already constructed)
saturated graph Gg or the empty set. For each S € P(Gp) join every
point of S to every point of Gg. In the case when Gg is not empty we
will call the subgraph Gg¢ the tower over S and S, the foundation of that
tower. (Note that a tower and its foundation are point-disjoint.)

We now present, our main result on saturated non-elementary graphs.

5.3.8. THEOREM. (The Cathedral Theorem). :

(a) Ewvery graph G, built up by iterating the Cathedral Construction using
smaller saturated graphs, 1s itself saturated.

(b) The allowed lines of G are precisely those lines which are allowed in
one of the elementary graphs used in one of the steps.

(¢) Conversely, if G is any saturated graph, it can be built up using the
Cathedral Construction starting with a saturated elementary graph Gy
and a collection of |P(Gy)| smaller saturated graphs (some perhaps
empty) already constructed. The graph Gy may be uniquely described
as the subgraph of G induced by those points of G which, for each
z € V(G), do not lie in C(G - z).

Before presenting the proof of this theorem, we direct the reader
to Figure 5.3.3 for a better understanding of the Cathedral structure.
Note that the large plus signs indicate that each point in the partition
class below it is joined to every point in the tower above it. Of course
in general we may have towers nested within towers in the Cathedral
structure. Claims 2, 3, 4 and 5 below assert further important properties
of this construction.

PROOF (of Theorem 5.3.8).

Claim 1. The Cathedral Construction yields a saturated graph.

Let S be any class in P(Gyp). Clearly the graph G constructed has a
perfect matching. Moreover, we cannot add any line joining two points
of a Gg nor of G without producing new perfect matchings.

Fix some Sy € P(Gp). Suppose z € V(Gg,) and y € V(Gp) are not
adjacent in G. Then y ¢ Sy. Choose a point z € Sy and let Fy be a
perfect matching in Go —y —z. For each S € P(G) let Fs be a perfect
matching of Gg. Let zu be the line of Fg, incident with z. Then
(Usep(gg) Fs) Y Fo U {uz}) — {uz} is a perfect matching of G —z —y.
Hence ¢(G + zy) > 9(G).
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Finally, suppose z € V(Gs,) and y € V(Gg,) for some S; and S €
P(Gy). Let Fg, be a perfect matching of Gg, for each S; € P(Gy).
Suppose zu; is the line of Fg, covering z and yuy is the line of Fg,
covering y. Choose z; € S; and 2; € S, arbitrarily. Let Fy be a perfect
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FIGURE 5.3.3. A Cathedral Construction

matching of Go—2; —22. Then USGP(G )Fs {zuq, yu2}U{ur21,u222}u
Fy is a perfect matching of G — z—y. So once again (G + zy) > ¥(G)
and the proof of Claim 1 is complete. So (a) holds.

Claim 2. Every perfect matching of G consists of a perfect matching
of Go and of a perfect matching of each Gg, S € P(G).
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To see this, let F' be a perfect matching of G. Now G — S consists
of a component Gs and |S| other components, each of which contains a
component T of Go— S and also contains any non-empty Gg-’s for which
8'CV(T). But all such towers Gg- must have an even number of points
(since they have perfect matchings). So each component of G— S, other
than Gg, is odd and since there are |S| of them, each is joined to S by
a line of F'. Therefore, these lines cover S and hence all lines joining S
and Gy are forbidden. Thus Claim 2 is proved and so is part (b) of the
theorem.

Claim 3. For each z € § € P(Gq) we have A¥(G —z) = S and
C(G —z)=V(Gs).

By Claim 2, we know that all points of V(Gg) and S—{z} are joined
to = by forbidden lines. Since, by Claim 1, G is saturated we may use
Lemma 5.3.1(a) to conclude that all such points lie in A(G—-z)UC(G-x)
and that all other points of V(G) belong to D(G —z). It follows then
that V(Gg)u(S—{z}) = A(G—z)uC(G —z). But now we know that the
neighbors of D(G — ) in G form the set S. Hence A*(G —z) =S and it
then follows that C(G —z) = V(Gg). Therefore Claim 3 is proved.

Claim 4. If S € P(Go) and z € V(Gs), then A¥(G —z) = A¥(Gs -
z)US and C(G —z)=C(Gs ~1z).

We know Gy is saturated and so by Lemma 5.3.1, D(Gg—z) consists
of all points of V(Gs)—{z} not adjacent to z or joined to z by a line
allowed in Gg. Let y be such a point. First suppose y is not adjacent to
z in Gg. Then y is not adjacent to z in GG either. On the other hand,
if y is joined to z by a line allowed in Gg, this line is also allowed in G,
by Claim 2. But by Claim 1, G is saturated and hence by Lemma 5.3.1
(applied to graph G), y € D(G — z); that is, D(Gs —z) C D(G —z). So
D(Gs —1z)C D(G-z)nV(Gsg).

On the other hand, if y € D(G — z) nV(Gg), then either y is not
adjacent to z in G g or line zy is allowed in G, and hence allowed in G g by
Claim 2. So y€ D(Gs — z) by Lemma 5.3.1. Hence D(G ~z)nV(Gs) C
D(Ggs — ) and therefore D(Gg — z) = D(G — )NV (G5s).

Also note that D(G—z)nS = &. But then A¥(G-z) = A¥(Gs—z)US.
Thus since {C(G — z), A¥(G — 1),D(G - z)} is a partition of V(G), it
follows that C(G —z) = C(Gg - z) and Claim 4 is proved.

Claim 5. V(G) is precisely the set of those points y € V(G) such
that for all z € V(G), y ¢ C(G —z).

Claims 3 and 4 imply that if y € V(Gy), then y ¢ C(G—z). Conversely,
suppose y ¢ V(Gy). So y € V(Gs') for some S’ € P(Gp). Let z € S'.
Then C(G —z) = V(Gg) by Claim 3 and hence y € C(G - ).
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Now we proceed to prove part (c) of the theorem. Let G be an
arbitrary saturated graph. If G is elementary, there is nothing to prove;
let G = Gg. So suppose G is not elementary. Motivated by Claim 5,
define G to be the subgraph of G induced by those points of G which
are not contained in any C(G — z), = € V(G). Let us agree to call the
sets C(G —z), for each z € V(Gy), pseudo-towers and the sets A*(G — z)
the pseudo-foundations. (As the reader probably suspects, we will show
every pseudo-tower to be a tower and each pseudo-foundation to be a
foundation!)

Every point of a pseudo-tower is joined to every point of its pseudo-
foundation by a forbidden line according to Lemma 5.3.1(b), but no other
point is adjacent to any point of the pseudo-tower (since the remaining
points all lie in D(G — z)). Thus a pseudo-tower defines its pseudo-
foundation uniquely.

Conversely, each pseudo-foundation A*(G — z) of a pseudo-tower
determines the pseudo-tower C(G — z) by the Gallai-Edmonds Theorem.
By Lemma 5.3.1(b), any pseudo-foundation A*(G—z) induces a complete
graph with forbidden lines only and any pseudo-tower C(G — z) induces
a saturated (and thus connected) graph, by Lemma 5.3.1(c).

Claim 6. Different pseudo-towers have disjoint pseudo-foundations.

(Note that at this point we do not know if different pseudo-towers
are in fact disjoint, but we shall see a bit further on in this proof that
this is true.)

We shall show, in fact, that if 2 € A¥G — ), = € V(Gy), then
A*(G — 2) = A¥G — z). To see this, suppose z € A¥(G—z). f z=1z
we are done, so suppose z # . Then z € A(G — z). Suppose, however,
that z ¢ A*(G—-2)UC(G—2). Thus z € D(G—-2). But D(G—2) C
D(G — z) by Lemma 5.3.2(a) and so z € D(G — z), a contradiction. So
z € A¥ G- 2)uC(G - z). But z € V(Go) and hence z ¢ C(G — 2).
Thus z € A*(G — z). Thus, applying Lemma 5.3.2(a) twice, we obtain
A¥(G —2) CA¥G —z) and AX(G —z) C A¥(G —z); that is, A¥(G —z) =
A*(G - 2). This proves Claim 6.

Claim 7. The pseudo-foundation of any pseudo-tower lies in V(Gy).

To prove this, suppose z € V(Gp) and that z € A*(G — ). Further-
more, suppose, by way of contradiction, that for some y, z € C(G — y).
Then A*(G — z) 2 A*(G — y) by Lemma 5.3.2(b), and so y € A*(G — 2).
However, A*(G — z) = A*(G — z) by Claim 6, so y € A*(G—z). But now,
by Lemma 5.3.2(a), D(G —y) C D(G — z). Moreover, z ¢ D(G — z), so
z ¢ D(G —vy). Hence z € A¥(G-y)UC(G~y). But z € V(Go) and,
therefore, £ ¢ C(G—y). So z € A*(G —y). Now applying Lemma 5.3.2(a)
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yet again, we have A*(G—z) C A¥(G-y) and D(G-2) C D(G —y). Thus
C(G —y)n(A¥G —z) UD(G —z)) = & and hence C(G —y) € C(G —zx).
But then we have z € C(G — z), a contradiction, and Claim 7 is proved.

At this point we may conclude that any two pseudo-towers are point-
disjoint. This follows from the observation that a point in a pseudo-tower
determines its pseudo-foundation as the set of those points of V(Gp)
which are adjacent to it.

Since def(G) =0 and G is not elementary, we know that C(G —z) #
& for some z by Theorem 5.1.3. We prove even more, however.

Claim 8. Every point y of V(G)— V(G) lies within some pseudo-
tower.

Let z € V(G) be such that y € C(G — 2) and suppose C(G — 2) is
inclusion-wise maximal with respect to all sets C(G—z), z € V(G). That
is, no C(G — ) properly contains C(G — z). We will show that C(G — z)
is a pseudo-tower; that is, z € V(Gy).

Suppose 2 ¢ V(Gyp). Thus z € C(G—u) for some u € V(G). But then
by Lemma 5.3.2(b), A*(G—2) D A¥(G—u) and D(G —z) 2 D(G ~u). But
since (D(G —2), A¥(G - 2),C(G — 2)) and (D(G —u), A¥(G —u),C(G —u))
are both partitions of V(G), it follows that C(G — 2) C C(G —u). But
2 € C(G —u)— C(G - 2) and hence C(G — z) C C(G — u), contradicting
the maximality of C(G —z). This proves Claim 8.

Note now that Claim 8, together with the fact that pseudo-towers
are mutually disjoint, guarantees that the pseudo-towers are precisely the
components of G —V(Gj).

To complete the proof of (c), we must show that Gy is a saturated
elementary graph and that the pseudo-foundations of the pseudo-towers
are precisely the classes of the partition P(Gy).

Since all lines between V(Gg) and V(G)—-V(G) join a pseudo-tower
to its pseudo-foundation, (i.e., a C(G - z) to an A*(G —z)), all such lines
are forbidden by the Gallai-Edmonds Theorem. Hence since G has a
perfect matching, so has Gy.

Claim 9. Gy is saturated.

Choose any z,y € V(Gp) and suppose zy ¢ E(Go). Since G is
saturated, let F' be a perfect matching of G + zy containing zy. Then
F = F' —zy is a perfect matching of G —z —y. Since all pseudo-towers
of G have perfect matchings, such pseudo-towers are, in particular, even.
So each pseudo-tower must have an even number of lines of F' joining it
to its pseudo-foundation in Gy — z —y. But then Fy = Fn E(Gp) can be
extended to a perfect matching of Gy — z —y, for we can match pairs of
points in each pseudo-foundation, since said pseudo-foundations induce
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complete subgraphs in Gg. So Gy+ zy has a perfect matching containing
zy; that is, G is saturated and Claim 9 is verified.

Note that, conversely, it is trivial that if z,y € V(Gp) and G~z —y
has no perfect matching, then neither does Go—z—y. Thus a line of Gy
is forbidden in G if and only if it is forbidden in Gy.

Claim 10. Gy is elementary and the classes of P(Gy) are precisely
the pseudo-foundations A*(G — z), for all z € V(Gy).

By the remark just before Claim 9, Gy has a perfect matching, so
by Theorem 5.1.3, it will suffice to show that C(Gy — z) = & for all
TE V(Go)

By the remark just prior to the statement of Claim 10 and by Lemma
5.3.1(a), we know that D(Go —z) = D(G —z) " V(Gp). So A¥(Go—z)V
C(Gp — z) C A¥(G —z) C V(Gp). But since each point y of A¥(G — 1)
is adjacent to a point z of D(G — z) via an allowed line, we must have
z € D(Go—1) and hence each point y' of A*(Go—z)uC(Gy—z) is adjacent
to such a z. But then since no point of C(Gq — ) is adjacent to a point
of D(Gy — z), we must have C(Go— z) = @. This completes the proof of
Claim 10 and the theorem. ]

Let v be a point of a graph G with a perfect matching. Call v totally
covered if every line incident with v is allowed. We can appeal to the
Cathedral Construction to prove the following result.

5.3.9. THEOREM. If G is a k-connected greph possessing a perfect
matching and k > 2, then G has at least k totally covered pornts.

PROOF. We may assume G is saturated for if not, saturate it, realizing
that the set of allowed lines remains the same during the saturation
process. Hence the saturated graph arising from G has no new totally
covered points. Let Gy be as defined in Theorem 5.3.8 and suppose {z}
is a singleton class in P(Gg). Then tower G} must be empty or else z
would be a cutpoint of G. But now every line incident with z in Gy is
allowed in Gy, since {z} is a class of P(G), and hence is also allowed in
G; that is, z is totally covered in G.

Now if every class of P(Gy) is a singleton, G = Gy, and since a
k-connected graph must have at least k£ + 1 points, the conclusion of
the theorem follows immediately. So suppose S is a class of P(Gg) and
that S has at least two members. Then, by Theorem 5.2.2(d), S is a
cutset of Gy, and hence of G as well by Theorem 5.3.8. Thus |S| > k
by the hypothesis. But now by Exercise 5.3.5, there must be at least |S]|
one-element classes in P(Gy) and the proof is complete. |
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Actually, we have proved a more general result. Namely, if G is a
k-connected saturated graph, then G contains at least & points v such
that G —v is factor-critical.

The considerations of the present section will be used later in our
discussion about the number of different perfect matchings a k-connected
graph may have. (See Section 8.6.)

We can at this point, however, use our results on the Cathedral
structure of saturated graphs to help us ascertain the structure of all
graphs having ezactly one perfect matching. Recall that this problem
was investigated for bipartite graphs in Section 4.3. The next result is
due to Kotzig (1959b).

5.3.10. THEOREM. If a connected graph G has ezactly one perfect
matching, then it has a cutline belonging to the perfect matching.

PROOF. As before, it is enough to prove the result for G saturated. If
G = K, we are done. Otherwise, we may suppose G is not elementary.
(For if it were elementary, it would have two adjacent allowed lines,
a contradiction.) Thus G has a non-trivial Cathedral structure; that
is, G # Gy or equivalently, G contains at least one non-empty tower.
Moreover, G is elementary and it possesses only one perfect matching.
Hence Gy = K5 and Gy is a cutline of G. [ ]

5.3.11. EXERCISE. Prove Theorem 5.3.10 directly without appealing
to the Cathedral structure.

5.3.12. COROLLARY. A graph G has a unique perfect matching if and
only if it can be constructed by iterating the following construction:

Let G1 and G4 be two point-disjoint graphs, each with a unique perfect
matching. (Either or both may be empty.) Let z; and zo be two new
points. Join at least one point of G; to z; for1=1 and 2 and join z; to
Za.

PROOF. First suppose G arises from G; and Gy as described. Then
Z172 must be in every perfect matching of G and hence G has exactly
one such matching.

Conversely, suppose G has a unique perfect matching. Then by
Theorem 5.3.10, graph G has a cutline z;z; belonging to this matching.
Thus each component of G —z; —z5 has a unique perfect matching. Let
G be any one of these components and G5, the union of the rest. [ ]

The following two results bound the degree and the number of lines,
respectively, in a graph with a unique perfect matching.
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5.3.13. COROLLARY. If graph G has p points and a unique perfect
matching, then G contains a point of degree < |log,(p +1)]. For each
even p, this bound s sharp. bi3

6. O—0O

Go:

FIGURE 5.3.4.

PROOF. To see that the bound in Corollary 5.3.13 is best possible, the
following family of graphs {Gx}, k=1,2,3,..., will suffice. Note that for
each k, |[V(Gy)| = 2k, mindeg(Gy) = |log,(k +1)| and G has a unique
perfect matching.

Let G, and G2 be the graphs shown in Figure 5.3.4.

Now suppose k > 3 and Gy, Ga,...,Gg_1 have been constructed. We
construct G as follows.

First suppose k — 1 is even, say k—1=2s. Form Gj by taking two
copies of G, two new points z; and z, joining z; to all points of one
Gs, z3 to all points of the second G, and then joining z; to z;.

If k—1is odd, say k—1=2s+1, form G, by joining each point of
a GG, to a new point z;, each point of a G4 to a second new point z;
and then join z; to z3.

The existence of the bound claimed follows by induction on p and
the details are left to the reader. [ ]

5.3.14. COROLLARY. (Hetyer, unpublished). If f(n) denotes the maz-
mmum number of lines in a graph on 2n points having o unique perfect
matching, then f(n)=n?.

PROOF. (See Lovész (1972a).) A set of extremal graphs {G,,Ga,...}
in this case may be constructed as follows. Note that for each n, G, has
2n points, n? lines and a unique perfect matching. Let G; = K;. Given
Gn_1 on 2n —2 points, form G, by adding two new points z and y, and
then join z to all points of G,_;, as well as to y.
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It is easy to prove by induction that f(n) < n? and these details are
also left to the reader. ]

5.4, Ear Structure 1-extendable Graphs

In Section 4.1 we saw that ementary bipartite graphs are always
1-extendable and that they can be constructed in a simple way by adding
one “ear” at a time to smaller graphs of the same type. In the present
section we shall see that we can construct general 1-extendable graphs in
a similar way, but unfortunately we cannot always get by with adding a
single ear at each step. To study ear structure in this more general (that
is, non-bipartite) setting, we need to introduce several different versions
of ear decompositions.

Let G be a graph and G’ a subgraph of G. An ear of G relative to
G’ is any path in G having both endpoints — but no interior points — in
G' or a cycle in G having exactly one point in G'. (The cycle, of course,
may be viewed as the degenerate case of the path when the endpoints
of the path coincide.) Ears having distinct endpoints are called open;
otherwise, closed. In this section we shall deal only with open ears and
hence we shall dispense with the word “open” here. (Closed ears will
be encountered in Section 5.5.) Furthermore, all ears considered in this
book will be of odd length. An ear decomposition of G starting with G’
is a representation of G in the form G = G'+ P, + «-- + Pk, where P,
is an ear of G’ + P; relative to G' and P, isanearof G'+ Py +--- + B,
relative to G'+ Py +--- + P,_, for 2<1< k.

Recall that a subgraph G’ of any graph G is called nice if G-V(G’)
has a perfect matching. We begin our study of ear decompositions with
the following result, implicit in the work of Hetyei (1964).

5.4.1. THEOREM. Let G be 1-eztendable and G’ a subgraph of G.
Then G has an ear decomposition starting with G’ if and only of G’ s
a nice subgraph of G.

PROOF. Let G and G’ be as given in the hypothesis and first suppose
that G has an ear decomposition starting with G'. For each ear F;, let
M(P;) denote the set of lines of P; situated at an odd distance from the
endpoints of P; (i.e., take the second, fourth, etc. lines of P, starting at
either end of P;). Then M(P;)uU--- UM(Py) is a perfect matching of
G —V(G') and hence G’ is nice.

Conversely, suppose G’ is a nice subgraph. Let M be a perfect
matching of G —V(G’). If G’ spans G there is nothing to show, so
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suppose G’ does not span G. G is connected so let e be any line joining
V(G') to V(G)~V(G') and let F" be a perfect matching of G containing
e. If P is the connected component of M U F containing e, it must be
a path beginning and ending on G'. So P is an ear of G’ and G’ + P,

< o
~ ~
~N Py P, ~
e
~ ~ //
G' > Py
// \\
d ™~
- ~
- ~
4 =0

FIGURE 5.4.1.

-+

is a nice subgraph of G. Continuing in this manner, we must eventually
reach a first spanning subgraph of G, say G. Then all remaining ears of
E(G) — E(G) are single lines. [ ]

There is a subtle, but important, point to be made here. In the
preceding proof we saw that we can get an ear decomposition of a 1-
extendable graph G, starting with any nice subgraph and adding one ear
at a time. But it is not necessarily true that each of the intermediate
graphs formed between G' and G is also itself 1-extendable. This does
hold for bipartite graphs as we saw in Chapter 4. But consider the simple
non-bipartite example in Figure 5.4.1. Note that although G’ and G'+ P,
are 1-extendable, neither G'+P; + P; nor G'+ P, + P; is 1-extendable. In
other words, to maintain 1-extendability at each stage, we may sometimes
have to add more than one ear in a single step. We will see, however, as
one of the main results of this section (the so-called “T'wo Ear Theorem”,
Theorem 5.4.6), that we can retain 1-extendability at each step by adding
no more than fwo ears at a time. We start with several new definitions.

Again, let G be any graph and G’ any subgraph of G. An ear
system of G relative to G’ is a set of point-disjoint paths of G of odd
length each of which is openly disjoint from G’, but has both endpoints in
G'. Then a sequence of subgraphs of G, (G, G,...,Gy,) is a graded ear
decomposition of G starting with G, if G,, = G, every G; for1=0,...,m

i
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is a nice 1-extendable subgraph of G and for each 7, G, is obtained
from G; by attaching an ear system relative to G;. Note, then, that only
1-extendable graphs can have graded ear decompositions. Integer m + 1
is said to be the length of the decomposition.

Sometimes the following notation for a graded ear decomposition is
instructive:

G=Go+(Pi++P)+FPyn++P)+ - +(P 1+ +P)

where {P;,_,+1,..., P} is the ear system to be added to G_1 to obtain
Gk. We call this ear system the (k+1)** grade of the decomposition of
G. (Gp is then the first grade.)

5.4.2. THEOREM. Everyl-estendable graph G has a graded ear decom-
position starting with any nice 1-extendable subgraph Go.

PROOF. Let G and Gy be as given and suppose G; # G has been
constructed. As in the proof of Theorem 5.4.1, choose any line ¢ joining
V(G;) to V(G)-V(G;), let M be any perfect matching of G—G; and let
F Dbe a perfect matching of G containing e. As before, M UF' consists of
disjoint paths, alternating cycles and duplicated lines. Moreover, there
is at least one path in M U F', namely that containing e. This time add
all such paths to G; to obtain G, 1. The rest follows as before. ]

Let us pause for a few remarks about graded ear decompositions.

Let G’ be a nice 1-extendable subgraph of a 1-extendable graph G.

(1) There is a graded ear decomposition of G in which G’ occurs starting
with any line of G'. This is self-evident for G’ has itself a graded ear
decomposition which we may simply continue to get G. In particular,
every l-extendable graph has a graded ear decomposition starting
with any given line.

(2) Furthermore, if F' is any perfect matching of G — V(G’), then all
ears after G’ can be chosen to be alternating with respect to F'.

(3) If (Go,...,Gpm) is any graded ear decomposition of G where Gy is
a single line, then there is exactly one perfect matching F' in G
such that F'n E(G;) is a perfect matching of G; for every ¢, 0 <
1 < m. Clearly, all ears occurring in this decomposition alternate
with respect to F'. It is reasonable, therefore, to call F' the perfect
matching associated with the given ear decomposition.

(4) Just as in the case of bipartite graphs, the number of ears (but not
grades!) in any ear-decomposition of graph G, starting with a single
line, is always |E(G)|— |V(G)|+ 2 (where the starting line is counted
as the first ear.)
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5.4.3. EXERCISE. Prove that every 1-extendable graph on p > 6 points
contains a nice cycle of length > 6.

Theorem 5.4.2 can be applied to give a simple proof of the following
result due to Little (1974b).

5.4.4. THEOREM. IfG is1-eztendable and ey and ey are any two lines
of G, then ey and e, lie on a nice cycle.

PROOF. We proceed by induction on |E(G)|. First suppose both end-
points of e, are of degree 2. Then replace the path of length 3, having
e2 as its middle line, by a single line e3. The new graph G resulting
from this operation is 1-extendable and has |E(G)| < |E(G)|. So by the
induction hypothesis applied to G, there is a nice cycle in G containing
e1 and ez and this cycle clearly extends to a nice cyele in G.

So assume e; has an endpoint of degree at least 3. Let F; be a perfect
matching in G containing e;. We claim there is a cycle C containing e;
and alternating with respect to F». If e; € F, let e3 be any line adjacent
to e; and Fj a perfect matching containing e3. Then let C be the Fy—F3
alternating cycle containing e;. If e; ¢ F5, let F} be any perfect matching
containing €; and let C' be the F; — F;, alternating cycle containing e;.
This proves the claim.

Now by Remark (1) above, we have a graded ear decomposition of G,
{4}=GoC G, =CCG2C -+ CGm=G. Moreover, by Remark (2), we
may choose this ear decomposition using C' so that every ear alternates
with respect to F,. Now let G; be the first graph in the sequence which
includes e;. Then G; # G, for e; — being in F, — has both endpoints
of degree 2 in G;. But then |E(G,)| < |E(G)| and so by the induction
hypothesis applied to G, there is an alternating cycle in G; (and hence
in G) containing e; and e;. =

A graded ear decomposition (Gg,G1,...,Gm) of G is longest if m
is maximum among all graded ear decompositions of G. Unfortunately,
we do not know how to efficiently find a longest decomposition nor even
to check if a given decomposition is longest! So we shall resort to some
other types of decompositions which are related to this one, but are more
tractable.

A graded ear decomposition (Gy,...,Gy) is non-refinable if given
any Gi;+1 = G;+ P; ++-- + P, in the sequence, the proper subgraph
G;+PF;, +--- + P;, is not l-extendable for any r, 0 < r < k. That is,
there is no proper refinement of the grouping of the ears where each
step remains l-extendable. Figure 5.4.2 shows the essentially unique
non-refinable ear-decomposition of the Petersen graph. Note that in the
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G=Gg+Py+(Py+P3)+ (P, +Pg)+Pg

FIGURE 5.4.2. An ear decomposition of Petersen’s graph

decomposition, stages G; and G4 are one-ear additions, wheres G, and
G3 consist of two-ear additions. (The length of the decomposition is
m+1=5.)

Of course longest decompositions must be non-refinable, but the
converse need not hold. Just consider the two non-refinable ear decom-
positions of the graph in Figure 5.4.3, listed below, which have different
lengths and only the longer of the two turns out to be a longest decompo-
sition. More specifically, it is easy to see that (Go, Gy, G2,G3,G4,Gs =
G) and (Hy,Hi,H2, Hs,Hy = G) are non-refinable decompositions of
different lengths where Go = v1v3, Gi = Go + V2U3V4U5UsU7VgVgV10 V1
Gy =G+ ('U3’U7 + 'Us'Ug), G3 = Gy + v4vg, G4 = G3 + vovg and Gs =
G4 + v vs, whereas Hg = vavs, Hy = Hp + vgUgUr¥304Us5V1 U2, Hy,=H; +
(v7vg + vsvs), Hz = Ha + (v1v10VeVs + vou3) and G = Hy = H3z + v4vq.
This example is due to Naddef and Pulleyblank (1982).

But why on earth should we be interested in finding longest ear
decompositions? For one thing, the longer the graded ear decomposition,
the fewer ears attached at each grade and sometimes, therefore, the easier
it is to follow what happens to certain properties and parameters as
the graph is built up. A more concrete reason is that the number of
grades (including Gg) is always a lower bound on the number of perfect
matchings (since clearly each new grade introduces at least one new
perfect matching). In fact, this bound is sharp! Consider the graph G in
Figure 5.4.4.
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FIGURE 5.4.3.

FIGURE 5.4.4.

If p denotes the number of points in G, the graded ear decomposition
shown is non-refinable and has k+1 = p/2+1 grades. Could there possibly
be another ear decomposition with more than p/2 grades? It is easy to
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see that the number of perfect matchings in this graph is p/2 +1, so the
answer is no! Note that this decomposition has two ears in each grade
except the first two. In view of Theorem 5.4.6 below, it follows that in
any non-refinable ear decomposition of this graph, all grades but the first
two consist of exactly two ears.

Ear decompositions with varying special properties will prove useful
to us in different situations to follow. For instance, in one case we shall
add only one ear whenever possible; in another case we shall try to
accomplish all 2-ear additions as soon as possible; in a third case we shall
add an ear which brings in a new point whenever possible. Such selection
rules turn out to guarantee various nice properties of the resulting ear
decompositions.

At this point let us make a comment which will prove useful sub-
sequently. In some applications of ear decompositions, we will have a
graded ear decomposition (Gy,...,Gy) of some l-extendable graph G
and Ggs1 =G+ P+ + P at the k*" step of this decomposition. We
shall want to decide if the addition of some subset {F; ,..., P, } of this
ear system would also give a 1-extendable graph. Define a new graph
Gii1 = Ge+ ey +-+- e, where for each 7, 1 <7 < s, €; is a new
line connecting the endpoints of ;. (Recall that the P;’s are openly dis-
joint.) Then clearly, as mentioned in Section 5.1, G, is 1-extendable
and G+ P;, +--- + P;_ is 1-extendable if and only if G +e¢;, +--- +e;,
is 1-extendable. So if there is a perfect matching F' of G, ; such that
Fn{ey,...,es} ={ei,..., €.}, then Gy +P; +--+ +P;_is l-extendable.

Recall that &(G) denotes the number of perfect matchings in G.

5.4.5. LEMMA. Let G be elementary and let ey,...,es be lines not in
E(G), but having both endpoints in V(G). Suppose (G +e1+-++ +€5) >
&(G). Then there exist 1 and j, 1 <1< j < k such that &(G +e; + ¢;) >
?(G).

PROOF. It suffices to consider the special case when s = 3. If ¢(G +
e;) > $(G) for some 7, 1 <7< 3 we are done, so suppose (G +¢;) = H(G)
for i =1,2 and 3. Then by Theorem 5.2.2(b), both endpoints of e; belong
to the same class of P(G), for i=1,2 and 3.

We claim, moreover, that no class S € P(G) spans all of e, e; and
e3. For suppose to the contrary that all three lines have their endpoints
in one class S € P(G). By Theorem 5.2.2(d), G—S consists of | S| critical
components. But G—S = (G+e;+e3+€3)~S and hence again by Theorem
5.2.2(d), S € P(G+e,+ ez +e3). Thus e, ez and e3 are forbidden in
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G +e1+ez+e3 and hence (G +e1 +e3 +€e3) = P(G), a contradiction. So
our claim is verified.

Thus we can find a class S € P(G) which spans exactly one of ey,
ez and ez, say ez = zy € G[S]. If &(G + €1 + €3) > ®(G) we are done, so
suppose ¢(G + e; + e3) = P(G). Thus z and y belong to the same class
S;1 € P(G+e1). Similarly, z and y belong to the same class S; € P(G+ey).

Now (G +€1) — S; has |Sy] critical components and hence G — S
has at least |S;| odd components. So def(G — S;) > |S;|. On the other
hand, we always have def(G —S) < def(G) +|S1| = |S;1], so def(G—85;) =
|S1] and hence by Theorem 5.2.2(a), S; lies in a class of P(G). Since
{z,y} € §1nS, it follows that S; C S, since maximal barriers are disjoint
in an elementary graph. Moreover, since G — Sy has at least |S;| odd
components, it must have exactly |S;| odd components since G has a
perfect matching, and so by definition, S is a barrier in G.

Similarly S; € S and S; is a barrier in G.

Next we claim that no line joins S; ~S5 to S2—S; in G. For suppose
such a line e exists. Then e is forbidden in G since it joins two points of
S, but it is allowed in G + e, since it joins a point of S; € P(G +e1) to
a point not in S;. Thus &(G + e;) > ¢(G), a contradiction.

But now we may apply Lemma 5.1.4 to conclude that S; NS5 is a
barrier in G.

Now consider again lines e; and e;. By the choice of S, e; and e;
have no pointsin S. Since S, is a barrier in G, we have, by Theorem 5.1.6,
that ¢(G—S1) = co(G—S1) =|Si1|. On the other hand, since S; € P(G+e;)
we have, by Theorem 5.2.2(d), that ¢(G+e; —S1) = co(G+e1—S1) = |S1].
Thus e; must join two points of the same component of G — S;. Since
S NSy C &, it follows that e; joins two points in the same component
of G — (Sl N Sz)

Similarly, e; joins two points in the same component of G—(S;NS,).
Since S;NS, is a barrier in G we have, by Theorem 5.1.6, that G—(S;NS5)
has |S;Nn.S;| components, all of which are odd. But (G+e; +e2)—(S1NnS3)
has precisely these same components. So S; NS, is also a barrier in
G+ep+es.

But z and y lie in §; N S; and hence must lie in the same mazimal
barrier of G+ e; +e,, that is, in the same class of P(G+e€; +e3). Thus by
Remark 3(b) following Theorem 5.2.2, line e3 = zy is forbidden in graph
(G+e1+e2)+e3. Hence &(G+ ey +e2)=P(G+ e+ €2+ e3) > P(G) and
the case when s =3 is finished. ]

Now our target result follows easily.
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5.4.6. THEOREM. (The Two Ear Theorem). If (Go,G1,...,Gm) 13 @
non-refinable graded ear decomposition of a 1-extendable graph G, then
for each 1, 0 <1 <m, G;41 arises from G; by adding at most two ears.

PROOF. If Giy1=Gi+Pi+---+P,and G, =Gi+e1+- +¢s,
where e; is a new line joining the endpoints of P;, it is then enough to

~i\ WV
P, << Go > Pz‘
NS TN

FIGURE 5.4.5. A non-elementary graph

show, by the comment preceding Lemma 5.4.5, that G;,, has a perfect
matching containing at most two of the lines eyg,...,es. But this follows
from Lemma 5.4.5. [ ]

So Theorem 5.4.2, together with the preceding result, tells us that
every l-extendable graph has a non-refinable graded ear decomposition
starting with an arbitrary line (or equivalently with an even cycle), in
which each grade G, results from the previous G; through the addition
of one or two ears. In the case of a 1-ear addition, the ear must join two
different classes of P(G;), whereas when a 2-ear addition is employed,
one ear joins two points of one class and the other joins two points of a
different class of P(G;).

On the other hand, an arbitrary 2-ear addition to a 1-extendable
graph G does not always result in a new 1-extendable graph G+ P + 5.
In fact, G+ P, +P; may not even be elementary! (See Figure 5.4.5. Note
that G = Gg + P, + P;, where Gy is a 6-cycle and hence clearly a nice
1-extendable subgraph of G. But G is not elementary.)

We now know, on the basis of the Two Ear Theorem, that in con-
structing 1-extendable graphs, one- or two-ear steps will suffice to guar-
antee that the intermediate graphs in the construction will themselves be
1-extendable. But when is a two-ear step necessary? The next lemma will
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help in obtaining our answer to this question as formulated in Theorem
5.4.9 below.

5.4.7. LEMMA. (The Ear Selection Lemma). Suppose G is a 1- ez-
tendable graph. Suppose H s a nice subgraph of G, M 1s a perfect match-
ing of G=V(H) and V(H) =V, UV is a partition of V(H). Suppose also
that there is a path in G — E(H) joining Vi and V,. Then G contains an
ear relative to H which alternates with respect to M and joins Vi and V.

PROOF. We proceed by induction on |E(G)— E(H)|. If there is a line
e ¢ E(H) joining Vi to V2 we are done, so assume there is no such line.
Let M be the given perfect matching in G — V(H). Let f be any line
joining Vi to V(G)—V; —V,. (For example, f may be the first line of
any path in G — E(H) joining V; and V). Let F' be a perfect matching
in G containing line f and let P be the connected component of FF'U M
containing f. Then P is an ear of H with at least one endpoint in Vj
and containing at least one point not in V(H).

If the other endpoint of P is in V5 we are done, so suppose it is in
Vi. Then H' = H + P is a nice subgraph of G. Let V} =V, UV(P). By
the induction hypothesis, H' has an ear ¢ joining V| and V,. But then
Q, together with a suitable subpath of P, forms an ear of H joining V;
and V;. n

In Figure 5.4.6 we illustrate an example of a situation dealt with by
the Ear Selection Lemma 5.4.7. Note that lines in perfect matching M
of G—V(H) are shown in bold face and the “selected ear” (which must
be M-alternating) is indicated by a dotted path.

There is a bipartite analogue of the previous theorem which we
present next. It will prove useful in the proof of Theorem 5.4.11 below.

5.4.8. LEMMA. (The Bipartite Ear Selection Lemma). Assume G =
(U,W) 15 a 1-eztendable bigraph, H is a nice subgraph of G, M a perfect
matching of G =V (H) and V(H) = V1 UV, a partition of V(H). Suppose
also that |Vi nU| > V) nW| and no line of H joins Vy to V,. Then G
contains an ear relative to H which alternates with respect to M and joins
VinU toVonW.

PROOF. This proof is by induction on |V(G) Vi —V,|. U C W,
then any line incident with V, forms an appropriate ear by itself. So
suppose that U ¢ Vi. Since G is elementary, it follows from Theorem
4.1.1 that |[I(VinU)| > |VinU| > |Vi nW| and hence there must be a
line e joining Vi nU to W —Vj.
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Let F be a perfect matching of G containing line e. Then the
connected component P of F UM containing e is an odd path with one
endpoint in V3 nU. If the other endpoint of P lies in Vo, nW, we are
finished. So suppose the other end of P lies in V; n W and consider

FIGURE 5.4.6.

subgraph H'= HUP and the set V| =V, UV(P). Note that H' is again
nice, since M' = M — E(P) is a perfect matching in G — V(H'). Since,
moreover, |V NU| > |V nW|, we may apply the induction hypothesis
to conclude that there is an M'-alternating path @ joining Vi nU to
VanW. But then @, together with an appropriately chosen subpath of
P, if necessary, forms an M-alternating path joining V;nU to VonW.a

Now we proceed to describe when two ears are needed in a single
step in the non-bipartite case.

Let G be a graph and H an elementary subgraph of G. Call H
a splitting subgraph of G if no connected component of G — E(H) has
points in more than one class of P(H); that is, no path of G — E(H)
joins two classes of P(H). The following theorem tells us that in an ear
decomposition of a 1-extendable graph G, we are forced to add two ears
to the subgraph H at hand only if H is splitting in G.

5.4.9. THEOREM. Let G be a 1-extendable graph and H a nice 1-
extendable subgraph of G. Then there 1s a single ear P in G relative to

H, such that H + P 1s 1-eztendable if and only if H is non-splitting.
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PROOF. Suppose first that H is splitting and P is a single ear relative
to H. Then by definition of splitting, P joins points in the same class
of P(G) and then by Theorem 5.2.2(b) and by Remark 1 following it,
H + P is not 1-extendable.

Conversely, suppose H is non-splitting; that is, there is a path in
G — E(H) joining two different classes of P(H). Let V; be one of these
classes and set Vo = V(H)— V. Since H is nice, theie is a perfect
matching M of G —V(H) and, by the Ear Selection Lemma 5.4.7, there
must be an ear P relative to H joining V) and V; which is M-alternating.
Since H is l-extendable, clearly the second, fourth, ... lines of P are
allowed in H + P. On the other hand, since P joins different classes of
P(H), H + P must have a perfect matching, by Theorem 5.2.2(b), which
uses the first, third, ... lines of P. It follows that H+ P is 1-extendable.m

So now we know, in terms of the concept of a splitting subgraph,
how long we may postpone the first two-ear step in the construction of a
general 1-extendable graph.

It is a different matter to ask how soon a 2-ear addition can be made.
We can answer this question for the first 2-ear step and this answer turns
out to have some non-trivial applications.

In particular, suppose we have a non-refinable ear decomposition of
an arbitrary l-extendable graph starting with a line. This starts with
some (at least one) 1-ear addition and all such 1-ear steps keep the result-
ing graph bipartite. The first 2-ear addition, however, results in a non-
bipartite graph. So finding a nice 1-extendable non-bipartite subgraph
with minimum cyclomatic number is equivalent to determining how soon
a 2-ear addition step can occur in a non-refinable ear decomposition. The
following theorem provides an answer.

5.4.10. THEOREM. Every non-bipartite 1-extendable graph G has a
non-refinable graded ear decomposition (Go,G1,G2,Gs,...,Gm = G)
(where Gy is a single line and G1, an even cycle) such that either Ga
or G3 15 a 2-ear addition.

In Figure 5.4.7 we see K4, which has a decomposition in which the
final grade G, results from G, through the addition of twe single lines
as ears. On the other hand, the second graph Rj, the triangular prism,
has no decomposition in which G results from a 2-ear addition, but it
does have one in which G3 arises from G3 via adding two ears.

The two graphs K4 and Rj3 of Figure 5.4.7 are, in a very real sense,
the archetypal instances of the two possible types of behavior described
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in Theorem 5.4.10. We make this precise in the next result, first proved
in Lovasz (1982c) and from which Theorem 5.4.10 follows easily.

5.4.11. THEOREM. Let G be a non-bipartite 1-extendable graph all
of whose nice 1-extendable proper subgraphs are bipartite. Then G 1s
1somorphic to an even subdivision of K4 or of the triangular prism Rj3.

PROOF. The proof proceeds by induction on |V(G)|. Let us first show
that it suffices to consider only 3-line-connected graphs.

Ky R3

FIGURE 5.4.7.

Suppose G contains a point z of degree 2 with incident lines zy and
zz. Shrink path yzz to a single point. The resulting graph G' is trivially
non-bipartite and 1-extendable and hence contains a subgraph H’ with
these same properties, but having only bipartite nice 1-extendable proper
subgraphs. So by the induction hypothesis applied to H’', we see that
G’ contains an even subdivision G; of K4 or R3 as a nice subgraph.
Reinserting path yzz, we see that G itself must contain an even subdivi-
sion of K4 or of R3 as a nice (non-bipartite) subgraph. But then by the
hypothesis of this theorem, G itself must be an even subdivision of K
or R3. So we may as well assume G has no points of degree 2.

Now suppose G has a pair {e, f} of lines such that G —e— f is
disconnected. Since G is 2-connected (because every elementary graph
is), it is clear that G — e — f has precisely two components G; and G,
and e and f each join points in different G;’s. Let e = 225 and f = y1y2
where 71, y1 € V(G1) and z2, y2 € V(G2).

Case 1. Suppose G; and Gy are both even. Then, since G is
non-bipartite, one of G, + 1%, and G2 + oy, is also non-bipartite, say
G1+z1y:. It is easy to see that Gy +1x,y; is 1-extendable and hence must
contain an even subdivision Gl of K4 or R3 as a nice subgraph. If z,y, ¢
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E(Gl) we are done, so suppose z,y; € E(G,). Then, since Ga+ 2y, is 1-
extendable and # K (for G has no points of degree 2), it contains a nice
cycle C through y,. But then G — 1y + 2122 + 112 + (E(C) — 2212)
is again an even subdivision of K4 or Ry contained in G.

Case 2. Suppose G and G; are both odd. Then let G; and
G, denote the graphs obtained from G by contracting G, and Gy,
respectively, to a point. Clearly both G| and G; are 1-extendable and
at least one of them is non-bipartite, say, G;. The argument is then
analogous to that in Case 1.

So we may now assume G is 3-line-connected. Consider any non-
refinable decomposition (Gy,...,G',G). The penultimate graph in this
chain, G’, must be bipartite or else we are finished by induction. Thus
G, being non-bipartite, must arise from G by attaching two ears. But
G has no point of degree two, so these two ears are single lines. Let us
denote them by e; and e;. Then it is clear that e; joins two points of the
same class of the bipartition of G' and e;, two points of the other class.
Moreover, every nice cycle (in fact, every even cycle) in G containing one
of them also must contain the other.

Let C be a nice cycle using e; (and hence e;) and consider a non-
refinable decomposition of G starting with C. As before, it follows that
G arises from a bipartite subgraph G by attaching two single-line ears
f1 and f5, one in each color class of the bipartition of G.

By Little’s Theorem 5.4.4, there is a nice cycle C’ in G containing
e; and fi;. Hence by our remarks above, C’ also contains e; and fs.
Consider now a decomposition of G starting with C’'. Let G be the
penultimate graph of this decomposition to which lines h; and hy are
added to yield G. Notice that the deletion of any of the three pairs
{e1,€2}, {f1,f2} or {h1,h2} from G leaves a bipartite graph.

Applying Theorem 5.4.4 again, let Cp bé a nice cycle in G' =G —
e, — e through both endpoints of e;. The line e;, together with the two
paths of cycle Cy, forms two odd cycles C, and C; in G —e2. Suppose
fi ¢ E(Cp). Then one of C; and C; is odd and contains neither f;
nor fo, contradicting the fact that G — f; — f, is bipartite. So f; (and
similarly f2) are lines of cycle Cy. Let J; and J2 be the two component
paths of Cy — fy — f2. Then ey must join J; to J; or, again, Cp and ¢;
would form an odd cycle in G — f; — fo. Moreover, J; and J, are both
odd paths, since f; and f2 are spanned by different color classes of the
bipartite graph G — f; — fa.

Now J,UJ, is a nice subgraph of bigraph G— f,— f2. Moreover, if the
bipartition of V(G — f1 — f2) is (U, W), we have |V (J1)nU| = [V(J1)nW]|.
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Interchanging the names of U and W if necessary, suppose all the points
of J; lying at an odd distance on J; from the endpoint of e; are in U.
Then by the Bipartite Ear Selection Lemma (Lemma 5.4.8), there is a
path P in G — f1 — f joining J; to J2, whose endpoint on Jj s at an
odd distance on J; from the endpoint of e; on J; and alternating with
respect to some perfect matching M of G —V(Cp). Thus P has odd
length. Moreover, since G — f1 — f2 is bipartite, the endpoints of e; and
P on J; are also an odd distance apart on J;.

FIGURE 5.4.8.

FIGURE 5.4.9.

If the endpoints of e; and P separate each other on cycle Cp, we
have an even subdivision of K 4. (See Figure 5.4.8.). So suppose they do
not. Then line e; and path P, together with appropriate paths of Cy,
form two point-disjoint odd cycles C; and C5. (See Figure 5.4.9.).

Furthermore, since Cg U P is a nice subgraph of G, it follows that
C1UCy is a nice subgraph of G. Interchanging subscripts if necessary,
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we may assume e; € E(C;) for 7 = 1,2, since G — e; — e, is bipartite.
Similarly, we may assume f; and h; € E(C;) for i =1, 2.

Let E;, F; and H; denote the component paths of C, — {e;, f;, h;} so
that E; and e;, F; and f;, as well as H; and h;, are disjoint. (See Figure
5.4.10.)

FIGURE 5.4.10.

Claim 1. No path in G—{ey, ez, fi, f2, h1, ha} joins two points of the
same C; on two different paths among the three E;, F; and H;.

Suppose, to the contrary, that there is a path @ joining E, to Fi,
say. Then @, together with one of the two pieces of C) joining its
endpoints, forms an odd cycle C;. But then odd cycle C| misses at least
one of the pairs {ey, ez}, {f1,f2} or {h1,hs}, a contradiction.

Claim 2. If any path openly disjoint from C; U C; joins C; to Ca,
then it joins Ey to E;, Fy to F; or Hy to Hy. (See Figure 5.4.10 once
more.)

Again, suppose to the contrary that path S joins E; to F., say.
Since G is 3-line-connected, G — {e;, f1} contains a path T joining H; to
(C1UC2uU8)—V(H,) and openly disjoint from the two. The endpoint of
T on (C;UCoUS)—V(H;) cannot lie on SUF; or on Cy, by Claim 1. So
it must lie on E;UH;. Let R; be the path of C; joining the endpoints of
S and T which contains line f;, but not e; nor h,. Let R2 be that path
of C joining endpoints of S and T such that cycle C=RUS URuUT
is odd. Then C misses either both e; and e, or both h; and h,. But
either results in a contradiction.



190 5. GENERAL GRAPHS WITH PERFECT MATCHINGS

Now since C; is odd, at least one of E,, F}, and H; is of even length,
say Fy.

Claim 3. If M is a perfect matching of G —V(C; UC3), then there
exists an M-alternating path P joining a point z; € V(E)) to a point
T € V(E2). Moreover, z; divides E; into two even paths.

To prove this, consider the 1-extendable bipartite graph G —e; —e;
and the two subgraphs G; = E; and G = E;UFy UF,UH; UH,. Let
us name the bipartition (U,W) of G — €; — e in such a way that the
midpoint of E; lies in U. Then of course [V(G1)nU| > |[V(G1)nW]| and,
by the Bipartite Ear Selection Lemma 5.4.8, there is an M-alternating
(odd) path P joining a point 2, in V(G1)NU =V (E1)nU to a point z;
in V(G)nW =Wn(V(E;)UV(F)uV(F2)uV(Hy)uV(H;)). By Claims
1 and 2, P must meet G; in WNV(E,) C E; and the claim is proved.

Now either both F; and H; are of even length or both are of odd
length. But in either case, with at most a slight modification of the
preceding argument, we can find an M-alternating path @ joining a
point y; € V(F1) to a point y; € V(F3), where y; is at an even distance
on F from h;. Similarly, we can find an M -alternating path R joining
a point 2, € V(Hy) to a point z; € V(H3), where 2, is at an even distance
from f, on H;.

By Claim 1 the three paths P, @ and R are mutually point-disjoint.
(See Figure 5.4.11.) Remembering that P, ¢ and R are odd and since
G—e1—e is bipartite, we see that z, y2 and 23 must divide C; into three
odd paths. But then C; U Co UP U ¢ U R must be an even subdivision
of Ry and the proof is complete. ' ]

As promised, the proof of Theorem 5.4.10 follows immediately.

PROOF (of Theorem 5.4.10). Let G be a non-bipartite 1-extendable
graph and among all nice non-bipartite 1-extendable subgraphs of G,
choose one, H, all of whose nice 1-extendable proper subgraphs are
bipartite. Then by Theorem 5.4.11, H is an even subdivision of K4 or Fs.
Moreover, by Theorem 5.4.2, G has a graded ear decomposition starting
with H, (H,Gy,...,Gm = G). So if H = K, is &n even subdivision
of K4, G has a non—reﬁnable graded ear decomposition (Gg,G,G3 =
K4,...,G), where G, = K4 arises from even cycle G; by adding two
ears. If H = Rj is an even subdivision of R3, G admits a non-refinable
graded ear decomposition (Gg, Gy, Gs,G3 = Rs,...,G), where G| is an
even cycle, G, is obtained by adding a single ear to Gy and G3 = R3
arises from G; by adding two ears. [ |
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In the remainder of this section we apply ear decomposition tech-
niques to study properties of minimal elementary graphs. An elementary
graph is minimal elementary if G — e is not elementary for each line
e € E(G).

The following simple property of such graphs was observed by Hetyei
(1964).

5.4.12. EXERCISE. Every minimal elementary graph contains at least
two adjacent points of degree two.

We proceed now to derive an upper bound on the number of lines in
a minimal elementary graph. The proof will not use the full strength of

FIGURE 5.4.11.

the minimal elementary property and we shall formulate our result for a
wider class of graphs.

An elementary graph G is weakly minimal elementary if for each line
e in E(G) either G — e is not elementary or P(G —e) # P(G). Minimal
elementary graphs are clearly weakly minimal, but the converse is not
true. Just consider K4 — e which is not even l-extendable! An infinite
class of 1-extendable counterexamples is also provided by the minimal
bicritical graphs to be studied in Section 5.5. Such a graph G is weakly
minimal elementary. However, G cannot contain any points of degree



192 5. GENERAL GRAPHS WITH PERFECT MATCHINGS

two, being bicritical. But then, in turn, it cannot be minimal elementary
by Exercise 5.4.12.

5.4.13. LEMMA. Let G be elementary, suppose e,...,ex ¢ E(G), but
suppose Ui;lV(ei) C V(G). Let G'= GU{ey,...,ex} and suppose for
each i, |P(G')| > |P(G' —¢;)|. Then |P(G)| <|P(G')| —k.

PROOF. It is enough to show that there exists an 7, 1 < ¢ < k, such
that |P(G + ¢;)| > |P(G)|, since the inequality in the hypothesis of this
lemma then follows by induction.

We know that |P(G)| < |P(G;)| since G; = G +¢;. (See Remark 2
following Theorem 5.2.2.) If |P(G)| < |P(G};)| we are finished, so suppose
|P(G)| = |P(G;)| for each i =1,...,k. But P(G;) is always a refinement
of P(G) for each i (see Remark 3 after Theorem 5.2.2), so we must have
P(G;)= P(G) for each 1.

Let S be one of the classes of partition P(G). Then by Theorem
5.2.2(d), the graph G — S has exactly |S| components and all are factor-
critical. But S is also a class of P(G;) for each i. So G;—S has |S| critical
components. Hence e; cannot join two components of G —S. Since this
holds for each 1, it follows that G’ — S has |S]| critical components. So
S is a class of P(G’'), again by Theorem 5.2.2(d). Hence P(G) = P(G’)
which is a contradiction, since |P(G)| <|P(G’ —e1)| <|P(G'). [

An ear is called improper if it consists of a single line, and otherwise
it is said to be proper. The preceding lemma now helps us prove the
following result.

5.4.14. LEMMA. Let G be a 1-extendable graph and suppose H 15 a
nice 1-extendable, but non-spanning, subgraph of G. Let M be a perfect
matching of G — V(H). Then there exists an ear system {Pi,...,Pn}
relative to H in G, such that H' = H + P, +--- + P, ts 1-eztendable, one
or two of the P;’s are proper and at most |P(H")| —|P(H)| of the P;’s are
improper.

PROOF. First we show that there is an ear system {Pi,..., P} such
that H'=H+ P, +-.- + P, is nice, 1-extendable and at least one of the
P;’s is proper. To see this, let e be any line with exactly one endpoint
in H and let M, be a perfect matching of G containing e. As we saw in
the proof of Theorem 5.4.2, M U M, consists, in general, of paths (one
of which contains e), alternating cycles and duplicated lines. Append all
of the alternating paths (some of which may be single lines) to H and
the resulting graph is not only nice, but 1-eztendable. Moreover, the ear
containing e is proper.
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Now among all such ear systems (that is, those of the form H + P, +
++++ P, which are nice, 1-extendable and at least one P, is proper) select
one {Py,...,P,} which is inclusion-wise minimal. (That is, no proper
subset of {P,..., Py} has the properties that at least one is a proper ear
and if all are attached to H, the resulting graph is nice and 1-extendable.)
Let us denote the resulting graph by H' = H+Py++-- +Ps+ Py 1+ +
Ps.,, where Py,..., P, are proper and Ps.1,...,Ps,, are improper (that
is, single lines). Let e; be the single line of Pj, s+1 < j < s+ 7. We must
show s<2 and r < |P(H')| - |P(H)|.

Let Hy=H + Ps11+ -+ + Ps;». Graph Hy is then an elementary
graph and H' = Hy + P, +--- + P; is 1-extendable.

From H' build a new graph H" by replacing each proper ear relative
to H by a single line. Let us denote these lines, the endpoints of which
may or may not already be adjacent in H, by e,,...e,. Now by Remark
2 at the beginning of Section 5.1, each e; is allowed in H". Also H" is
l-extendable. Hence we must have @(Hy+e;+...+¢5) > @(Hp). But then
by Lemma 5.4.5, there exist ¢, 7, 1 <4, 7 < s such that &(Hy +e¢; +¢;) >
O(Hy). But then (H+e;+ej+esi1+: - +esyr) > P(Hote+e;5) > S(Hp) >
®(H). Thus there is a perfect matching F' of H+e;+e;+e€s:1+++- +e€s4r,
such that F'n {e;,e;} # . Let F'n{e;, ej,€541,...,€s4r} be denoted by
{€,,...,€}. Then Hy = H+ P, +--- P, is trivially 1-extendable and
it contains either one or two proper ears, namely those corresponding to
¢; and e;. By the inclusion-wise minimality of H', we have Hy = H' and
8o s <2.

It remains to show that r < |P(H')|—|P(H)|. For every ¢, s+1<1<
s+r, H'—e; is not elementary by the inclusion-wise minimality used in the
choice of H'. On the other hand, H" —e; is elementary because it has an
elementary spanning subgraph H. So, again by Remark 2 in Section 5.1,
H" —e; will contain at least one e;(1 < j < s) not allowed in H" —e;. But
since this e; was allowed in H", the endpoints of e; lie in different classes
of P(H"), but in the same class of P(H"—e;). This follows from Theorem
5.2.2(b). But since P(H") refines P(H" —e;) by Remark 2 after Theorem
5.2.2, it follows that |P(H"—e;)| < |P(H")|. Now H" —es+1—--- —es+r is
elementary, since it too contains H as an elementary spanning subgraph.
Moreover, P(H" —e;+1—--- —e5 + r) refines P(H). So by Lemma
5.4.13, |P(H")| > |P(H"—€es+1—-++ —es+7)|+7 > |P(H)|+r. But
|P(H')| > |P(H")|, since by Remark 1 after Theorem 5.2.2, the partition
P(H') restricted to V/(H") is just P(H"). The proof of the lemma is thus
complete. [ |
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5.4.15. THEOREM. If G is weakly minimal elementary and contains a
nice cycle of length I, then |E(G)| < 3|V(G)|-1/2+|P(G)| - 2.

PROOF. Consider an ear decomposition for G, say Gi,...,Gm = G,
where G is a nice I-cycle and G4, arises from G; by attaching at least
one proper ear as long as G; is non-spanning, and as few additional ears
as possible. Let G be the first spanning subgraph in this sequence.

First we will show by induction on 7, 0 < j < k, that G, satisfies the
inequality stated in the theorem; that is,

B(G)I < IP(G) ~2+ 2V (Gl - . (5.42)

For 7 =1 the inequality is trivial. Suppose it holds for j and let G,
arise from G; by attaching s proper ears and r improper ears. Then

|E(Gj1)| = |E(G))l +(|E(Gj41)| - |E(G;)])
=EG)l +(IV(Gj+)l - IV(Gj)[ +7 +5)
(by induction hypothesis)

<IP(G) =2+ 2V (Gl - £ +(V(Gya) = IV(G) 47 +9)
(using Lemma 5.4.14)

<IPGH)| -2+ 2V(G) - £+ V(G ) - V(G
+1P(Gi) - 1P(Gy)| +5

(since each proper ear contains at least two new points)

<IPG -2+ V(G ~ £ +1V(Gya)l = IV(Gy)

+|P(Gj+1)l = |P(G)l + g(IV(Gm)I ~[V(G))))

3 14
= |P(Gys)l =2+ 2V (Gl - 5,

as desired.

Next let E(G)—E(Gx) = {ey,...,e:}. Now Gy is a spanning elemen-
tary subgraph of G —e; for each 1 =1,...,t, so G — ¢; is elementary for
1=1,...,t. But then by the definition of weakly minimal elementary, we
must have |P(G —e;)| < |P(G)| for each i. Hence by Lemma 5.4.13, we
have |P(Gi)| < |P(G)| —t. So using inequality (5.4.2), we obtain
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[B(G)] =BG +1
< 1P~ 2+ V(G ~ 5+t
<IPG) -2+ V(G - .

5.4.16. COROLLARY. If G is a minimal bicritical graph with p > 6
points, then |E(G)| < 5(p—2)/2. Moreover, equality holds if and only if G
15 a member of the family M shown in Figure 5.4.12.

PROOF. By Exercise 5.4.3 we know G contains a cycle of length at

FIGURE 5.4.12. The extremal family M

least 6. The inequality now follows from Theorem 5.4.15. The uniqueness
of M is left to the reader. [ |

The same upper bound — 5(p —2)/2 — also follows for the number
of lines in a minimal elementary graph (# K3), but it is never sharp in
this case. The best possible upper bound is not known.

5.5. More about Factor-critical and Bicritical Graphs

All of the results on ear structure of 1-extendable graphs developed
in the earlier sections of this chapter carry over to bicritical graphs of
course. But what can be done along these lines with respect to factor-
critical graphs? Note that while all 1-extendable graphs must be 2-
connected, factor-critical graphs, although necessarily 2-line-connected,
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may have cutpoints. So we must extend our notion of ears to allow the
two endpoints of an ear to coincide. (See the so-called “closed ears”
mentioned — but never used — in Section 5.4.) It is then an easy matter
to obtain an ear decomposition of any factor-critical graph. (See Lovasz
(1972d).)

5.5.1. THEOREM. Every factor-critical graph G can be represented as
Py+P,+--- + P, where Py = K and for each t, P .1 is an odd path having
only its two endpoints in common with Po+- -+ +P; or P 1 ts an odd cycle
with precisely one pownt in common with Py + -+ + P;.

PROOF. lLet Py = v be any point of G and suppd;e v and w are
two other points adjacent to v. Now G — v has a perfect matching M,
and G —u, a perfect matching M,. There must then be an M, — M,
alternating path P in G joining u and v and its length is necessarily even.
Take odd cycle P, = P +wuv as our first ear. Let us agree to call M, our
“reference matching”. If P+uv spans V(G) we simply add all remaining
lines of G one at a time as single-line ears. Clearly each intermediate
graph in the sequence is factor-critical.

So suppose P; = P+ uv does not span V(G). Then there must be a
line ab in G having exactly one endpoint — say a — on ear P;. Let M,
be a perfect matching of G —b. Then there is an M, — M, alternating
path @ joining b and v. Traverse ¢ from b to the first point of P;
encountered which we will call ¢c. Then define P, = Q[b,c] + ab to be
our second ear. We simply continue this procedure, keeping M, as our
reference matching throughout, until all lines of G belong to an ear. m

Simple enough. Too simple, in fact, to help us very much! However,
if we refine our techniques a bit, we can obtain a better “ear theorem”
which, in fact, will help provide s with a lower bound for the number
of near-perfect matchings for factor-critical graphs. By Lemma 5.5.1 we
may concentrate on 2-connected factor-critical graphs. We now show
that any such graph has an ear decomposition where each ear added is
open. Let us call such a decomposition an open ear decomposition.

5.5.2. THEOREM. Let G be any 2-connected factor-critical graph.
Then G can be decomposed as Py + P, + -+ + P, where Py = K, P, 1is
an odd cycle and P; is an open odd path for all . Hence G;=FPy+---+F;
18 a 2-connected factor-critical graph for1=1,...,r.

PROOF. Consider the ear decompositions for G guaranteed to exist
by Theorem 5.5.1. Among all such, choose one in which Ps,,...P; are
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all open and 7 is maximum with respect to this property. As usual, we
denote Py +--- + P; by G;.

Now G; is a block, but G;,; is not, and since G itself is a block,
there is a 7 such that j is the maximum ! such that G; is a block of
Gi. Now consider ear P;,;. We know it is open by the maximality of 7,
so let us consider the several cases corresponding to where its endpoints
may lie.

Case 1. Both endpoints of P, lie in G;. Then

Pot+ - +P+P g +Pa+- +P+Po+- + P

is a valid ear decomposition for G in which the first ¢ + 2 ears are open,
contradicting the maximality of <.

FIGURE 5.5.1.

Case 2. Ear P, has one endpoint y in G; and the other endpoint
z on an ear Pk, for some k > 0. (So 2 ¢ V(G;)). Now P;,; joins a
block H at u (H # G;) to a point y € V(G;) — V(H). (See Figure 5.5.1.)
Note that y # u by the maximality of j.

Moreover, H is factor-critical, so let F, (respectively, F,) be a
perfect matching of H —u (respectively, H - z). Then u and z are joined
by an F, UF, alternating path Q. But if welet G}, =Py +--- + P; +
(Pj+1 + @), then graph G, can be completed to an ear decomposition
of G (since its complement contains a perfect matching of G). But this
contradicts the maximality of ¢, since ¢ + FP;; is an open ear.
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Case 3. Suppose there are two different blocks H, H' attached to G;
at points u,u’ (u # u') and P, joins points y and y', y € V(H)-V(G;),
y' €V(H')-V(Gi), y #u, and y' #u’. (See Figure 5.5.2.)

FIGURE 5.5.2.

Now H and H' are both factor-critical, so let F,, F\,, Fyy and Fy
be perfect matchings of H —u, H' —u', H —y and H' —y' respectively.
Then there is an F, U F, (respectively, F, U Fy) alternating path in
H (respectively, H') joining u and y (respectively, u’ and y’); call it @
(respectively, Q). Then @+ Pj;1 + Q' is an open odd path. But then
Po+-++ +P,+(Q+ Pj;+1+Q’) can be completed to an ear decomposition
of GG, again contradicting the maximality of 7. n

Let us note in passing that ear decompositions of factor-critical
graphs, be they open or not, are certainly not unique in general. However,
the number of ears r in any such decomposition is invariant and, in fact,
we always have r = |E(G)| - |V (G)|. Moreover, life is simpler here than it
was for bicritical graphs (see Section 5.4) in that we can build up graph G
one ear at a time, while preserving 2-connectedness and factor-criticality
at each step.

Several other observations are in order here as well. Recall that a
subgraph H of any graph G is said to be nice if G — V(H) has a per-
fect matching. Now if factor-critical graph G has an ear decomposition
Py+ .-+ + P, then for each ¢, 0 <1 <7, Py+--+ + P; is nice. This is
immediate by observing that each ear P;, be it open or closed, contains a
matching which covers all of its points except the endpoint, or endpoints.
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Conversely, any ear decomposition of a nice factor-critical subgraph ex-
tends to an ear decomposition of G.

Now let us return to the problem of finding a lower bound for the
number of near-perfect matchings in a factor-critical graph G. We will
now show that if G is any 2-connected factor-critical graph, then G
always has at least |E(G)| near-perfect matchings. This result is due to
Pulleyblank (1973) who, in fact, proved that such a graph has |E(G)|
near-perfect matchings whose incidence vectors are linearly independent
over . We postpone the proof of this stronger fact until Chapter 7,
because there its significance will be clear and its proof will be quite
straightforward. However, the elementary proof of the following result
can be refined to yield the linear independence. (See Exercise 5.5.4.)

5.5.3. THEOREM. FEvery 2-connected factor-critical graph G contains
|E(G)| near-perfect matchings.

PROOF. From the ear structure result for 2-connected factor-critical
graphs (Theorem 5.5.2), we can write G =Py +--- + P,, where r >0, P,
is an odd cycle and each ear P;1; is an open path of odd length joining
two different points of Py +--- + P;.

We proceed by induction on 7, the number of ears. If r = 0 the result
is clear. So suppose that the conclusion holds true for 1 > 0 and let G be a
2-connected factor-critical graph with ear decomposition Py +--+ + P, ;.
Let G, = Py+--+ + P;. Further, suppose that P;.; = zu;---u;_y for [
odd and ! > 3, or P;y1 = zy (that is, [ =1).

If F is any near-perfect matching of G;, then

F'=sFuU{ujug,...,u2u;—1}

is a near-perfect matching of G. So by the induction hypothesis we find
|E(G;)| = |E(G)| = near-perfect matchings in G.

If F,, is a perfect matching of G—u;, j=1,...,l—1, we obtain /-1
further near-perfect matchings of G.

We now construct yet another near-perfect matching in G different
from all the F’s and F,;’s formed above. In particular, it will cover
points z and y using lines of ear P, ;. Let F; be any perfect matching
of G, —r. Matching F, must cover y with a line yz € E(G;). Then
Fo = (Fr — {yz})u{zu1,uzus,...,u—1y} is a matching which is perfect
in G — z and hence near-perfect in G. [ |

5.5.4. EXERCISE. Prove that the incidence vectors of the near-perfect
matchings constructed above are linearly independent over R.
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A different proof of this result will follow from Theorem 7.3.1. (See
Exercise 7.3.2.) In fact, factor-critical graphs will play an important role
in that section.

Next we turn our attention to factor-critical and bicritical graphs
which are minimal with respect to line deletion. This approach has
proved quite successful for elementary and positive surplus graphs. The-
orem 4.2.11 tells us that it can be decided algorithmically whether a given
graph is a subgraph of a minimal elementary bipartite graph. While
no analogous result is known for minimal bicritical graphs, several ex-
cluded subgraphs for these graphs are known. (See Lovész and Plummer
(1975a).) Here we only treat one such class in detail to illustrate the
techniques. Yet another excluded subgraph is treated in Exercise 5.5.10.
Similar questions for minimal factor-critical graphs will be considered in
Exercises 5.5.12 through 5.5.19.

5.5.5. LEMMA. If G is minimal bicritical and z 1s any line in G, then
there is a set Sy C V(G) such that G — Sy — = has |S;| odd components
and line x must join two of these components.

PROOF. By minimality, G — z is not bicritical and hence by Theorem
5.2.5, G — z contains a set S; C V(G — z) such that |S;| > 2 and
co(G —z— S;) > |Sz| — 1. Since |Sz| and ¢o(G — z — S;) have the same
parity this implies that ¢o(G—z—S;) > |Sz|. But also by Theorem 5.2.5,
we have ¢o(G — S;) < |Sz| — 2 and hence it follows that x must join two
odd components of G — S,. ]

There are several useful observations related to this theorem which
deserve to be mentioned. If z is any line in a minimal bicritical graph
G, there is a set of points S such that

(1) any cycle through z meets S;;

(2) if uw and v are points of S;, then every perfect matching of
G —u— v contains z;

(3) any perfect matching of G — z contains exactly one line joining
each odd component of G— S, —z to S, and no line joining the even
components (if any) of G—S; —z to S;.

We shall need the next several results for our march toward excluded
subgraphs.

5.5.6. COROLLARY. If G s minimal bicritical and contains the sub-
graph shown in Figure 5.5.3, then every perfect matching of G —a —d
contains line bc.
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PROOF. Let z =bc. Then by the above theorem, G — = has a set S,
such that G — S; — z has |S;| odd components. But then by remark (1)
above, points a and d lie in S;, and so by remark (2) above, every perfect
matching of G —a — d contains line z. [ |

The proof of the next corollary is left to the reader.

5.5.7. COROLLARY. LetG' beasubgraph of a minimal bicritical graph'
G and let z be a line of G'. Suppose for any set S’ C V(G') which separates

FIGURE 5.5.3.

the endpoints of z, G' — S’ — = has less than |S'| odd components. Then
no perfect matching of G' — x extends to a perfect matching of G. ]

5.5.8. LEMMA. If G 1s a minimal bicritical graph and contains the
configuration of Figure 5.5.4, then every perfect matching of G containing
ae also contains bc.

PROOF. Suppose F is a perfect matching of G which contains ae, but
not bc. Consider G—b—d. By Corollary 5.5.6, there is a perfect matching
F' of G—b—d which contains ce. But then there is an alternating F'UF"
path P joining b and d.

Suppose P does not contain path aec. Then aec lies on an alternat-
ing FUF' cycle. But then we may simply interchange lines on this cycle
to get a new perfect matching F'"' of G —b—d which does not contain ce,
contradicting Corollary 5.5.6.

Thus we may suppose P contains path aec. In this case traverse
P starting at b. Denote the configuration of Figure 5.5.4 by H and let
HUP = G'. Note that F contains a perfect matching of G’ which extends



202 5. GENERAL GRAPHS WITH PERFECT MATCHINGS

to G. Also note that if z = be or if z = bc, then with this choice of G’
and z, the conclusion of Corollary 5.5.7 does not hold.

First suppose in our traversal of P, that a is encountered before c.
Then let P, = Pb,a], P, = Plc,d], and let z = be. On the other hand,
let S’ be any subset of V(G') which separates & and e, the endpoints of
z. So S’ contains a and c together with k; other points of F;, k; > 0,
? =1,2. Obviously, if m is the number of odd components of G'— 8" — 1z,
then m < ky+ko < |S'| = ky+k2+2. Thus Corollary 5.5.7 is contradicted.

W/ d
e

FIGURE 5.5.4.

Now suppose ¢ is encountered before a. Let z=bc. Again let S’ be
any subset of G’ separating b and ¢, the endpoints of line z. Then e € S’
and in addition, at least k > 2 points of the odd cycle G’ — e — z belong
to S'. So S’ separates G’ ~ z into no more than k — 1 odd components,
but |S’| = k+1. Hence the hypothesis of Corollary 5.5.7 is again satisfied
and again the corollary is contradicted. ]

Recall that a graph G is called a wheel if G consists of a cycle (called
the rim) every point of which is joined to a single common point {called
the hub) by a line (called a spoke). It is easy to check that any wheel on
an even number of points is minimal bicritical. On the other hand, the
reader may find the following result somewhat surprising!

5.5.9. THEOREM. If G is minimal bicritical and is not a wheel, then
G contains no wheel as a subgraph.

PROOF. Suppose G properly contains a wheel subgraph W. Let F be
a perfect matching of G containing a spoke of W.

First let us suppose that W has an even number of points on its
rim (and hence at least 4 such). Label W as in Figure 5.5.5 below and
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suppose the spoke in Fj is ab. Then by Lemma 5.5.8, line c¢d € Fy. Form
a new perfect matching of G, F' = Fy —ab—cd +bc +ad. Then again by
Lemma 5.5.8, the rim line of W at e, other than de, is in F' and hence in
Fy. Continuing in this way, we obtain the result that every second rim
line of W is in Fy, a contradiction since Fy contains a spoke.

FIGURE 5.5.5.

Now suppose W contains an odd number of points on its rim, hence
at least 3. Again let its hub be a. Since G # W, there is a line z = bv,
say, with b € V(W), but v ¢ V(W). Moreover, if all such lines left W at
hub @, G would have a cutpoint at a, a contradiction. So we may assume
b is on the rim of W. Now let F' be a perfect matching of G containing
z. Let F' be any perfect matching of G containing a spoke of W. By the
argument in the preceding paragraph of this proof, ¥ contains a perfect
matching of W. Thus we have

(*) If F is a perfect matching of G containing a spoke of W, then F'
contains a perfect matching of W.

Now F" = Fy— E(W) is a perfect matching of G—W, so there is an
alternating F'UF" path P starting with line z which must return to W
at some point r. If r is on the rim of W, let F'' be a perfect matching of
W —r—b. But then F""UF" — E(P)u(F'nE(P)) is a perfect matching of
G which contains a spoke of W, but does not contain a perfect matching
of W. This contradicts statement (*) above.

Finally, suppose r = a, the hub of the wheel. Then P, acb, and awb
are, respectively, one odd and two even paths joining the endpoints of
line ¢ = ab. Let F' be a perfect matching of W containing ac (and so
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also de) and let Fy = FUF". Also let G' = P+awb+acb+ab. Then this
G', z and perfect matching F; contradict Corollary 5.5.7, completing the
proof of the theorem. n

5.5.10. EXERCISE. If G is minimal bicritical, then G does not contain
K3 3 as a subgraph. (Hint: Suppose, to the contrary, that G does contain
a K3 3 and that line z is a line of the K5 3. Let z be as in Lemma 5.5.5.)

Now let us “switch gears” and return to the study of minimal factor-
critical graphs.

Recal]l that in contrast to bicritical graphs, factor-critical graphs
may have cutpoints. However, we saw earlier that we may reduce many
questions regarding factor-critical graphs to the 2-connected case. The
same is true for mimimal factor-critical graphs.

5.5.11. EXERCISE. A graph is minimal factor-critical if and only if
each of its blocks is minimal factor-critical.

We have seen that factor-critical graphs have an ear decomposition
theory quite analogous to that of elementary bipartite graphs. This
technique can be applied to the study of minimal factor-critical graphs as
well and the results obtained are quite analogous to the results concerning
minimal elementary bipartite graphs. Therefore we shall only state these
results, relegating the proofs to exercises for the reader. Note, however,
that the analogy with elementary graphs is not complete, for see Exercise
5.5.19.

5.5.12. EXERCISE. Every nice factor-critical subgraph of a minimal
factor-critical graph is also minimal factor-critical.

5.5.13. EXERCISE. In every ear decomposition of a minimal factor-
critical graph all ears are proper.

5.5.14. EXERCISE. Show that in a minimal factor-critical graph no
nice cycle has a chord. Give an example of a minimal factor-critical
graph G in which a (non-nice) cycle does have a chord.

5.5.15. EXERCISE. A minimal factor-critical graph cannot contain a
cycle on 4 points.

5.5.16. EXERCISE. If a minimal factor-critical graph G contains a
K3, then this K3 must be a block of G.
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The reader is invited to show by example that a minimal factor-
critical graph may indeed contain a cycle of any length greater than 4.

1t is easy to find a minimal bicritical graph containing 3-cycles and
4-cycles. Two simple examples are K4 and R, the triangular prism, the
two “basis graphs” of Theorem 5.4.11. On the other hand, we have the
following result.

5.5.17. EXERCISE. If H isan excluded subgraph in all minimal biecriti-
cal graphs, it is also excluded in all minimal factor-critical graphs.

Now clearly any graph, all the blocks of which are K3’s, is minimal
factor-critical. (Recall that no factor-critical graph can contain a cutline.)
These graphs all have (3p—3)/2 lines, where p is the number of points, and
the next result shows that they are the densest minimal factor-critical
graphs of all.

5.5.18. EXERCISE. If G is minimal factor-critical then ¢ < 3(p — 1)
and equality holds if and only if G is a connected graph each block of
which is a K3.

The next result should be contrasted with Little’s result, Theorem
5.4.4,

5.5.19. EXERCISE. Produce a 2-connected minimal factor-critical
graph G containing two lines e and ¢’ which do not lie on a nice cycle.

Several interesting families of factor-critical and bicritical graphs
have been discovered and studied. We call a graph G a Halin graph
if G can be drawn in the plane as a tree, with all non-endpoints having
minimum degree 3, together with a cycle C passing through the endpoints
of T. The proof of part (b) of the next theorem may be found in Lovész
and Plummer (1975b).

5.5.20. THEOREM. Let G be a Halin graph on p points. Then
(a) if p 15 odd, G 13 factor-critical, while
(b) if p 15 even, G 1is minimal bicritical. [ ]

For further study of the matching structure of even Halin graphs see
Pulleyblank (1980).

Recall that a graph G is said to be cyclically k-line-connected if G
cannot be separated into two components, each containing a cycle, by
the deletion of fewer than k lines. The proof of the next result is a
straightforward application of Tutte’s Theorem.
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5.5.21. EXERCISE. If, for some k > 3, G is k-regular, cyclically k+1-
line-connected and has an even number of points, then G is bicritical or
elementary bipartite.

The final two main results of this chapter serve, we think, to further
highlight the fundamental nature of the building block graphs studied
in Chapters 3, 4 and 5; that is to say, the elementary bipartite, factor-
critical and bicritical graphs. In particular, we will discuss 2-extendable
graphs and point-transitive graphs.

A natural extension of the concept of 1-extendable graphs, which
were studied extensively in Section 5.4, is the notion of an n-extendable
graph, for n > 1. Let us define a graph G to be n-extendable (n > 1)
if it is connected, has a set of n independent lines and every set of n
independent lines extends to a perfect matching. (See Plummer (1980).)

It is a trifle vexing that there are graphs which are n-extendable,
but not (n — 1)-extendable. For n > 2, a trivial example is the path of
length 2 — 1. Here of course |V(G)| = 2n. However, we do have the
following.

5.5.22. LEMMA. Letp and n be integers with n > 2, p even and p >
2n+2. Let G be a graph with p points. Then if G is n-extendable, it 15
also (n—1)-extendable.

PROOF. Suppose n,p and G satisfy the hypotheses of the lemma, but
suppose G is not (n—1)-extendable. In particular, let X be a set of n—1
independent lines which do not extend to a perfect matching and let M
be any perfect matching of G. Then M & X consists of some number of
even cycles together with at least two alternating paths, each of which
has both its first and last lines in M. Let P be the line set of one such
path. Then P® X is a set of n independent lines which can be extended
to a perfect matching. Moreover, this perfect matching will contain at
least one line e not in P®X, since [P&X|=n and p >2n+2. But then
X Ue is a set of n independent lines which extends to a perfect matching
containing X, a contradiction. [ ]

The class of 2-extendable graphs partitions nicely into two of our
building block.families mentioned above.

5.5.23. THEOREM. LetG be 2-extendable and have p > 6 points. Then
G 15 either bicritical or elementary bipartite.

PROOF. Graph G is elementary by Lemma 5.5.22. Suppose it is not
bicritical. Then by Theorem 5.2.5, there is a set S C V(G), such that
IS > 2, |S| < co(G —S)+1 and hence by parity, |S| < ¢o(G — S). But
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G contains a perfect matching and hence by Tutte’s Theorem, |S| =
co(G — S). It is then clear that every perfect matching of G matches a
point of S to a different odd component of G — S. But since G has no
forbidden lines, S is independent and G — S has no even components.

It remains only to show that each component of G—S is a singleton.
Suppose, to the contrary, that G has an odd component N having at
least three points. Again, since G is 2-connected, there must be two
independent lines z" and y' joining N to S. Since G is 2-extendable,
{z',y'} extends to a perfect matching M’ of G. (Actually, by parity, M’
must contain at least three lines joining N to S.) But each of the other
|S| —1 odd components must have a line of M’ joining it to a point of
S. Hence M’ contains at least 3+ ¢o(G—S)—1=3+|S|-1=|S|+2
lines incident with S, a contradiction.

Thus G is bipartite with bipartition (S,T) where |S| = |T. |

Finally we turn to the family of point-transitive graphs. These
graphs have been the object of considerable study in graph theory. For
a general survey of this work we refer the reader to Biggs (1974) and the
bibliography therein.

We call a graph G point-transitive (respectively, line-transitive) if it
has a point-transitive (respectively, line-transitive) automorphism group.
(Note that neither type of transitivity implies the other.) Recall that, by
Exercise 3.2.5, a connected point-transitive graph is either factor-critical
or has a perfect matching. The next theorem improves this result.

5.5.24. THEOREM. If G is connected, has p points and is point-
transitive, then

(a) if p 1s odd, G 1is factor-critical, while

(b) #f p 1s even, G is either elementary bipartite or bicritical.

We shall need some preliminary results before proving this theorem.
Let G be any k-line-connected graph and let X C V(G). Recall that we
denote by V(X) the set of all lines of G having exactly one endpoint in
X. (V(X) is frequently called either the coeyele of X or the coboundary
of X.) Also recall that a set of lines S in G is a minimum line cut if
there is a set of points X (@ # X # V(G)) such that S = V(X) and
|V(X)| = k. Let us denote by r(X,Y") the number of lines of G joining
point sets X —Y and Y — X.

5.5.25. LEMMA. If V(X) and V(Y) are minimum line cuts in a graph
G, XnY #0 and X UY #V(G), then V(X NY) and V(X UY') are also

minimum line cuts and (X ,Y ) =0.
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Ky

FIGURE 5.5.6.

PROOF. Simply by counting lines it is immediate that |[V(X UY)| +
V(X nY)|=|V(X)|+|V(Y)|-2r(X,Y). Now since I # XnY C XUY #
V(G), both V(X NnY) and V(X UY) are line cuts. Thus by minimality,
if |V(X)|=|V(Y)| =k, we have:

2% < |V(X UY)|+ V(X NY)| = |V(¥)| + V()| - 2r(X,Y) < 2k.

Hence equality holds throughout and the lemma follows. [ |

Now suppose v is a point of degree r in a graph G. If G' is the
graph arising from G by replacing point v with a complete r-graph (as is
illustrated in Figure 5.5.6), we shall say G’ arises from G by an r-clique
insertion at v. Of course if G is regular of degree 7, then after any number
of r-clique insertions the resulting larger graph will also be r-regular.

This construction is needed in the next lemma. The proof of r-line-
connectivity was first obtained by Mader (1971).

5.5.26. LEMMA. Let G be a simple, connected, point-transitive 7-
regqular graph with r > 3. Then G 1s r-line-connected and either
(a) every minimum line cut of G 1s the star of a point, or
(b) G arises from a (not necessarily simple) point- and line-transitive
r-regular graph Gg by an r-clique insertion at each point of Gy.
Moreover, every minimum line cut of G s the star of a point of G or
© a mintmum line cut of Gy.
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PROOF. Let Aut(G) denote the automorphism group of G. Suppose
X CV(G), D# X #V(G), |V(X)| =k is minimum over all line cuts and
moreover, [X | is minimum with respect to all these properties.

Claim 1. For every automorphism « in Aut(G), o(X) = X or
aX)nX =2.

Suppose a(X)NX # &. Then by the minimality of |X|, |X| =
1a(X)| < p/2, 50 |a(X) UX| = |a(X)] + |X| - [a(X) N X]| < p/2 +p/2 -
la(X)NnX| < p. Thus o(X)u X # V(G). Moreover, since ¢ is an
automorphism, |V(a(X))| = |V(X)| = k and thus a(X) is a minimum
line cut. Thus by Lemma 5.5.25, [V(a(X )N X)| = k; that is, (X )N X
is a minimum line cut. Hence by minimality of | X|, a(X)NX = X; that
is, X = a(X) and Claim 1 is proved.

Now suppose z € X and |V({z})n V(X)| = s; that is, suppose z is
adjacent to s points not in X and thus to r — s points in X. Since
G is point-transitive we may assume s > 0. Choose ¥y € X and «
in Aut(G) such that ofz) = y. Then o(X) = X by Claim 1, and so
|[V({y}) nV(X)| = s; that is, every point of X is adjacent to s points
of V(G)—-X. Thus |V(X)] >s-{X]| > s(r—s+1) >r. Now recalling
that |V(X)| = k was chosen to be minimum over all line cuts and that
G is r-regular, it follows immediately that k = r; that is, G has line
connectivity r.

Suppose next that there is a set X C V(G) with 1 < |X| < p/2 such
that [V(X)| = r. Let Xp be a minimal such X. Note that G[Xy] is
connected by the r-line-connectivity of G.

Claim 2. If o € Aut(G), then a(Xg) =Xy or a(Xo)NXe=.

Suppose, on the contrary, that a(X,) # Xo and o(Xo) N Xo # .
As in Claim 1, we have |a(X() U Xo| = |a(Xo)| + | Xo| — | Xo) N Xo| <
p/2+p/2 —|a(Xo) 0 Xo| < p, 50 a(Xp)U Xp # V(G) and so by Lemma
5.5.25, V(a(Xo) N Xop) and V(a(Xp)U Xo) are minimum line cuts and
q(Xo, o(X0)) = 0. Moreover, |a(X)NXo| < | Xo| and so by the minimality
of X, |a(Xo)NnXp|=1.

To see that a(Xo) — X, also determines a minimum line cut, we
proceed as follows. We know that |[Xp| > 1 and hence |a(Xp)| > 1,
so o(Xp) — Xo and Xy — a(Xg) are both non-empty. Hence by Lemma
5.5.25, the set (V(G)—Xo)Nna(Xo) = a(Xp)—Xo does indeed determine a
minimum line cut. But again by minimality, |a(Xg)—Xo| =1. So | X,| =
2. But G[Xj] is connected and is thus a line. On the one hand then,
since G is r-regular, [V(Xp)| = 2r — 2 and on the other, by hypothesis,
|V(Xop)| =r. So we obtain 2r—2 =r or r = 2, contrary to one of the
hypotheses of this lemma, and Claim 2 is proved.
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Claim 3. G[Xo] = K.. Let z be any point of X such that z is
adjacent to some s (s > 0) points of V(G) — X. Choose any y € X and
any o in Aut(G) such that a(z) = y. Then a(Xp) = Xp, by Claim 2, and
s0 y too is adjacent to s points of V(G)— Xg. So |V(Xo)| = s |Xo| >
s(r —s+1) > r. But recall Xy was chosen so that |V(Xy)| = r. Hence
equality holds here and, since |X| > 1, it follows that s =1 and |X,| =r.
Since G is r-regular the Claim follows.

Now let Xp,Xi,...,X: be the images of Xy under Aut(G). By
point-transitivity, XouU--+ UX; = V(G) and by Claim 2, point sets
Xog,..., Xt are disjoint. Thus every automorphism of G permutes the
X.L"S, 1= 1,...,t.

For 7 = 0,...,t shrink each X; to a single point v; and call the
resulting graph Ggo. Clearly Go has a point-transitive automorphism
group. To see that Aut(Gy) is also lzne-transitive, let uv and zy be lines
in Gg. Let o and TF be corresponding lines of G and suppose 7 € X,
and Z € X;. Choose o in Aut(G) such that o(%) =Z. Then, of course,
a(X;) = X;. We must show that if 7€ X, 7 € X) and o(7) € X, that
[ =m. But if | # m, then T is adjacent to two points, ¥ and «(7), not
in X; and hence T has degree r —2 in X, contradicting the fact that
G[Xj] is the clique K,. So | = m and thus o(X;) = X;. But then a
induces an automorphism ag of G such that ag(uv) = zy and hence Gy
is line-transitive as claimed.

Finally, let V(Y') be a minimal line cut in ¢G. By symmetry we may
suppose that |Y| < p/2. Suppose also that |Y| > 1. We want to show
that Y is the union of some of the X;’s in {Xj,...,X;}. Suppose not.
Then there is an X; such that Y nX; # & and (V(G)-Y)n X, # J.
Clearly |X;| < p/2 and so Y UX, # V(G). But then by Lemma 5.5.25,
X;nY has |V(X;nY)| =r and by the minimality of Xy, |[Y nX;| = 1.
Then, however, (V(G) -Y)U X, # V(G) and again by Lemma 5.5.25,
[V(V(G)-Y)n X;)| = r, and again by the minimality of Xy, we have
(V(G)-Y)nX,]=1. So r =|X;| =2, a contradiction. This completes
the proof of Lemma 5.5.26. [ ]

We are now prepared to prove Theorem 5.5.24.

PROOF (of Theorem 5.5.24). First note that if p=|V(G)| is odd then
G is critical by the Gallai-Edmonds Theorem and transitivity. So we
may suppose p to be even.

Since G is connected, it must be r-regular for some r > 2. If r = 2,
G is an even cycle and hence trivially elementary bipartite. So let us
assume that G is regular of degree r > 3.
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Choose any set of points X, & # X C V(G) with |X| < p/2. We
will show that either |X| =p/2, {X,V(G)—~X} is a bipartition and G is
elementary bipartite, or ¢o(G — X) < |X|. If this second case occurs for
all X, graph G is bicritical.

Choose any set of points X, & # X C V(G) and suppose ¢(G - X) >
|X|. Let these components be Gy,...,Gg, where k > |X|. Graph G is
r-line-connected by Lemma 5.5.26, so there are at least kr lines with one
endpoint in Uf=1 G; and the other in X. On the other hand, since G is
r-regular these same lines are no more than 7 -|X| in number. Hence we
may conclude that |X| =k, X is an independent set and each V(G,) is
a minimum cut for z =1,...,k. i

If every G, is a singleton, then {X,V(G)— X} is a bipartition and
G is elementary as well, by the regularity assumption. So suppose some
G; is not a singleton. Thus again by Lemma 5.5.26, G must arise from
Gy by r-clique insertions at each point of Gg. Suppose v € X and let K,
be the r-clique containing v. Then since X is independent, K,nX = {v}
and hence K, —v C G, for some . But V(G;) is a minimum cut which
is not the star of a point, so it corresponds to a minimum cut of G¢ and
hence is an independent set of lines. But this contradicts the fact that
V(G;) contains the r—1 mutually adjacent lines of K, incident with v.m

5.5.27. EXERCISE. (a) Find a graph which is 2-extendable, but not
point-transitive.

(b) Find a point-transitive graph (with an even number of points)
which is not 2-extendable. ’
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Some Graph-theoretical Problems Related to Matchings

6.0. Introduction

In this chapter we begin by discussing an important analogue of
the matching problem, the so-called 2-matching problem. It has much
in common with the matching problem, particularly from the point of
view of linear programming (which will be taken up in Chapter 7). On
the other hand, the 2-matching problem turns out to be much simpler
than the matching problem in many respects; in fact, it is more or less
equivalent to the bipartite matching problem, as will be shown by some of
the proofs to follow. It deserves to be treated here for several reasons. (1)
It may be viewed as a relaxation of the general matching problem, and
some non-trivial connections between the two may be exploited in the
solution of the matching problem. (2) It may be viewed as a relaxation
of the minimum point cover problem, which is an NP-complete problem,
and 2-matchings play an important role in some investigations into the
point packing problem as well. (This will be briefly discussed in Chapter
12.) (3) It may also be viewed as a relaxation of the Hamilton cycle
problem.

Some interesting results toward bridging the gap between the 2-
matching and Hamilton cycle problems are discussed in Section 4. Then
after treating the famous Chinese Postman Problem, we venture further
afield to discuss some of the more distant relatives on the family tree of
matching. These include various problems involving optimality of paths,
cycles, joins and cuts.

6.1. 2-matchings and 2-covers

A 2-matching of a graph G is an assignment of weights 0, 1 or 2 to
the lines of G such that the sum of weights of lines incident with any
given point is at most 2.

We shall sometimes say that those lines of weight 1 or 2 “lie in the
2-matching”, whereas the lines of weight 0 do not. The sum of weights
in a 2-matching w will be called the size of w and will be denoted by |w|.
The maximum size of a 2-matching in G will be denoted by v,(G).
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FIGURE 6.1.1. A basic and a non-basic 2-matching

Often it will be convenient to view a 2-matching as a collection of
lines of G (in which a line may occur more than once) such that at most
2 lines in this collection contain any point. The sum of two matchings
(i.e. their union in which the common lines occur twice) is a 2-matching.
Hence it follows that v2(G) > 2uv(G).

It is clear that in every 2-matching the lines with weight 2 are disjoint
from each other and from the lines with weight 1. The lines with weight
1 form point-disjoint paths and cycles. We say that the 2-matching is
basic if its lines with weight 1 form only odd cycles. (Such odd cycles
must clearly be point-disjoint.) See Figure 6.1.1.

If we have a 2-matching which contains a path P of lines with weight
1, we may double the weight of the 15,3, ... line of the path (starting
from either end), and reduce the weight of the remaining lines to 0. In
this way we get another 2-matching whose size is at least as large as that
of the original. Similarly, if there is an even cycle of lines of weight 1
in a 2-matching we can construct a new 2-matching of the same size by
increasing and decreasing the weights of the lines of the cycle alternately.
Thus we have proved the following simple fact:

6.1.1. LEMMA. Every graph contains a mazimum 2-matching which s
basic. n
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The reader can easily show that in fact we have a bit stronger result:

6.1.2. EXERCISE. Suppose we are given a graph G and a line zy in
G. Then if zy lies in some maximum 2-matching of G, it lies in a basic
maximum 2-matching.

Just as Konig’s Minimax Theorem for bipartite graphs relates match-
ings to covers, 2-matchings can be related to 2-covers in general graphs.
A 2-cover of a graph G is an assignment of weights 0, 1 and 2 to the
points such that the sum of weights of the two endpoints of any line
is at least 2. The sum of all weights is called the size of the 2-cover.
The minimum size of any 2-cover of G will be denoted by 7(G). Since
assigning weight 1 to all points results in a 2-cover, we have 75(G) < p.

The sum of two point covers is just the union of the two sets in which
the common points occur twice. Thus the sum of two covers is a 2-cover.
Hence it follows that 75(G) < 27(G). A 2-cover is said to be basic if every
component of the graph spanned by the points of weight 1 in the cover is
non-bipartite. It is easy to see that there is always a 2-cover of minimum
size which is basic.

If A denotes the set of points with weight 0 in a 2-cover, then trivially
A must be an independent set of points and the neighbors of A must
therefore have weight 2. The remaining points may have weight 1 or 2,
but if we find a point non-adjacent to A with weight 2, we may lower
its weight to 1 and still have a 2-cover. So, for example, in a minimum
2-cover the points not adjacent to A will have weight 1. Conversely, if
A is any independent set of points (including A = &), then by assigning
weight 0 to the points in A, weight 2 to the points in I'(A) and weight
1 to all remaining points, we obtain a 2-cover, which we shall call the
2-cover determined by the independent set A. Thus we have proved:

6.1.3. LEMMA. Every mimimum 2-cover s the 2-cover determined by
the set of its independent points. Consequently, 2(G) = min{p — |A| +
|I'(A)] | AC V(G), A independent}. [

Now we come to the main theorem relating v, and 7. The result,
though not stated in this form, is essentially due to Tutte (1953).

6.1.4. THEOREM. IfG s any graph, then v2(G) = 1(G).

PROOF. Let us construct a bipartite graph G as follows. We replace
every point v of G by two new points v’ and v"”, and for every line uv of G
we construct the two lines u'v” and u"v’. The statement of the theorem
will follow from Ko6nig’s Theorem 1.1.1 if we can verify the following two
equations:
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va(G) = V(G?). (6.1.1)
72(G) = 7(G®). (6.1.2)

To prove equation 6.1.1 let M be a maximum matching in G®. Then
letting the weight of uv be the number |M N {u'v",u"v'}|, we obtain a
2-matching of G of the same size as M. This proves that v2(G) > (G?).
Second, let w : E(G) — {0,1,2} be a maximum 2-matching of G. By
Lemma 6.1.1, we may assume that w is basic. Define a set M?® of lines of
G® as follows. If w(uv) =2, then put both of u'v" and u"v' into M?®. If
C is a cycle formed by lines of weight 1, and v,,...,v, are the points of
C in one of the two routings of C, then put the lines vy vy, v5v5, ..., v, v
into M®. The set M" defined in this way is a matching of G® of the
same size as w. Thus equation 6.1.1 is verified.

The verification of equation 6.1.2 is quite similar and is left to the
reader. ]

The construction used in this proof also shows that a maximum 2-
matching as well as a minimum 2-cover can be computed in polynomial
time.

A 2-matching is called perfect if the sum of weights of lines incident
with any point is exactly 2. Equivalently, a 2-matching is perfect if and
only if its size is p. Note that the existence of a perfect 2-matching in
a graph G means that G contains a system of point-disjoint cycles and
lines which cover all points. Such a system of cycles and lines was called
a g-factor by Tutte (1953), who proved the following result.

6.1.5. COROLLARY. A graph G has a perfect 2-matching (i.e., a q-
factor) if and only of |I'(A)| > |A| for every independent set A of points.

PROOF. First suppose G has a perfect 2-matching. Then v5(G)=p =
73(G) by Theorem 6.1.4 and hence for all independent sets A C V(G),
|I"(A)| -~ |A] >0 by Lemma 6.1.3.

Conversely, if for all independent sets A C V(G), |I'(A4)| — 4] > 0,
then p < 75(G) by Lemma 6.1.3. Since, as remarked above 75(G) < p
always holds, we have 75(G) = p and so by Theorem 6.1.4, 15(G)=p. m

It is immediate that in a bipartite graph every basic 2-matching
arises by taking every line of some matching with weight 2. So a bipartite
graph has a perfect 2-matching if and only if it has a perfect matching.
In fact, Corollary 6.1.5 is essentially equivalent to Frobenius’ Marriage
Theorem (Corollary 1.1.4).
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6.1.6. EXERCISE. Derive the theorem of Fulkerson, Hoffman and
McAndrew (see Exercise 3.4.16) from Corollary 6.1.5.

Let us consider for a moment the following two properties of graphs:
(1) G has a perfect matching;
(2) for every independent set A C V(G), |I'(4)| > |A|.
For bipartite graphs, these two properties are equivalent and this fact
provides a good characterization of both. For non-bipartite graphs they
are not equivalent, and so to obtain good characterizations for each, two
separate results are needed. “The” Tutte Matching Theorem 3.1.1 yields
a good characterization of property (1). On the other hand, Corollary
6.1.5 is a good characterization of property (2).

6.2. 2-bicritical and Regularizable Graphs

In this section we discuss briefly the 2-matching analogues of elemen-
tary and bicritical graphs. The main reason for doing so is that they give
an answer to some other problems which have been studied in a different
setting. Since the proof of Theorem 6.1.4 shows that the 2-matching
problem can be reduced to the bipartite matching problem in a very
simple way, we do not attempt to give a full structure theory analogous
to the one developed in Chapter 4, but only point out some simplifications
and applications.

A graph G will be called 2-bieritieal if |[V(G)| > 2 and G ~v contains
a perfect 2-matching for every point v € V(G). (One might wonder why
we do not call these graphs 2-critical. The reason is that their properties
turn out to be more analogous to the properties of bicritical graphs. For
example, a 2-bicritical graph will always contain a perfect 2-matching.)

The following characterization of 2-bicritical graphs (see Pulleyblank
(1979) is an immediate consequence of the definition and of Theorem
6.1.5.

6.2.1. LEMMA. A graph G 13 2-bicritical if and only +f |['(A)| > |A|

holds for every non-empty independent set A of points. ]

6.2.2. COROLLARY. Every 2-bicritical graph contains a perfect 2-
matching. [

6.2.3. EXERCISE. Every factor-critical graph with more than one point
is 2-bicritical.
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A graph G will be called regularizable if it is possible to replace
every line of G by some non-empty set of parallel lines so as to obtain
a regular graph. Regularizable graphs were introduced and studied by
Berge (1978a, 1978b, 1978c, 1978d, 1979, 1981). Here we discuss them
only from the point of view of the theory of 2-matchings.

We present two characterizations of regularizable graphs. The proof
of the first will depend upon a classical theorem of Petersen (1891). A set
F of lines of G is called a 2-factor if every point is incident with exactly
two lines of F'. It is obvious that 2-factors are in a natural one-to-one
correspondence with those perfect 2-matchings in which every weight is
Qorl. :

In Chapter 10 we shall state a necessary and sufficient condition for
the existence of a 2-factor. Here, however, the following much simpler
result of Petersen (1891) will suffice.

6.2.4. THEOREM. Let G be a (2r)-regular graph. Then E(G) can be
decomposed into the union of r line-disjoint 2-factors.

PROOF. We shall use a construction similar to, but different from, the
method used in the proof of Theorem 6.1.4. First we remark that it
suffices to consider connected graphs. A connected graph with even de-
grees has an Euler trail. Traversing this Euler trail we get an orientation
D of G such that every point has indegree and outdegree =r.

Next we replace every point v € V(D) by two points v', v"”, and
for every directed line uv € E(D) we draw in one line from u’ to v".
Since D has in- and outdegrees equal to » the resulting bigraph G’ is
r-regular. By Lemma 1.3.12, the lines of G’ can be decomposed into r
perfect matchings. Now if we identify v’ and v” for every v, we recover
the graph G, and these r perfect matchings of G’ will be mapped onto
2-factors of G which partition the lines. [ ]

6.2.5. THEOREM. A graph G 1is reqularizable if and only if for each
line e of G, there exists a perfect 2-matching of G in which e has weight
1 or 2.

PROOF. Assume first that G is regularizable, and let e € E(G). By
definition we can replace every line of G by parallel lines and obtain
a regular graph G,. Trivially we may assume that G; has even de-
grees, since this can be achieved by doubling every line if necessary. By
Petersen’s Theorem 6.2.4, G; can be decomposed into 2-factors. Let F
be a 2-factor of G; containing any line parallel to e. For f € E(G), let
w(f) denote the number of parallels of f in F'. Then w(f) is a perfect
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2-matching of G in which the line e has positive weight. Thus each line
of G occurs in some perfect. 2-matching.

Conversely, assume that each line e of G is contained in a perfect
2-matching w.. For f € E(G), let w(f)= )", w.(f). Replace every line f
by w(f) parallel lines. By assumption w(f) > 0 for every f, so at least
one new line is substituted for every old line. The resulting graph is
clearly (2g)-regular. This proves that G is regularizable. n

6.2.6. EXERCISE. Let zy be a line in graph G. Then the following
inequalities hold:

(i) v2(G)2v2(G-z~y)+2, and

(i) v2(G) 2 3(1a(G —2) +12(G-y)) +1.

6.2.7. EXERCISE. Let zy be a line in graph G. Prove that zy lies in
some maximum 2-matching in G if and only if equality holds in at least
one of (i) and (ii) in the preceding exercise.

6.2.8. EXERCISE. Show that regularizability of a graph can always be
checked in polynomial time.

Our second characterization of regularizable graphs relates them to
2-bicritical graphs and elementary bipartite graphs.

6.2.9. THEOREM. A graph G is regularizable if and only if every con-
nected component of G is either an elementary bipartite graph or a 2-
bicritical graph.

PROOF. Assume first that G is regularizable. We may assume that G
is connected. Suppose that G is not 2-bicritical. Then there exists a non-
empty independent set A of points such that [I"(4)| < |A|. (Of course by
Theorem 6.2.5 and Corollary 6.1.5 we know equality holds here.) We may
assume that A is a minimal set with this property, so that |I'(X)| > |X|
holds for every non-empty proper subset X of A. Let G; be a regular
graph obtained from G by multiplying its lines and let d be the degree
of G;. Then there are exactly d|A| lines of G; incident with A. Each
of these is also incident with I"(A), which is only possible if |A| = |I'(A)]
and no further line is incident with I'(A). Hence G is bipartite with
bipartition (A4,I'(A)). Since by hypothesis [I'(X)| > |X| holds for every
non-empty proper subset X of A, it also follows by Theorem 4.1.1 that
G is elementary.

Conversely, let G be a graph such that every connected component
of G is either 2-bicritical or elementary bipartite. We want to show that
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G is regularizable. It suffices to show that every connected component
of G is regularizable, since from the regularizations of the components
a regularization of G is easily constructed. (Just multiply every line by
the product of degrees of the regularizations of the other components.)

So it suffices to show that 2-bicritical graphs and elementary bipar-
tite graphs are regularizable. If G is 2-bicritical, then let w, be a perfect
2-matching of G — v and let

0= T wedeq)+2.

veV(G)
Then
5 160=( X 2degt) + 2deglve) = 4
{e|voee} V#VQ

and thus if we replace every line of G by f(e) parallel lines, we obtain a

regular graph. So G is regularizable.
If G is elementary bipartite then each line of G occurs in a perfect
matching by Theorem 4.1.1. So each line of G occurs in a perfect 2-
matching, and thus by Theorem 6.2.5, G is again regularizable. ]

6.3. Matchings, 2-matchings and the Konig Property

We have seen in the previous sections that 2-matchings are much
easier to handle than matchings. So it is sensible to try to apply the
theory of 2-matchings to the theory of matchings. A natural question
which arises is the following. Assuming that we have found a maximum
2-matching of a graph G, does this help in any way to find a maximum
matching? This problem was addressed by Balas (1981), but results
remain far from complete.

A natural approach to try is the following. Suppose w is a basic
2-matching. Then we can construct a matching by taking those lines
which have weight 2, together with a near-perfect matching from every
odd cycle formed by the lines with weight 1. We shall say that the
matching M resulting in this way is “contained in the 2-matching w”.

Is every matching M contained in a 2-matching? The answer is
trivially yes; just take every line of M with weight 2. Is every matching
M contained in a mazimum 2-matching? The answer is no, even if M is
maximum as is shown by the graph in Figure 6.3.1.

A non-trivial assertion about the connection of matchings and 2-
matchings is the following result (Lovdsz (1979¢, problem 7.3.8), Balas
(1981)).
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6.3.1. THEOREM. FEvery graph has a mazimum matching which is con-
tained in a mazimum 2-matching.

PROOF. Consider the Gallai-Edmonds decomposition of the givengraph
G. Let U be the set of those components of the subgraph spanned by
D(G) which are singletons, and let 6y = max{|X |- |'(X)|| X CU}. Let
G’ denote the bipartite graph obtained from G by deleting the points in
C(G) and the lines spanned by A(G), and by shrinking every connected
component of D(G) to-a single point.

FIGURE 6.3.1.

Then applying Theorem 1.3.1 to the subgraph of G’ induced by
UUVA(G), we find that this subgraph contains a matching of size |U|—éy.
Thus G’ has a matching which covers |U| -6y points of U. By Corollary
3.1.5, G’ has a maximum matching which also covers at least |U|—
points of U. Let M’ be such a matching in G'. By statement (c) of
the Gallai-Edmonds Structure Theorem, |M’| = [A(G)|. Let M be the
matching in G corresponding to M.

Now we can construct the maximum matching and 2-matching as
claimed. Let My be a perfect matching of the subgraph of G spanned
by C(G). Let Gy,...,G: be the connected components of the subgraph
spanned by D(G), and let v; be the endpoint of the line of M incident
with G;, if any such line exists; otherwise, let v; € V(G;) be arbitrary.
Let M; be a perfect matching of G;—v;. Let N = MUMuUMU--- UM,.
Then, as we have seen in the proof of the Gallai-Edmonds Structure
Theorem, the matching N is & maximum matching in G.

To construct a 2-matching w containing N, we proceed as follows.
For every component G;, such that no line of M meets G; and |V(G;)| >
1, consider an odd cycle C; which goes through »; and which meets
M, in a near-perfect matching of C;. (Such an odd cycle exists by the
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construction in Theorem 5.5.3.) Let the lines of the cycles C; have weight
1, the other lines of N have weight 2, and all other lines of G have weight
0. We claim this 2-matching is maximum. In fact, the sum of weights of
lines incident with any point is 2, except for §;, points in U, where this
sum is 0. So
jw| =p—by.

Since by Theorem 6.1.4 and Lemma 6.1.3, v = 73 < p— by, it follows
that w is indeed maximum. Since w contains NNV, the proof is complete.m

6.3.2. COROLLARY. Let 7(G) denote the minimum number of odd
cycles in any mazimum 2-matching of G. Then

V(G) = (1a(G) = m(G))/2.

We derive one more simple relation between matchings, 2-matchings
and point covers.

6.3.3. THEOREM. For every graph G,
ve(G) < V(G) +7(G).

PROOF. Let T be a minimum point cover of G, and.let G’ denote
the bipartite subgraph of G formed by those lines which connect T' to
V(G)—-T. Let S be a minimum point cover of G’'. Then since G’ is
bipartite, we have |S| = v(G’). Furthermore, the sum of 7' and S is a
2-cover of G and hence

1(G) =72(G) < |8+ |T| = 7(G) + Y(G') < 7(G) + v(G). .
At this point we may return to a question posed in Chapter 1: which
graphs besides those which are bipartite satisfy the relation 1(G) = 7(G)?
Let us say that such a graph has the Konig Property. What makes
this question interesting is that the computation of 7(G) is in general
a difficult (i.e., NP-complete) problem (cf. Box 6A), while v(G) can be
computed in polynomial time (cf. Chapter 9). It turns out that the more
special problem of determining whether 7(G) equals its obvious lower
bound ¥(G) in a given graph G is polynomially solvable.
We saw earlier in Section 6.1 that we always have 75(G) < 27(G).
It is interesting to know that those graphs for which equality holds are
precisely those with the Konig Property.
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The proof of this result follows immediately from Lemma 6.3.3 and
Theorem 6.1.4.

6.3.4. COROLLARY. A graph has the Konig Property if and only if it
satisfies 72(G) = 27(G). ]

We hasten to point out, however, that Corollary 6.3.4 does not
provide a good characterization of the Konig Property! It is easy to
show that a graph G has the Konig Property (if it does); just exhibit a
matching M and a point cover T such that |M| = |T|. But if G does not
satisfy the Konig Property, how do we exhibit this? Corollary 6.3.4 does
not help in this respect. However, recently a good characterization of the
Konig Property was found independently by Deming (1979) and Sterboul
(1979). A refinement of this characterization was given more recently
by Korach (1982). Here we shall state two other good characterizations
which follow more directly from our preceding studies.

6.3.5. THEOREM. A graph G has the Konig Property if and only if
those lines of G which belong to at least one mazimum 2-matching form
a bipartite graph.

PROOF. Suppose first that G has the Konig Property and let T be ¢
minimum point cover of G. Let w be any maximum 2-matching in G
Then |w| = 2|T|, and hence a simple computation shows that every lin
which occurs with positive weight in w must connect T to V(G)—T. Sc
the bipartite graph formed by those lines of G connecting T to V(G)~1
contains all lines which occur in any maximum 2-matching, and therefore.
the lines occurring in maximum 2-matchings form a bipartite graph.

Assume now that those lines of G which occur in maximum 2-
matchings form a bipartite graph. We may assume that the theorem
is valid for every graph with fewer points than G.

Case 1. Suppose G does not have a perfect 2-matching. Let d =
p—72(G). By Lemma 6.1.3, G contains an independent set X of points
such that |I'(X)| = |X|— d. Notice that every maximum 2-matching of
G must contain 2(|X|—d) lines connecting X to I'(X) (with multiplicity
allowed). Thus it contains no line induced by I'(X) or connecting I'(X)
to V(G)— X —-I'(X). Let H=G—-X —I'(X). It follows that every
maximum 2-matching of G contains a perfect 2-matching of H, and
conversely, every perfect 2-matching of H is contained in a maximum
2-matching of G. Hence those lines of H which occur in a perfect 2-
matching of H form a bipartite graph. So by the induction hypothesis,
v(H) = 7(H) = 1o(H)/2 = |V(H)|/2. If we let T be a minimum point
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cover of H, then TUI'(X) is a point cover of G of size |T| + |I'(X)| <
[V(H)|/2+IN(X)| = (IV(G)+IN(X)-1X])/2 = (IV(G)| -d)/2 = 7a(G) /2.
So 7(G) < 72(G)/2 and hence 7(G) = 72(G)/2. By Corollary 6.3.4 this
implies that G has the Konig Property.

Case 2. Suppose G has a perfect 2-matching, but is not 2-bicritical.
Then by Lemma 6.2.1, there exists a non-empty independent set X of
points of G such that |I(X)| = [X|. The proof in this case is identical
with the proof in Case 1 (with d =0).

Case 3. Suppose G is 2-bicritical. Then by Theorem 6.2.9, G is
regularizable and so by Theorem 6.2.5, each line of G occurs in a perfect
2-matching. Thus by hypothesis G is bipartite. But then G cannot be
2-bicritical, a contradiction. [ ]

Theorem 6.3.5, together with Exercise 6.2.7, shows that we can check
the Konig Property in polynomial time.

Before stating the next theorem concerning the Konig Property,
we prove a simple lemma which will allow some simplification in the
formulation of this theorem.

6.3.6. LEMMA. A graph G has the Konig Property if and only tf D(G)
is an independent set and the subgraph H induced by C(G) has the Konig
Property.

PROOF. Assume first that G has the Konig Property. Let T be any
minimum point cover of G. Then for each maximum matching M of
G, every line of the matching is incident with one point of T and vice
versa. Hence T C A(G)u C(G) by the definition of the Gallai-Edmonds
decomposition. So D(G) cannot induce any line. Moreover, T N C(G) =
1/2|C(G)| by a simple calculation and so G[C(G)] also has the Konig
Property.

Conversely, if H has the Konig Property then it has a point cover
T consisting of (V(H)|/2 elements. If, in addition, D(G) is independent,
then TUA(G) is a point cover of G of size 1(G), and so G has the Kénig
Property. |

This lemma implies we need only concern ourselves with those graphs
having perfect matchings.

Before stating our next result, recall that a subgraph H of a graph
G is nice if G— V' (H) has a perfect matching.

6.3.7. THEOREM. Let G be a graph with a perfect matching. Then G
has the Konig Property if and only if it does not contain a nice subgraph
which is an even subdivision of one of the two graphs in Figure 6.3.2.
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PROOF. It is straightforward to verify that if G contains an even
subdivision of either one of the graphs in Figure 6.3.2 as a nice subgraph
then 7(G) > p/2 and so G cannot have the Konig Property.

Conversely, assume that G does not contain any even subdivision
of the graphs in Figure 6.3.2 as a nice subgraph. We may assume that
G is connected, since if every connected component of G has the Konig
Property, then so does G.

Assume first that G has a perfect 2-matching which contains an odd
cycle. Let w be such a 2-matching with a minimum number of odd cycles.
We may assume that w is basic. Let My be the matching formed by those
lines having weight 2 in w, and let M; be a perfect matching in G. Then
My U M, consists of the lines of My N M;, some alternating cycles and
some paths connecting points in odd cycles of w. These paths start and
end with lines of M;. At least one such path must connect points in
different odd cycles in w, since they cannot pair off the odd number of
points on one cycle. So let P be a path-component of MyUM, connecting
the odd cycles Cy and C; of w. If Cy and C, are the only odd cycles of w,
then PUC,UCj is an even subdivision of the first graph in Figure 6.3.2,
and it is also a nice subgraph of G. This contradicts the hypothesis of the
theorem. If w has more than two odd cycles then, deleting the lines of C;
and C, from w and adding the lines of a perfect matching of C; UC,UP
with weight 2, we obtain a perfect 2-matching which has fewer odd cycles
than w, but still at least one. This contradicts the choice of w. Thus we
have proved that no perfect 2-matching of G contains an odd cycle.

Let G, be the subgraph of G formed by those lines which occur
in perfect 2-matchings. Since by the above argument every perfect 2-
matching is the sum of two perfect matchings, G, is the graph formed
by those lines which occur in perfect matchings. Hence every connected
component of G; is an elementary graph. If G; has a connected com-
ponent Go which is non-bipartite, then G, contains an even subdivision
of K4 or of H3 as a nice subgraph, by Theorem 5.4.11. But then this
even subdivision of K4 or R3 is a nice subgraph of G as well, which
contradicts the hypotheses. So (G, is bipartite. By Theorem 6.3.5, it
follows that G has the Konig Property. |

Let us conclude with the remark that the study of the Konig Property
in this section relates to the problem of characterizing 7-critical graphs,
which will be discussed in Chapter 12. (See also Lovéasz (1982c).)
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FIGURE 6.3.2. Excluded subgraphs for the Konig Property
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BOX 6A. Reducibility Problems and NP-completeness

Why do we want to characterize graphs with the Konig Property?
Would it not be more natural to seek a minimax formula for 7(G) (i.e.,
some kind of expression 7(G) = maxt}), analogous to the minimax formula
(namely Berge’s formula) for v(G)? If we could find such a formula
for 7(G) then the relation 7(G) = v(G) would be equivalent to maxt =
min(p — co(G — X)) + | X|)/2. Since the relation < is always valid, this
would be equivalent to saying that for every X C V(G) and every feasible
value of ¢, 2t < p—¢o(G — X) +|X|. This would clearly yield a good
characterization of the relation 7(G) = v(G).

The trouble is that no such minimax formula for 7(G) is known! Even
worse, there is evidence that probably no such minimax formula exists at
all! This assertion has not been proved, but the theory of NP-completeness
seerns to indicate that it is true. (The reader may judge for himself how
strong he feels this evidence is. There are prominent mathematicians who
believe that a good characterization of 7(G) can be found in spite of the
results discussed below.)

We have already introduced the class of NP-properties (Box 1A) and
mentioned their connection to polynomial algorithms (Box 1B). The
next important observation in this area is that various NP-problems are
reducible one to the other. By this we mean (somewhat loosely) that there
is a polynomial algorithm which constructs, for every instance of problem
A, an instance of problem B such that the answer to this instance of
problem A is' “yes” if and only if it is “yes” to the corresponding instance
of problem B. There are various ways to make this notion more precise,
but this does not change the fundamental fact that such a reduction does
indeed reduce the solution of problem A to the solution of problem B.
Such reductions are used quite frequently and we have already proved
several theorems in this book this way. For example, we reduced the
bipartite f-factor problem to a flow problem in Section 1.3 and we reduced

\
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/the 2-matching problem for general graphs to the matching problem for \
bigraphs in Section 6.1. It is clear that if problem A can be reduced to
problem B, then problem B cannot be essentially simpler than problem
A. For example, if there exists a polynomial algorithm to solve problem
B then there must also exist one to solve problem A.

It is a very surprising fact, discovered by S. Cook (1971) and Levin
(1973) that there exist NP-problems to which every other NP-problem
can be reduced. Such an NP-problem is called an NP-complete problem.
(Sometimes it is also called a universal search problem). Historical-
ly the first problem to be proved NP-complete was SATISFIABILITY,
defined in Box 1A. It is even more surprising that many “everyday”
problems in graph theory are NP-complete. The first and most important
such problems were discovered by Karp (1972, 1975), but since then the
list of such problems has grown to several hundred. (See Garey and
Johnson (1979).) For example, it is known that the following problems
are NP-complete: (1) 3-colorability of a graph and, more generally, k-
colorability of graph for every k£ > 3; (2) the property that a graph has k&
independent points; (There is a difference between this and k-colorability:
k-colorability is NP-complete for every particular k£ > 3; on the other
hand, a(G) > k can be trivially checked in polynomial (i.e., in O(n*))
time fon every particular value of k. Thus the latter problem is only
NP-complete as a property of the pair (G,k).) (3) the existence of a
Hamilton cycle and (4) 2-colorability of a hypergraph.

We should also mention that there are problems to which all problems
in NP may be polynomially reduced, but whose membership in NP is
not settled. These are known as NP-hard problems. (Actually, we
shall be a bit more informal with this notion and simply call a problem
NP-hard if all problems in NP polynomially reduce to it.) For a more
précise treatment of these terms, as well as an interesting history of the
terminology in complexity theory, again we send the reader in search of
Garey and Johnson (1979).

It is generally (but not universally!) believed that no NP-complete
problem can be solved in polynomial time or has a good characterization.
If any one of them had such, then — using the reductions which show that
it is NP-complete — we could obtain a polynomial time algorithm and/or
a good characterization for every NP-problem automatically. Considering
that the existing algorithms for (non-complete) NP-problems are based
on very different and often quite ingenious ideas, it seems unlikely that
one solution would work for every NP-problem.

The problem of deciding whether or not 7(G) = k for arbitrary k is
known to be NP-complete. This justifies the fact that in the previous
section we were content with solving a special case of it, namely when
k= v(G).

Let us hasten to point out that we do not share the point of view
\ (which some people working in NP-completeness theory are often accused /
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/ of having) that if a problem is shown NP-complete, then there is no point\
in working on it any longer! Quite the contrary, NP-completeness of a
problem implies that (probably) no complete solution can be found (in
the sense in which the Konig-Hall Theorem and the Hungarian Method
solve the bipartite matching problem). So alternate approaches such
as finding relatively large special classes for which the problem can be
solved, finding approximate solutions and estimates as well as speeding
up non-polynomial algorithms by heuristics, clever data structures, and
80 on, gain even more importance. In Chapter 12 we shall survey some
interesting results in this vein on vertex packing (or equivalently, point

\covering). Vs

6.4. Hamilton Cycles and 2-matchings

A Hamilton cycle is a special perfect 2-matching. Can the theory of
2-matchings help decide whether or not a graph has a Hamilton cycle?
Since the latter is a difficult (NP-complete) problem, no complete solution
can be expected. But recent results of Cornuéjols and Pulleyblank (1983)
discussed below do shed some light in this connection. They also yield a
nice unification of 1-matching and 2-matching theory, which is simpler
and more elegant than the general f-factor theory which we shall treat
in Chapter 10.

Let K be any set of natural numbers. We say that a 2-matching w
in a graph G is K -gon-free, if G does not contain any k-gon with k€ K
in which all lines have positive weight. We shall be interested in the
problem of deciding which graphs have a K -gon-free perfect 2-matching.
Let us point out immediately that only the odd numbers in K matter;
the even cycles can be eliminated from any perfect 2-matching without
creating any new cycles.

If K = Z,, the set of all positive integers, then a K -gon-free perfect
2-matching is just a perfect matching with every line taken twice. So
this problem includes the matching problem. For K = &, the problem
includes the 2-matching problem. An important special case is when
K ={1,2,...,p— 1} where p = |V(G)| is odd. Then a K-gon-free 2-
matching is just a Hamilton cycle. It is easy to see that the Hamilton
cycle problem is NP-hard, even for graphs with odd cardinality.

A connected graph G will be called K-gon-critical, if it does not
contain a K -gon-free perfect 2-matching, but G — v has a K-gon-free
perfect 2-matching for every v € V(G). If K = Z, then Z,-gon-critical
graphs are just the factor-critical graphs. If K = &, then the one-point
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graph is J-gon-critical, and there are no other J-gon-critical graphs.
In fact, a J-gon-critical graph with at least two points would be 2-
bicritical, but then it has a perfect 2-matching itself by Corollary 6.2.2,
contradicting the definition of K -gon-critical. So such components are
K -gon-critical.

The following theorem of Cornuéjols and Pulleyblank (1983) is a
common generalization of Tutte’s Theorems 3.1.1 and 6.1.5.

6.4.1. THEOREM. A graph G has a perfect K -gon-free 2-matching if
and only if for every X C V(G), the number of K -gon-critical components
of G— X 1s at most | X|.

PROOF. The necessity of the condition on the right hand side is easy;
it follows in the usual way by counting lines from G-~ X to X. To prove
sufficiency, consider the Gallai-Edmonds decomposition of G, and the
bipartite graph G’ introduced in part (c) of the Gallai-Edmonds Structure
Theorem 3.2.1. Let U be the set of those points of G’ which are the
shrunken copies of those components of D(G) which have no K -gon-free
perfect 2-matching. Let us point out immediately that if G; is such
a component then G; — v has a K-gon-free (even Z.-gon-free) perfect
2-matching for every v € V(G), since G; is factor-critical.

We claim that G’ has a matching which covers U. Suppose not.
Then by P. Hall’s Theorem there is a set W C U such that |[[(W)| <
|[W|. But then G — I'c/(W) has at least |W| > |I'c/(W)| K-gon-critical
components, which is a contradiction of the assumption.

So G' has a matching covering U. Thus by Corollary 3.1.5, it also
has a maximum matching M which covers U. By property (c) of the
Gallai-Edmonds Theorem, M covers every point of A(G). Let My be a
perfect matching of the graph induced by C(G). Let G, ..., Gy be those
connected components of D(G) which are met by M, and Gi44,...,G:
those which are not. Let v; be the point of G; covered by M (v =1,...,k)
and let M; be a perfect matching of G; —v;. Finally, let w; be a K-gon-
free perfect 2-matching of G; for 2 = k+1,...,t. Then taking the lines
in MUMyuU M, U-.. UM, with weight 2, together with the 2-matching
Wk+1, - -+, Wt, We obtain a K-gon-free perfect 2-matching of G. u

This theorem does not quite yield a good characterization of graphs
not having a K-gon-free perfect 2-matching. To exhibit that a graph
does not have such a 2-matching, we would have to prove that more
than |X| components of G — X are K-gon-critical for some X C V(G).
But how can we check (or at least exhibit) that a component is K -gon-
critical? Although there does not exist any general method to do this,
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some results on K-gon-critical graphs, as well as characterizations of
certain special classes of such graphs, have been obtained by Cornuéjols
and Pulleyblank (1983) and by Cornuéjols, Hartvigsen and Pulleyblank
(1982).

6.4.2. THEOREM. A graph G is K -gon-critical if and only if it s
factor-critical and G—V(C) has no perfect matching for any cycle C C G,
where |V(C)| ¢ K.

PROOF. The proof of this theorem is very similar to the proof of
Theorem 6.4.1, and is left to the reader. ]

We mentioned above that the structure of K -gon-critical graphs is
known when K = Z, (then they are just the factor-critical graphs) and
when K = J (the only one is the singleton). Note that Theorem 6.4.2
gives a good characterization of these graphs, if 2, — K is finite. A
further case which has been solved is when K = {3} (Cornuéjols and
Pulleyblank (1980a, 1982)).

6.4.3. THEOREM. A connected graph G s {3}-gon-critical if and only
if every block of G 1s a triangle.

PROOF. It is immediate that if every block of a connected graph is
a triangle, then the graph does not contain a triangle-free 2-matching.
Since,
furthermore, it is obviously factor-critical, it is also {3}-gon-critical.

Assume now that G is {3}-gon-critical. Then by Theorem 6.4.2, it is
factor-critical and so by Lemma 5.2.9, every block of G is factor-critical.
Suppose, to the contrary, that G has a block B with more than three
points. Consider the ear representation of this block B (Theorem 5.5.2).
We may assume that it starts with an odd cycle longer than 3, since if
the first cycle is a triangle, then there must be a second ear and so we
could have started with the odd cycle consisting of this ear and two lines
of the triangle.

So let C be the odd cycle of length greater than 3, which starts the
ear representation. Then C is a nice subgraph of B, and hence of G.
Taking the lines of C with weight 1 and the lines of a perfect matching
of G —V(C) with weight 2, we obtain a triangle-free 2-matching. Thus
G is not {3}-gon-critical, a contradiction. ]

6.4.4. EXERCISE. Give a good characterization of those graphs the
points of which can be partitioned into complete graphs with at least
two points.
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One might argue that it is more natural to ask about the existence
of K-gon-free 2-factors; more exactly, to view lines with weight 2 as
2-gons and so exclude these if 2 € K. This approach, however,.leads to
much more difficult problems which to date remain mostly intractable.
For example, Papadimitriou proved that the existence of a {3,5}-gon-
free 2-factor is an NP-complete problem. For a proof of this result, see
Cornuéjols and Pulleyblank (1980b).

A further generalization of these problems is the following. Let ¥
be a family of connected graphs and let G be any graph. An ¥-factor
of G is a spanning subgraph H of G, such that each component of H is
isomorphic to a member of ¥. The problem is then to decide if G has
an ¥-factor. Every graph has a { K }-factor, so assume that K, ¢ ¥. Of
course if ¥ = {K,}, we just have the ordinary perfect matching problem.
It has recently been shown, however, that if ¥ is any other single element
family, then the ¥-factor problem is NP-complete. (See Kirkpatrick and
Hell (1978, 1983).) On the other hand, the problem is polynomial in
the case where ¥ = {K}U X', where ¥’ is any finite collection of factor-
critical graphs. (See Cornuéjols, Hartvigsen and Pulleyblank (1982) and
Hell and Kirkpatrick (1983).)

6.5. The Chinese Postman Problem

Let us suppose a postman on his daily route must pass along every
street in a village and then return to his starting point. What route
should he follow in order to minimize the total distance traversed?

In spite of the striking similarity between this problem (called the
Chinese Postman Problem) and the Travelling Salesman Problem, the
Postman Problem is easier to deal with and is closely related to matching
theory. (Incidently, the “Chinese” adjective is present because this prob-
lem was first raised by the Chinese mathematician Meigu Guan (1962).)

Let us start by observing that if at every street intersection an even
number of streets meet; that is, if the corresponding graph G is Eulerian,
then the postman may follow an Eulerian trail and pass every line exactly
once. Since he has to pass every line at least once, this route is certainly
optimal. So in this case the minimum length of a route is equal to the
number of lines.

Suppose now that the graph G is not Eulerian. We shall assume
throughout for obvious reasons that it is connected. Let us consider
a Chinese Postman Tour, that is, a closed walk which uses every line.
Replace every line by a set of parallel copies equal in cardinality to the
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FIGURE 6.5.1. Two T-joins

number of times the Chinese Postman Tour uses the line. This results
in an Eulerian graph. Conversely, if an Eulerian graph arises from G by
multiplying lines, then an Eulerian trail of this graph yields a Chinese
Postman Tour of the original.

It is then clear that an optimal Chinese Postman Tour does not
use any line more than twice, for if it did, then from the corresponding
Eulerian graph two copies of this line could be removed. But then
an Eulerian trail in the resulting graph would correspond to a shorter
Chinese Postman Tour in the original G, contradicting optimality.

So the Chinese Postman Problem is equivalent to the following: given
a graph G, find the minimum number of lines whose doubling results in
an Eulerian graph. If we let H be the subgraph formed by these lines,
we must have

degy(z) = degs(z) (mod 2) (6.5.1)

for every point z, and conversely, if a subgraph H satisfies (6.5.1), then
doubling the lines in H results in a graph all components of which are
Eulerian.

This problem may be generalized somewhat further by arbitrarily
specifying the parity of deg,(z) at the points of G: More exactly, let

T C V(G) be given with |T| even. A set H C E(G) is called a T-join, if

deg(z) = 1 (mod?2), ifzeT
BH\T)Z=10 (mod2), ifzeV(G)-T.

The problem then is to find a T-join having minimum cardinality.
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See Figure 6.5.1 for some examples. In each drawing the lines of H
are bold-face.

Now again let T be an even subset of V(G) and let S C V(G) be
arbitrary. The set of lines C = V(S5) is a T-cut provided SN T is odd.
The sets S and V(G)— S are called the shores of C. Obviously the star
of a point in T is a T-cut; such T-cuts will be called trivial. All other
T-cuts will be non-trivial. We will also call a V(G)-cut an odd cut.

6.5.1. EXAMPLE. let T = {u,v}. Then the T-cuts are just the cuts
separating u and v. The minimal T-joins are precisely the © — v paths.
Every other T-join arises as the disjoint union of a v — v path and an
Eulerian subgraph.

6.5.2. EXAMPLE. Let T = {u,v,w,t}. Then a minimal T-join is
either the union of two point-disjoint paths pairing up the four points of
T, or the union of three openly disjoint paths connecting one of u,v,w,t
to the other three, or the union of four openly disjoint paths joining a
fifth point to u,v,w and t, respectively.

6.5.3. EXAMPLE. Let T consist of those points of G which have odd
degree in G. Then G itself is a T-join and every other T-join can be
obtained by deleting the lines of an Eulerian subgraph. The T-cuts are
exactly those cuts which contain an odd number of lines.

6.5.4. EXAMPLE. Let T =V(G). Then every perfect matching of G
is a T-join, and these are the only T-joins with exactly p/2 lines. There
may, however, exist other minimal (but not minimum) T-joins.

6.5.5. EXERCISE. Prove that in a simple graph every minimum 7-
join is a forest, such that every component of the forest is an induced
subgraph. From this, prove Sumner’s and Las Vergnas’ Theorem 3.3.20.

6.5.6. EXERCISE. Let J be a T-join and C, a cut which intersects J
in an odd number of lines. Prove that C is a T-cut.

Example 6.5.4 above shows that the matching problem is a special
case of the problem of finding a minimum T-join. Conversely, Edmonds
and Johnson (1973) showed that the T-join problem can be reduced to the
weighted matching problem, which we shall study in Chapter 7 and from
an algorithmic point of view in Chapter 9. The idea of this reduction is
the following. For every pair of points u,v in T compute the distance
d(u,v) in G. Consider the complete graph H with point set T, with the
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lines of H weighted by the corresponding d(u,v). Let M be a minimum
weight perfect matching in H and, for each line wv € M, let P,, be
a minimum length u — v path in G. Then it is easy to prove that the
P.,’'s are mutually line-disjoint and hence that UwE u Puv 18 2 minimum
T-join. So to solve the Chinese Postman Problem, we take T to be the
set of all points of odd degree, solve a shortest path problem for all
pairs of points in T, and then solve a minimum weight perfect matching
problem for the complete graph on T with weights equal to the distances
computed.

A different reduction of the Chinese Postman Problem to a matching
problem is described in Schrijver (1983a). Here, however, we do not use
either one of these reductions, but we treat the T-join problem more
directly, following Lovész (1975a) and Seymour (1981b).

1t is interesting to point out that the weighted T-join problem, when
every line has a (non-negative integral) length, is not essentially more
general than the unweighted problem, since we may always replace a line
having weight & with a path of length k, whose interior points are not in
T. This constitutes a significant difference from the matching problem,
where the weighted version turns out to be fundamentally more general
(in the sense that no similar simple construction is known for reducing the
weighted version to the unweighted). This treatment provides additional
information on the “dual” problem; that is, it gives a simpler form of the
“max” side of the minimax theorem characterizing the minimum length
of a T-join.

We shall need to perform some manipulations with pairs (G, T),
where T is any even subset of V(G). First, if we say that we subdivide
a line of G, we shall mean that the new point will not be in T; that is,
T remains unchanged. Now let zy be a line in G. Contract zy in the
usual way to get a graph G’, but modify T as follows. The new point
will belong to the new set T’ if and only if exactly one of z and y belong
to T'. We shall say that the pair (G',T’) arises from the pair (G,T) by
contraction of zy. It is straightforward to check that T’ is even and that
the T"-cuts of G’ correspond in the natural way to those T-cuts of G
which do not contain the line zy.

The behavior of T-joins under contraction is only slightly more
complicated. If J is any T-join, then its image under this contraction of
zy is a T'-join. Conversely, let J' be a T'-join in G’. The lines in J’
form a subgraph of G which satisfies the degree constraints for T-joins,
with the possible exception of the two points z and y. Furthermore,
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either both z and y satisfy the degree constraints, or both violate them,
by reasons of parity. Hence either J' or J' + zy is a T-join.

One more preliminary observation we need is the fact that the “un-
crossing procedure” used in Section 2.3 can be applied to T-cuts. To
be more precise, recall that two cuts C; = V(Xy) and C; = V(X3,) are
called erossing if each of the four sets X3 N X5, X; — X3, X2 — X and
V(G) — X1 — X is non-empty. The following procedure can be applied
to crossing cuts.

UNCROSSING PROCEDURE. Let C; and C; be two crossing T-cuts.
Let S; be either shore of C;. Then S; N T is odd by definition and C,
gplits S; into two sets, one of which again meets T in an odd set. Let
S, be the shore of C; for which S; N SyN T is odd. It follows then that
(S1US2)NT is also odd. Let C' and C” be the T-cuts determined by
the sets S; NS, and S; US,. The procedure just outlined is called the
uncrosging of C; and Cs.

Besides being non-crossing, the pair C’, C" has the important prop-
erty that every line of G belongs to at most as many of the cuts C', C”
as to the cuts Cp, Cy. More precisely, the lines between S; — S; and
S; —S; belong to both C; and Cj, but not to C' or C"”. Every other line
is contained in the same number of the cuts C;, C, as of the cuts C’,
c".

Note too that if any cut C3 crosses one of C’ and C”, then it also
crosses at least one of C; and Cs, and if Cy crosses both C’ and C”,
then it crosses both C; and C,. Roughly speaking, uncrossing does not
introduce new crossings with other cuts.

6.5.7. LEMMA. LetC be a T-cut and J be a T-join. Then JnC 1s
odd.

PROOF. The sum of degrees of J on one shore S of C contains an
odd number of odd terms, and so it is odd. This sum is equal to |J N C|
+ twice the number of lines of J spanned by S. Hence J N C must be
odd. =

6.5.8. LEMMA. If G is a connected graph, then for every even subset
T C V(G) there exists a T-join in G.

PROOF. Let T = {ty,...,t2c}, and let P; be a path connecting t; to
tkvi (2 =1,...,k). Let J be the symmetric difference (mod 2 sum) of
E(Py),...,E(Py). Then J is a T-join. u
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6.5.9. LEMMA. A set of lines meets every T-join if and only if it con-
tains a T-cut. A set of lines meets every T-cut if and only if it contains a
T -jo01n.
PROOF. A moment’s reflection here shows that the second assertion is
just a reformulation of the first.

The “if” part of the first assertion is trivial by Lemma 6.5.8.

Conversely, assume that X is a set of lines which meets every T-
join. We want-to show that X contains a T-cut. Let Gy,...,Gy be the
connected components of G—X . It cannot happen that V(G;)NT is even
for every 1, for then each G; contains a TNV(G;)-join J; by Lemma 6.5.7,
and therefore J = JyU--- U J; is a T-join in G — X, contradicting the
choice of X. But if TnV(G;) is odd for some ¢ then the cut determined
by V(G:) is a T-cut contained in X. [ ]

In view of Lemma 6.5.9, it is natural to relate the minimum size of
T-joins to “packings” of T-cuts. A k-packing of T-cutsis alist Cj,...,Ck
of T-cuts, such that every line of G belongs to at most k of them. We
denote the maximum number of T-cuts in a k-packing by v(G,T), and
the minimum size of a T-join by 7(G,T). Furthermore, we set v = v;.

The following theorem is due to Edmonds and Johnson (1973):

6.5.10. THEOREM. For every graph G and every even subset T' of
V(G), 7(G,T) =v2(G,T)/2.

Several comments and results are in order prior to the proof of this
theorem.

First of all, by the discussion at the beginning of this section, a
good characterization of the minimum length of a Chinese Postman Tour
follows, if we take T to be the set of all points of odd degree.

6.5.11. COROLLARY. (The Chinese Postman Theorem). Let G be a
connected graph and let m denote the mazimum size of a 2-packing of odd
cardinality cuts in G. Then the minimum length of a Chinese Postman
Tour is g+ m/2. [

The following sharper relation for bipartite graphs was proved by
Seymour (1981a). Strangely enough, in contrast to the case of matchings,
here the bipartite graph theorem is the deeper, and Theorem 6.5.10 will
follow easily from Theorem 6.5.12.

6.5.12. THEOREM. For every bipartite graph G and every even subset
T of V(G), 7(G,T)=v(G,T).
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The proof of Theorem 6.5.12, in turn, will depend upon the following
result.

6.5.13. LEMMA. IfG 1sa bipartite graph and T' an even subset of V(G),
then vo(G,T) = 2v(G,T).

PROOF. We use induction on the number of points in G. The state-
ment is trivial if this number is 0 or 1.

So let L be a maximum 2-packing of T-cuts in G and assume that
the desired conclusion holds for all graphs having fewer points than G. By
repeatedly uncrossing pairs of cuts in L, we may replace L by another 2-
packing L’ of the same size in which no two cuts cross. (Innocent though
it may seem, this procedure of uncrossing is the heart of the matter. This
technique has applications to many other problems in graph theory, such
as flow problems (see Section 2.3), connectivity problems, etc. See the
next section and also Box 6B.)

Let a € V(G) and for each cut C, let S(C) denote the shore of C
not containing a. A cut C such that |S(C)| =1 will be called a star-cut.
Note that every star-cut is trivial, but the converse is not true, since the
star of a is not necessarily a star-cut.

I. First assume that there exists a star-cut which occurs twice in
the list L'. Then contracting the lines of this star-cut, only two cuts of L’
are destroyed. So the resulting pair (G',T"') has vo(G',T") > V(G,T) - 2.
By the induction hypothesis, vo(G’,T’) = 2v(G',T"). Furthermore, any
1-packing of T'-cuts in G’ corresponds to a 1-packing of T-cuts in G,
and this 1-packing can be augmented by the star-cut C. Thus

vo(G, T) < 1a(G', T+ 2=2/(G", T") + 2 < 2u(G,T).

Since the reverse inequality is trivial, the assertion is proved for case 1.
So in what follows we shall assume that every star-cut occurs at most
once.

II. Suppose each cut in L’ is a star-cut. Let (A4, B) be a 2-coloration
of G and assume, without loss of generality, that |[ANT| > |[BN T, so
that |JANT| > |T'|/2. The star-cuts determined by the points in ANT are
line-disjoint and so

VG, T)> |ANT| 2 |T1/2 2 |L|/2 = va(G, T) /2.

This proves the assertion in this case. So in the following we may assume
that there exists a cut C € L’ which is not a star-cut. Choose such a C
where the cardinality of S(C) is as small as possible.



238 6. GRAPH-THEORETICAL PROBLEMS RELATED TO MATCHINGS

IMa. Suppose every point of T'N S(C) is the center of a star-cut
in L'. Without loss of generality, we may assume that |[AnT n S(C)| >
|[BNT N S(C)|, so that JAnT nS(C)| 2 |T nS(C)|/2. Since C is a
T-cut, TN S(C)| is odd and so it also follows that |[An T n S(C)| >
(TnS(C)|+1)/2.

Delete from L' the cut C and also all cuts C' such that S(C’) c S(C).
By the choice of C, every such C' is a star-cut, and clearly its center must,
belong to T'. Furthermore, every such cut occurs in the list exactly once,
by assumption. So we have deleted exactly |7 nS(C)| +1 cuts from L.

Add to the collection the stars of points in AnT nS(C), each with
multiplicity 2. This results in another 2-packing (check this!), whose size
is

IL'|=(TnS(C)+1)+2JAnTnS(C)| > |L'].

Thus we are back to I and so case [Ila is also settled.

OIb. So, finally, we may suppose that there exists a point v € TN
S(C) whose star is not in L’. Then delete C from L', but add the star
of v. This results in a 2-packing (check again!) of the same size, also
consisting of non-crossing cuts, which contains more star-cuts than L'.
Repeating this if necessary, we must eventually arrive at case Il or lla.m

The preceding lemma is in a sense a “self-refining” result:

6.5.14. COROLLARY. IfG is a bipartite graph and T' an even subset
of V(G), then for every k > 1, vk (G, T) = kv(G, T).
PROOF. By Lemma 6.5.13, 1»(G,T)=2v(G,T). Applying this lemma
to the subdivision of G, we get that v4(G,T) = 2v5(G,T). Continuing in
a similar way, we get that vom(G,T) = 2™v(G,T) for every m > 0.

On the other hand, if ¥ > 1 is arbitrary, then let m be such that
2™ > k. Using the trivial inequality, v44b = Vs + Vs, Tepeatedly, we get

vam(G, T) > vam (G, T) + vk(G, T)
> (2™ — k)(G, T) + kv(G, T) = 2™v(G, T).

But we know that the first and last quantities are equal. So equality must
hold throughout and, in particular, v(G,T) = kv(G,T). [ ]

Lemma 6.5.13 implies that Theorems 6.5.10 and 6.5.12 are in fact
equivalent, and so it would suffice to prove Theorem 6.5.10. We shall,
however, give a proof of Theorem 6.5.12 instead, and in the course of
this we shall use Corollary 6.5.14.
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PROOF (of Theorem 6.5.12). We use induction on |E(G)|. If E(G) =Q
the assertion is trivial. So suppose that E(G) # &. We may assume that
no T-cut is empty, since then v(G,T) = 7(G,T) = o0, and so the assertion
is true.

The inequality v(G,T) < 7(G,T) is a trivial consequence of Lemma
6.5.8, and so it suffices to prove that G contains a T-join with no more
than v = (G, T) lines.

If G has a line e such that v(G—e, T) = v(G, T'), then by the induction
hypothesis, G—¢e has a T-join with v lines and this T-join is also a T-join
in G. So we may assume that V(G —¢,T) > v for every line e.

If G has a T-cut C such that |C| =1, then contract the line in C.
The resulting pair (G',T’) has v(G',T") < v—1, since every 1-packing of
T-cuts in G’ can be augmented by C. Thus by the induction hypothesis,
G’ contains a T'-join J' of size <v —1, and so either J' or J'UC is a
T-join in G of size <v.

If G has a T-cut C such that |C] = 2, then we argue in a similar
fashion. Contracting the two lines e and f of C in (G, T), we get a pair
(G",T") such that v(G",T") <v—1. So G” has a T"-join J" with at
most v — 1 lines. It follows from our discussion of contraction, that one
of the sets J”, J"+e, J'+ f and J" + e+ f is a T-join. But the last
of these is certainly not a T-join, since it meets the T-cut C in an even
number of lines. Thus we have found a T-join with at most v lines.

It remains to show — and this is the major part of the proof — that
it cannot happen that every T-cut of G has at least three lines and yet
v(G—e,T) > v(G,T) for every line e. Suppose, to the contrary, that this
is the case. We shall derive a contradiction.

Let e be any line of G. Then G—e contains v+1 line-disjoint T-cuts.
In G, these T-cuts are almost line-disjoint; only the line e is contained
in some (at most v+ 1) of them. So it follows that if we subdivide e by
more than v points, the resulting graph has v + 1 line-disjoint T-cuts.

Let us subdivide a line of G by two new points if we can do so
without producing v + 1 line-disjoint T-cuts, and repeat this as long as
we can. Since, by the observation above, no line will be subdivided by
more than v points, it follows that in a finite number of steps we must
stop with a graph G’ having no v + 1 line-disjoint T-cuts. Note G’ is
also bipartite and that every T-cut in G’ has at least two lines.

By hypothesis, if we subdivide any line e of G’ by two points we
produce v + 1 line-disjoint T-cuts. This means that G’ contains v +1
T-cuts which have the property that every line other than e belongs to
at most one of them, while e itself belongs to at most 3 of them. Let L,
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be such a list of v+ 1 T-cuts of ', and form the list L = ZEGE(GI) Le.
(Note here that multiple membership of cuts is to be allowed.) Then L
is an (m + 2)-packing of T-cuts, where m = |E{G")|. Thus

Vol G, T > m{v + 1).
Bv Corollary 6.5.14 we have
U (G, T") = (m + 2)v,

and hence it follows that m < 2. Thus

But (& contains v line-disjoint T-cuts each of which has, by hypothesis,
at least 3 lines. This contradiction proves the theorem. ]

PROOF (of Theorem 6.5.10). Subdivide each line of G by one point
and apply Theorem 6.5.12 to the resulting bipartite graph. u

6.5.15. EXERCISE. Prove that if G is a 2-line-connected graph with g
lines and 7 C V(G) with |T| odd, then it contains a T-join with at most
q/?2 lines.

6.5.16. EXERCISE. Prove that if G is a graph without loops and with
q lines, then it contains a bipartite subgraph with at least ¢/2 lines (Erdés
(1967)). What is the connection between this and the previous exercise?

6.5.17. EXERCISE. By Theorem 6.5.10, a graph G has a perfect match-
ing if and only if it does not contain a 2-packing of more than p V(G)-
cuts. Show that this condition is equivalent to that of Tutte. (This is
lengthy! See Lovasz (1975a)).

Just as for matchings and point covers, we may ask also in the case of
T-cuts and T-joins: for which graphs, besides those which are bipartite,
does the relation v = 7 hold? A general result due to Seymour (1977)
yields one such class:

6.5.18. THEOREM. LetG be a graph and T an even subset of G such
that (G,T) cannot be contracted onto (K4,V(K4)). Then v(G,T) =
(G, T). ]
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Note that in the special case when |T'| = 2, the condition of the
preceding theorem is trivially fulfilled. Hence we obtain the well-known
result that the minimum length of a path joining two points u and v of a
graph G 1is equal to the mazimum number of line-disjoint cuts separating
u and v.

A graph is called series-parallel if it can be obtained from K, by the
repeated application of two operations: subdivision (“series extension”)
and multiplication of lines (“parallel extension”). It is easy to see that
series-parallel graphs cannot be contracted onto K4. (This property in
fact characterizes them.) So Seymour’s theorem above implies:

6.5.19. COROLLARY. For everyseries-parallel graph G and every even
subset T of V(G), v(G,T) =71(G,T). ]

(Tardos has pointed out that this corollary also follows via an easy
induction. We leave the details of this proof to the reader as an exercise.)

The class of series-parallel graphs is independent of the class of
bipartite graphs, in the sense that neither of them contains the other. It is
not known in general which graphs satisfy the relation v(G,T) =7(G,T)
for every even subset T.

We conclude this section with a discussion of the weighted version
of the T-join problem. Let w be a weighting of the lines of G by non-
negative integers. An w-packing of T-cuts (cycles, etc.) is a collection of
T-cuts (cycles, etc.) such that every line e is contained in at most w(e) of
them. Let v(G,T,w) denote the maximum cardinality of an w-packing
of T-cuts in G. Let 7(G,T,w) denote the minimum weight of a T'-join.
As has already been pointed out, the case when every weight is a natural
number can be reduced to the unweighted case by subdividing the lines.
A line with weight 0 can be simply contracted (check the details!). In
this way Theorem 6.5.10 yields the following.

6.5.20. THEOREM. For each graph G, every even subset T of V(G)
and every non-negative weighting w of the lines of G,
(G, T,w)=v(G,T,2w)/2. .

We leave it to the reader to formulate the corresponding generaliza-
tion of Theorem 6.5.12.

A very nice feature of the T-join problem is that it is “self-refining”
in the sense that the problem of finding a mazimum T-join can be reduced
to the problem of finding a minimum T-join. More generally, the problem
of finding a minimum weight T-join can be solved even if negative weights
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are allowed. In particular, if all weights are —1, we get the maximum
cardinality T-join problem.

Let G be a graph and ¢ a weighting of its lines by (not necessarily
non-negative) integers. Set

E* ={e|¢(e) 20}, E~ ={e| ¢(e) < 0}, and v(e) = |¢(e)|.
Let T be an even subset of V(G). As before, let 7(G, T, ¢) denote the
minimum weight of a T-join. That is, let
7(G,T,¢) = min{¢(J) | J is a T-join}.

Here ¢(J) is the sum of the weights of the lines in J. Let Ty denote
the set of those points which are incident with an odd number of negative
lines.

6.5.21. LEMMA. For each graph G, every even subset T of V(G) and
every integral weighting ¢ of the lines of G,

TG, T,$) =1(G, T ® Ty, ) + $(E™).

PROOF. Let J be any subset of E(G). Then

¢(J)=¢(JNET)+¢(JNET)
=p(JNEN )+ ¢(JNE")+¢(E~- - J)+Y(E~ = J)
=yY(JOET)+¢(E):
Now J is a T-join if and only if J& E~ is a T @ Ty-join. Hence we see

that
7(G,T,¢) =min{¢(J) | J is a T-join}
=min{y(J®E~)| J is a T-join} + ¢(E™)
=min{y(J')| J is a T & Ty-join} + ¢(E~)
=7(G,T® Ty, %)+ H(E7).
[ |

Using Theorem 6.5.20, we may now obtain a good characterization
of 7(G,T, ) for general weights:

6.5.22. COROLLARY. For every graph G, every even subset T of V(G),
and every integral weighting ¢ of the lines of G,

(G, T,¢)=v(G,T & Tp,2¢4)/2+ ¢(E™).
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By specializing, the solution of the weighted T'-join problem also
yields a solution of the weighted matching problem. We do not go into
the details here, since the weighted matching, perfect matching and 7'-
join problems are best understood in the context of linear programming,
and this approach will be the subject of the next chapter.

We do point out, that if we have a polynomial-time algorithm to find
a minimum weight 7-join in a graph with non-negative weights, then the
construction in the proof above yields a polynomial-time algorithm to
find a minimum weight T-join in a graph with arbitrary weights. Such
an algorithm will follow from the results in Chapter 9.

6.6. Optimum Paths, Cyeles, Joins and Cuts

In this section we survey a number of further graph theoretical
results which are in one way or the other related to matching theory.
Many of these are, in fact, directly reducible to a matching (or T-join)
problem. In other cases such reductions are much more complicated and
in still other cases the problems are only analogous to matching problems.

Let G be a graph and suppose «,v € V(G). The problem of finding
a shortest u — v path in G is easily solved by the breadth-first search
algorithm (Dijkstra (1959); see also Box 2A and Christofides (1975)).
This simple algorithm also extends to the case when each line has a
non-negative length assigned. It also applies to digraphs.

We may also formulate a minimax theorem for the minimum length
of a u —v path. Let D be a digraph and let us assign a non-negative
“length” ¢(e) to each line e € E(D). A potential on the weighted digraph
(D, ¢) is 2 mapping 7 : V(D) — R such that

(y) - n(z) < ¢(zy)

for each line zy € E(D).

6.6.1. THEOREM. Let(D,¢) be a weighted digraph in which the weights
are non-negative and assume u,v € V(D). Assume also that there is a
directed u — v path in D. Then the minimum length of a directed u —v
path in (D, ¢) is equal to the mazimum of m(v)—m(u), where T is a potential
on (D, ).

PROOF. 1. Let P = (u=vg,v1,...,V = v) be any directed u—v path
and 7, any potential. Then by the definition of a potential,

k

k
¢(E(P)) = Z $(vim1ve) 2 Y (m(v:) = 7(vi-1)) = m(v) - m(w).

=1
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II. It remains to be seen that there exists a potential 7 which gives
equality here. Such a potential can be defined as follows:

the minimum length of a u— z dipath
7(z) = if such exists, and

0o, otherwise.

Then it is easy to check that « is indeed a potential and hence the
theorem is proved. ]

The problem of finding a © —v path of mazimum length contains
the Hamilton cycle problem and is, therefore, NP-complete. Since the
problem of finding a maximum length u — v path may also be viewed as
the problem of finding a shortest u — v path in a graph where each line
has length —1, it follows that the problem of finding a shortest u—v path
in a graph, where the lines are given arbitrary integral weights, is also
NP-complete. By way of contrast, we have just seen that this problem
with non-negative weights is easily solvable! In fact we may relax the
condition that all weights are non-negative and still obtain a tractable
problem as follows.

Let G be a graph [digraph] and assume that every line is assigned an
integral “length” ¢(e). We say that the weighted graph [digraph] (G, ¢) is
conservative if every cycle [directed cycle] has non-negative total length.
(The name comes from the observation that in a digraph of this type
we cannot “gain” by going around any directed cycle. In other words,
“energy is conserved”.)

In the case of directed graphs, Theorem 6.6.1 remains valid also for
conservative weightings, along with its proof. But when is a weighting
conservative? And do the potentials in the statement of the theorem
always exist? Fortunately, these questions answer each other, as the
following result shows. The proof is left to the reader.

6.6.2. THEOREM. Let (D,¢) be any weighted digraph. Then there
ezists a potential on (D, ) if and only if (D, ) contains no cycle with
negative weight. [ ]

Let us also show an alternative treatment of the shortest dipath
problem to point out the connection with matchings.

Let (D, ) be a conservative weighted directed graph and suppose
u,v € V(D). Counstruct a bipartite graph G as follows. For each point
z € V(D), take two new points z',z"" and for each directed line (z,y) €
E(D), connect z’ to y” by a line. Furthermore, connect z’ to z” by a
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line for each z € V(D). Let the lines z'z” have weight 0 and the lines
z'y"((z,y) € E(D)) have weight ¢((z,y)).

6.6.3. LEMMA. The mintmum length of a directed u —v path in D 1s
equal to the minimum weight of a perfect matching in G —u' —v".

PROOF. 1. Let P be a directed v —v path in D of minimum length.
Then the lines z'y"((z,y) € E(P)) and lines z'z"(z ¢ V(P)) form a perfect
matching in G —u' —v" the weight of which is equal to the length of P.

II. Let F' be a minimum weight, perfect matching in G —u'—v" and
form the set ' = {(z,y) € E(D)|z'y" € F'}. Then F is the point-disjoint
union of a directed u — v path P and some directed cycles.

Moreover, the total length of F' is equal to the weight of F. Since
each directed cycle has non-negative length by hypothesis, the minimality
of F" implies that F' contains only cycles with weight 0 and so the length
of P is equal to the weight of F'. This concludes the proof. [ ]

Lemma 6.6.3 reduces the problem of finding a minimum length
directed u — v path in a conservative weighted digraph to the problem
of finding a minimum weight perfect matching in an associated weighted
bigraph. We leave it to the reader to derive the minimax formula of
Theorem 6.6.1 from this observation.

Now let us turn to the case of undirected graphs. In this case the
problem of finding a shortest path in a conservative weighted graph
is substantially more difficult than the same problem for non-negative
weights. It is possible to define a “distance” as the minimum length
of paths joining two given points, and then introduce an analogue of
the “potential”. This treatment, initiated by Frank, Sebé and Tardos
(1983) and developed by Seb6 (1984a, 1984b) leads to a new proof and
substantial strengthening of the Chinese Postman Theorem, and also
to an extension of the Gallai-Edmonds Structure Theorem to T-joins.
Here we shall follow a different road and show how the problem of
finding a shortest path in a conservative weighted graph can be reduced
to the Chinese Postman Problem. By the results of Chapter 9, this
will also yield a polynomial-time algorithm for finding shortest paths in
conservative weighted graphs.

Let (G, ¢) be a conservative weighted graph and suppose u,v € V(G).
Then a minimum length {u,v}-join is the line-disjoint union of a u —v
path and cycles. Since the graph is conservative, the removal of these
cycles does not increase the length of the {u,v}-join and hence it follows
that among the minimum {u, v}-joins there is a © —v path. So it suffices
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to determine the minimum length of a {u,v}-join. Applying Theorem
6.5.21, we obtain the following minimax result:

6.6.4. THEOREM. Let(G,@) be a conservative weighted graph and u,v
€ V(G). Let dg(u,v) denote the minimum length of all u—v paths. Let T
be the set of those points of G which are incident with an odd number of
negative lines. Then

dg(u,v)=v(G,T & {u,v},2|4])/2+ H(E™).

A polynomial-time algorithm to find a minimum length u —v path
(i.e., a minimum length {u,v}-join) in a conservative weighted graph will
follow from the results of Chapter 9 as remarked before.

But which graphs and digraphs are conservative? It is interesting
(although perhaps not too surprising) that the methods just used above
provide a good characterization of these graphs in the undirected case.

6.6.5. THEOREM. Let(G,o) be a weighted graph. Then (G, ¢) is con-
servative if and only if there ezists a collection of (not necessarily distinct)
cuts such that each of them contains exactly one negative line, every non-
negative line e 13 contained in at most 2¢(e) of the cuts, while every nega-
tive line e 1s contained in ezactly —2¢(e) of them.

PROOF. Clearly (G,¢) is conservative if and only if every Eulerian
subgraph (or J-join) in G has non-negative weight (i.e., if and only
if 7(G,9,¢) > 0). By Corollary 6.5.21, this happens if and only if
U(G, T4, 2¢) + 2¢(E~) > 0, where ¥ = |¢|; that is, if and only if there
exists a 2¢-packing of —2¢(E~) =2¢(E~) T4-cuts. Hence the “if” part
of the assertion is obvious.

To see the converse, let L be a 2y-packing of ¢(£~) Tg-cuts. By
Lemma 6.5.7, each Ty-cut contains an odd number of negative lines.
Hence

LS SIAE S S 20(e) = 20(E7) = L.
Jel ecE-
Since equality holds here, each cut in L must contain exactly one negative
line and each negative line e must be contained in exactly 1(e) cuts of
L. So L has the properties claimed. [ |

We may wonder if instead of 2|¢|-packings, the conservatism of
the weighted graph (G, ¢) could be characterized by the existence of an
appropriate |¢|-packing. The weighting of K, shown in Figure 6.6.1 is a
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counterexample. This graph is conservative; on the other hand, it does
not contain two line-disjoint cuts at all, and one cut does not suffice to
prove its conservatism.

6.6.6. EXERCISE. Assume that the negative lines of (G,¢) form a
spanning tree T of G. Prove that (G, @) is conservative if and only if

FIGURE 6.6.1.

every fundamental cycle with respect to T (i.e., every cycle containing
exactly one line not in 7') has non-negative length.

6.6.7. EXERCISE. Let (G,¢) be a conservative graph. Find a good
characterization for the minimum length of cycles in GG. (Korach (1982)).

We have derived the characterization of conservative weighted graphs
(Theorem 6.6.5) from Theorem 6.5.10. These two results are, however,
“equivalent” in a sense. More exactly, let J be any T-join and define a
weighting wy : E(G) — {-1,1} by wy(e)=—1 if and only if e€ J. Then
the following lemma can be proved easily.

6.6.8. LEMMA. (Guan (1962).) Let J be any T-join mn a graph G and
let (G,wy) be as defined above. Then J s a minimum T -join if and only
if the weighted graph (G, w,) is conservative. [ ]

Using this lemma, the non-trivial part of Theorem 6.5.10 can be
derived by considering a minimum 7'-join J and applying Theorem 6.6.5
to the weighted graph (G, w;).

But how can we find a shortest odd path? For the case of non-
negative weights, this problern was solved by Edmonds (unpublished) who
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reduced it to a matching problem as follows. For the sake of simplicity,
we shall only consider the case in which each line has weight 1.

Let G’ be a second copy of G and construct a graph G” by con-
sidering the disjoint union of G and G', and then connecting every point
v € V(G) to the corresponding point v’ € V(G’) by a new line. Let these
new lines have weight 0, all the other lines, weight 1. Then the following
analogue of Lemma 6.6.3 can be proved by the same argument.

6.6.9. LEMMA. The minimum length of an odd u—v path in G is equal
to the mintmum weight of a perfect matching in G" —u —v. ]

Lemma 6.6.9 reduces the problem of finding a minimum length odd
u—v path to the problem of finding a minimum weight perfect matching
in G”. Thus Theorem 6.5.20 specialized to G”, yields a minimax formula
for the minimum length of an odd path. Since this minimax formula is
not very appealing, we will not go into details.

6.6.10. EXERCISE. Show that the problem of finding the minimum
length of an even u —v path in a graph with non-negative weights is also
reducible to a matching problem.

6.6.11. EXERCISE. Show that the problem of finding a minimum odd
(respectively, even) cycle in a graph with non-negative weights can be
reduced to a shortest path problem (respectively, to a weighted matching
problem).

One may also ask for the shortest odd u— v path in a conservative
graph. We do not know if this problem is still reducible to the matching
problem or tractable by any other means.

There are a number of different notions of “join” for which the
problem of finding a minimum join can be solved and these considerations
lead to a number of interesting graph theoretical results.

First, let us consider minimal sets of lines which meet not only all
T-cuts (as T-joins do), but all cuts. These sets are clearly spanning
trees. Since all spanning trees have the same number of lines, only the
weighted problem is interesting. The problem of finding a spanning tree
with minimum weight was solved by Borivka (1926a, 1926b) and Kruskal
(1956). (For a thorough historical account of this problem, see Graham
and Hell (1982).) We obtain the solution by repeatedly choosing the
line with least weight which does not form a cycle when taken together
with the lines already chosen. This algorithm is called greedy (see Box
1C), and the fact that it always yields an optimum spanning tree is very
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important. It turns out that the reason this procedure works is the fact
that the spanning trees of a graph form the bases of a matroid. We could
formulate a minimax theorem as well, but it would not be as transparent
as the above greedy algorithm.

This is a case when the algorithm provides the best description of
the optimum value. (A somewhat similar situation was encountered in
the problem of finding a shortest u — v path. There too the algorithm
was easier to state than the corresponding minimax theorem.)

We have two rather more difficult problems if we consider directed
graphs. The first of these may be viewed as an oriented analogue of the
Chinese Postman Problem.

The police of Nashpest, in trying to cope with increasing traffic
density, made all streets one-way. However, they were not careful enough
and it turned out that there were points in the city from which other
points could not be reached at all! So the police had to allow 2-way
traffic on some streets to resume. Of course they wanted to minimize the
number of such streets. How can we find the minimum number of streets
such that when they are made two-way, every point in the city can be
reached from every other point?

The problem is then to find, in a given digraph D, a set of lines of
minimum cardinality such that if we add an “anti-parallel” line to each
we obtain a strongly connected digraph. It is clear that this property is
equivalent to saying that the set meets every directed cut in D. A set
with this property is called a join, and the minimum size of a join will
be called the join number of G.

The join number is strongly related to another important invariant
of digraphs, the feedback number. The latter is defined as the mini-
mum number of lines whose deletion destroys every directed cycle in the
graph. (Note that the undirected version of the feedback number is the
cyclomatic number.) If the digraph D describes a “flow chart” of some-
thing (perhaps a computer program, an investment, or a chemical reac-
tion among several compounds), the analysis is often easier if the digraph
D does not contain any directed cycles, and it can be reduced to this case
by analyzing what happens at such directed cycles. This suggests that
to find the feedback number is an important first step in analyzing such
flow charts. Let us hasten to point out that the problem of computing
the feedback number is NP-complete (Karp, (1972, 1975)) and we shall
not go into the details of results concerning it. But there is an important
connection between the feedback number and the join number. Let D
be a planar digraph and D*, its dual. (The orientation of D defines an
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orientation of D* in a natural way: let, say, each line of D* cross the
corresponding line of D from the left to the right.) Then it is easy to see
that the feedback number of D is equal to the join number of D*. Thus
the solution of the join number problem which follows will also yield a
solution of the feedback number problem for planar graphs.

It turns out that the situation with joins in digraphs is simpler than
with T-joins in graphs; the following theorem provides a simple minimax
relation for the join number. This relation was conjectured by Robertson
(unpublished) and Younger (1969), and proved by Lucchesi and Younger
(1978).

6.6.12. THEOREM. The join number of any digraph D 1is equal to the
mazimum number of line-disjoint directed cuts in D. ]

Theorem 6.6.12 can be proved by copying the proof of Theorem
6.5.10, with very little modification. In fact, at several points the ar-
guments become much simpler, as might be expected considering the
simpler formulation of the theorem. For the details the reader is referred
to Lucchesi and Younger (1978) and to Lovész (1976a).

By planar duality as mentioned above, we obtain:

6.6.13. COROLLARY. The feedback number of any planar digraph D
18 equal to the mazimum number of line-disjoint directed cyclesin D. m

A further related problem arises if we consider a weighted digraph
(D,w) and a specified point r € V(D) called a root. For every non-empty
subset S C V(D) — {r}, the set of lines entering S will be called a cut
rooted at 7 or, more concisely, an 7-cut. Observe that the minimal sets of
lines covering all r-cuts are precisely the spanning arborescences rooted at
7, that is, the spanning trees of D which are oriented away from the root
r. These arborescences will be called r-branchings. We are interested in
the minimum weight of an r-branching. (Note that since all branchings
have the same cardinality, the unweighted problem is trivial. But — to
date, at least — the weighted problem is not, and this indicates that
the weighted problem very likely cannot be reduced to the unweighted
case in any straightforward way.) In the discussion to follow we shall
assume that D contains at least one r-branching; that is, every point
can be reached from the root on a directed path. The following theorem
was proved implicitly by Edmonds (1967b) and explicitly by Fulkerson
(1974).
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6.6.14. THEOREM. For every digraph D, root r and weighting w of the
lines by non-negative integers, the minimum weight of an r-branching is
equal to the mazimum size of an w-packing of r-cuts. [ |

We now turn our attention to the problem of finding minimum
cuts. This problem is in many respects dual to the minimum join (path,
cycle) problem. Let us start by recalling that the problem of finding
a minimum uv-cut in a graph (or digraph) is solved by the Max-Flow-
Min-Cut Theorem 2.1.4 and by the various flow algorithms discussed in
Section 2.2. By applying these results to every pair of points u,v, the
minimum cut problem for the whole graph can be solved. An elegant
relation between minimum cuts for all pairs {u,v} is provided by the
Flow-equivalent Tree Theorem of Gomory and Hu (Theorem 2.3.2), which
will also play some role in the present discussion.

Let G be a graph and T, an even subset of V(G). What is the
minimum size of a T-cut of G? The following result of Padberg and Rao
(1982) answers this question.

6.6.15. THEOREM. Let G be a graph and T an even subset of V(G).
Let F be a cut-equivalent tree for G. Then the minimum T -cut among
the cuts determined by F' s a minamum T-cut of G.

PROOF. (It will be clear from this proof that there is always at least
one T-cut among the cuts determined by F'.) Let C be a minimum T-cut
in G with shores S; and Sy. It suffices to show that F' contains a line
¢ which connects S; to S and which determines a T-cut C; of G. For
then C; is minimal among all cuts separating the endpoints of e. Since
C is such a cut, it follows that |C;| < |C|. But since C is a minimum
T-cut, we see that C} too is a minimum 7T-cut.

Let H be the set of those lines of F' which determine a T-cut of G,
that is, for which both components of F' —e contain an odd number of
points of T'. It is immediate that these lines form a 7-join in F'. Since
(S1,S2) determines a T-cut of F, it follows that H contains at least one
line which connects S; to Ss. ]

So the minimum T'-cut problem is linked to matching theory via flow
theory. A more intrinsic and interesting connection between minimum
cuts and maximum matchings will be discussed in Chapter 9, where it
will be shown that from an algorithmic point of view these two problems
are equivalent.
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6.6.16. EXERCISE. Let (G,¢) be a weighted graph with ¢ non-nega-
tive. Show that the problem of finding a 7-cut with minimum weight
can be reduced to the problem of finding a minimum cardinality T-cut.

6.6.17. EXERCISE. Let D be a digraph. Show that the problem of
finding a minimum directed cut in D can be reduced to the problem of
finding a minimum cut.

Now let us consider the case of general (not necessarily non-negative)
weights. If all weights are —1, then the problem of finding a minimum
weight cut is equivalent to the problem of finding a maximum cut, or
equivalently, to the problem of finding the minimum number of lines
whose removal destroys all odd cycles. This problem is known to be NP-
complete (Karp, (1972, 1975)). There is, however, an important special
case for which it can be solved, namely the case in which the graph is
planar (Hadlock (1975), Orlova and Dorfman (1972)). In fact, in the case
of planar graphs the minimum weight cut problem can be solved for
general (positive and negative) weights.

Let G be a planar graph and ¢ a weighting of its lines by arbitrary
integers. Let G* be the planar dual of G. Then ¢ may also be viewed
as a weighting of the lines of G*. A (not necessarily proper) cut in G
corresponds to an Eulerian subgraph (J-join) in G* and vice versa. Thus
we are interested in the minimum weight of a J-join in G*. Applying
Theorem 6.5.20, we obtain the following results.

6.6.18. THEOREM. Let (G,¢) be a weighted planar graph and let m
denote the mazimum size of a 2|¢|-packing of cycles in G such that each
of the cycles contains an odd number of negative lines. Then the minimum
weight of a (not necessarily proper) cut of G is equal tom/2+¢(E~). m

By this trick, the problem of finding a minimum weight cut in a
planar graph (even if negative weights are allowed) can be reduced to
finding & minimum @-join in its dual. This, in turn, can be reduced to
a matching problem and solved in polynomial time by the methods of
Chapter 9. We also obtain the following corollary. (Note the nice analogy
with the feedback number!)

6.6.19. COROLLARY. Let G be a planar graph. Then the minimum
number of lines which destroy all odd cycles is equal to half the mazimum
s1ze of a 2-packing of odd cycles. ]

The complete graph K4 serves to show that, instead of considering
a 2-packing of odd cycles and then dividing by 2, it would not suffice to
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consider a 1-packing of odd cycles. Also, if we consider larger complete
graphs, we see that the condition of planarity cannot be dropped. In K
we need 4 lines to destroy all odd cycles. On the other hand, every odd
cycle has at least 3 lines and hence every k-packing of odd cycles consists
of no more than 10k/3 < 4k cycles.

At this point, just as in the case of joins, it is natural to study the
problems of finding minimum (and minimum weight) cuts, directed cuts
and r-cuts. Each of these problems can be solved by the flow algorithm,
applied to various pairs of points. We shall bring this section to a close by
presenting a minimax theorem concerning r-cuts which is truly elegant.
This result is due to Edmonds (1970, 1973).

6.6.20. THEOREM. Let G be a digraph with root r. Then the mini-
mum size of an r-cut i equal to the mazimum number of line-disjoint
r-branchings. ]

(A weighted version of the above result is easily derived by consider-
ing multiple lines.)

6.6.21. EXERCISE. Let D be a k-line-connected digraph, and suppose
ay,...,ak,b1,...,bx € V(G). Then there are k line-disjoint directed paths
Py,...,P; in D such that P, connects a; to b;. Show that no similar
assertion is true for undirected graphs. (Shiloach (1979)).

6.6.22. EXERCISE. Formulate theorems dual (in the planar sense) to
Theorems 6.6.14 and 6.6.20.

/BOX 6B. Packing Paths, Cycles, Joins and Cuts \

Theorem 6.5.10, the Lucchesi-Younger Theorem 6.6.12 and the Ed-
monds-Fulkerson Theorem 6.6.14 are all examples in which the problem
of optimum (fractional, respectively integral) packing of cuts can be
characterized by a minimax formula. There are many results in graph
theory which are similarly related. We mention the results of Seymour
(1978) on packing 2-commodity cuts, and of Lins (1981) on packing
“coronas”. In these results on packing cuts, a key fact is that some
version of the uncrossing procedure can be carried out.

Along with various types of cuts, packings of various “joins” con-
stitute an interesting, but in many respects more difficult, set of problems.
The packing problem for T-joins with |T| =2 is just Menger’s Theorem,
which states that the maximum number of line-digjoint T-joins is equal
to the minimum size of a T-cut. This relation does not generalize for
\T|>2. ¥ T = V(G), then a cubic graph has 3 line-disjoint V(G)-joins if /
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/ and only if it is 3-line-colorable, which is in turn an NP-complete problem\
(Holyer (1981)).

It was conjectured by Edmonds and Giles (1977) that the maximum
number of line-disjoint joins in a digraph is equal to the minimum size of
a directed cut, but this was recently disproved by Schrijver (1980a). On
the other hand, this relation is known to hold for a large class of digraphs
(Schrijver (1982)).

The Disjoint Branching Theorem of Edmonds (1973) may also be
viewed as a minimax result for packing branchings. The maximum num-
ber of line-disjoint spanning trees of a graph was characterized by Tutte
(1961) and Nash-Williams (1961, 1964). If we study packing problems for
various other notions of “joins”, we find theorems on 2-commodity flows
(Hu (1963), Rothschild and Whinston (1966a, 1966b), Seymour (1979¢c),
Okamura and Seymour (1981)), on graph connectivity and path packing
(Gallai (1961), Lovdsz (1970d, 1976b), and Mader (1978a, 1978b, 1979a,
1979b)) and on and on. Closely related to these are cycle packing prob-
lems (Gallai (1957/58), Seymour (1979b) and Lins (1981)). But at this
@int an enormous amount of graph theory is sneaking in, so we quickly )

close Pandora’s box!
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Matching and Linear Programming

7.0. Introduction

During the last 20 years, linear programming has become one of the
most widely used and most powerful tools in combinatorics. One of the
early successes in the application of linear programming to combinatorial
problems was the treatment of flows and bipartite matching, using the
concept of “total unimodularity” (Ford and Fulkerson (1958), Hoffman
and Kruskal (1956)). These results show that the Max-Flow Min-Cut
Theorem, as well as Konig’s Theorem, may be viewed as sharpened
{(integral) versions of the Duality Theorem of Linear Programming, for
certain special, highly structured cases. In a celebrated paper, Edmonds
{1965b) extended the effective range of linear programming inethods
to non-bipartite matching problems, by determining the defining in-
equalities for the convex hull of matchings. This work has served as a
prototype for treating many other combinatorial optimization problems,
and a number of these have been solved completely or partially in this
sense (branching, matroid intersection, vertex packing, travelling sales-
man, and others).

In this chapter we first discuss solving the bipartite matching prob-
lem as a consequence of the Duality Theorem. In considering two natural
ways of generalizing this problem, we will be led to the notion and study
of “fractional” matchings on the one hand, and to Edmonds’ Theorem
about the matching polytope on the other. Observing that the latter
may be viewed as a characterization of the “fractional chromatic index”,
we shall make a brief detour to line colorations, and prove the famous
theorem of Vizing. The descriptions of the matching polytope and of the
fractional matching polytope have many other nice applications and we
will treat some of these.

In the last section we set out to determine the dimension of the
perfect matching polytope. This problem turns out to be rather difficult
and the solution makes use of the structure theory developed in Chapter

2.
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/BOX 7TA. Cones, Polytopes and Polyhedra, and other \W
Preliminaries from Linear Programming

Let vy,...,vm be vectorsin R™. Vector v=A\jv1+--- +Am¥m,(\i € R)
is called a linear combination of v;,...,vn. An affine combination is a
linear combination with X1+ -+ 4+, = 1; a conical combination is a linear
combination in which each )\; > 0; and a convex combination is an affine
combination in which each ; > 0. The linear (affine, conical, convex) hull
of {v1,...,vm} is the set of all linear (affine, conical, convex) combinations
of v1,...,Um. A set of vectors is called affinely independent if no one of
them is an affine combination of the others. Note that the column vectors
v1,...,v, are affinely independent if and only if the augmented column
vectors (1)11)""!(1)1,,) are linearly independent.

The convex hull of a finite set of vectors is called a (convex polyhe-
dral) cone. A cone is pointed if 0 is a vertex, that is, if there is a hyper-
plane which intersects the cone in the unique point 0. This is equivalent
to saying that 0 is not a non-trivial non-negative linear combination of
the defining vectors.

A theorem due to Weyl (1935) says that every convex polyhedral cone
is the intersection of a finite number of halfspaces which have 0 on their
boundary. Algebraically, this means that the cone is the solution set of
a system of homogeneous linear inequalities. Conversely, every system of
homogeneous linear inequalities has a convex cone as its solution set.

The reader should consider himself duly warned that the number
of vectors needed to generate a polyhedral cone may be exponentially
large in the dimension and in the number of linear inequalities defining
the cone. As an example consider the cone of all non-negative n X n
matrices with equal row and column sums. This cone in R is defined
by n? inequalities and 2(n — 1) equations, but we need n! matrices (the
permutation matrices). (See the Birkhoff~von Neumann Theorem 1.4.13.)
It may also happen that the number of linear inequalities needed to define
a cone is exponentially large in the dimension and in the number of
generating vectors.

The above two definitions of convex cones (as non-negative combina-
tions of defining vectors and as the solution set of a system of homogene-
ous defining inequalities) together provide a good characterization of convex
cones. More exactly, if we are given both a list of vectors generating the
cone and a list of linear inequalities defining the same cone, then to prove
that a vector belongs to the convex cone, it suffices to represent it as a
non-negative combination of defining vectors. To prove that it does not
belong to the convex cone, it suffices to find a defining inequality which
is violated by this vector.

One frequently meets cones given by some description other than
defining vectors or defining inequalities. .(See, for example, Exercise
\\7-3.5.) In this case it may happen that both the number of defining,/
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/ vectors and the number of defining inequalities are exponentially large in\
terms of the “size” of this description!

So to have a good characterization of a cone given by some descrip-
tion of length n, we need
(a) a way to exhibit that a defining vector belongs to the cone in time
polynomial in n, and
(b) a way to exhibit that a defining inequality is valid for every vector
in the cone in time polynomial in n. ‘

Usually we have (a) or (b) trivially and then we try to achieve the
other. If the cone is given by a list of defining vectors, then (a) is the trivial
task of checking whether a given vector is in the list; (b) is also trivially
solved by substituting the defining vectors into the given inequality. The
above mentioned good characterization of polyhedral cones can be stated
in the following more algebraic form. This result is fundamental in linear
programming; for a proof see Chvatal (1983).

7A.1. LEMMA. (The Farkas Lemma). If a1,...,am,b € R™, then either
b is a non-negative linear combination of ay,...,am, or there exists a vector
u€eR” suchthata; - u<0, butb-u>0. ]

Returning to good characterizations of convex cones, a further minor,
but subtle, point has to be clarified. Suppose that we have a procedure for
(a). How can we exhibit that an arbitrary vector z belongs to the cone?
‘We represent z as a non-negative combination of the defining vectors, and
then prove that these defining vectors are indeed in the cone. But the
number of defining vectors may be very large, and so just to write down
this representation may take an exponentially long time! Fortunately,
there is a useful fact (called Carathéodory’s Theorem (1907)) which says
that every vector in the cone can be represented as a non-negative linear
combination of at most n defining vectors, where n is the dimension of
the space.

Given a finite number of points (vectors) in R", their convex hull
is called a polytope. A classical result of Minkowski and Weyl states
that every polytope is the intersection of a finite number of halfspaces.
Algebraically, this says that every polytope can be defined as the set
of points satisfying a system of linear inequalities. Knowing both a set
of defining points and a system of linear inequalities provides a good
characterization of the polytope: if we want to exhibit that a certain vector
belongs to the polytope, all we have to do is to give a representation of
it as a convex combination of defining points; if we want to exhibit that
a certain vector does not belong to the polytope, all we have to do is to
find one of the defining inequalities which is violated by the vector. To
make this precise, the same observations have to be made as were made
above for cones.

For every polytope there exists a unique minimal set of defining

\points, the set of its vertices. A vertex can also be characterized as a /
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point in the polytope which is not contained in a segment connecting two
other points. Another characterization of a vertex is as a point for which
there exists some valid inequality such that this is the only point yielding
equality.

The situation is somewhat more complicated for defining inequalities. °
An interior point is a point satisfying all defining inequalities with strict
inequality. A polytope is called full dimensional if it has an interior point.

FIGURE 7A.1. Two different descriptions of a polytope

In this case, there is a unigue minimal set of defining inequalities (up to
multiplication by a positive number). Inequalities belonging to this unique
minimal system are called essential. The set of points of a polytope which
satisfy an essential inequality with equality is called a facet. There is a
one-to-one correspondence between facets and essential inequalities (up
to a positive multiplier).

Essential inequalities are characterized by the fact that there are n
affinely independent vertices which give equality in them. Equivalently,
an inequality is essential for a full dimensional polytope if it is valid and
is not a non-negative combination of other valid inequalities. Yet another
characterization says that a valid inequality “«” is a facet if and only if
every valid inequality which holds with equality whenever * does, is a
positive multiple of *.

Vertices and facets are special cases of the notion of a face. A face is
\, the set of points giving equality in some valid inequality.
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/ If the polytope is not full dimensional then there exist linear equa-w
tions which are satisfied by all points of the polytope. Adding a multiple
of one of these equations to any of the defining inequalities does not
change the polytope obtained thereby. So in general there is no unique
minimal set of inequalities defining the polytope, and we shall be content
with finding a collection of inequalities which is “reasonable” in some
sense. (See Figure 7TA.1.)

The solution set of a system of linear inequalities is a polyhedron.
Every polytope is a polyhedron, but not conversely. In fact, a polyhedron
is a polytope if and only if it is bounded. If we want to describe a
polyhedron — which is not a polytope — it does not suffice to list its
vertices. Motzkin (1936) proved that we can represent any polyhedron
as the sum of a polytope and a convex polyhedral cone in the following
sense: we list some defining points and some other vectors called defining
rays, and then form all points which arise as a convex combination of the
defining points plus a non-negative combination of the rays. (See Figure
TA.2 for an example.)

Once a list of defining points and defining rays is found, we have
an efficient way to exhibit that a point s in the polyhedron: we just
represent it as a non-negative combination of defining points and rays,
where the coefficients of defining points add up to 1. Of course we have an
efficient way to exhibit that a point is not in the polyhedron by exhibiting
a violated defining inequality. For a more precise description of this idea
of good polyhedral characterization, remarks similar to those for cones
given prior to Lemma TA.1 apply.

The dimension of a polyhedron P, dim P, is defined as the dimension
of the affine subspace spanned by P. Note that the maximum number of
affinely independent points is equal to 1 +dim P.

THE FUNDAMENTAL PROBLEM OF LINEAR PROGRAMMING
is to find the minimum or maximum of a linear objective function over a
polyhedron, that is, subject to linear constraints. There are many stan-
dard forms in which linear programming problems can be written. For
combinatorial applications, one common form is

maximize c¢-Z
subject to z>0 (TA.1)
Az < b,

where A is an n X m matrix, b € R, ¢ € R™, and 0 stands for the zero
vector of dimension m. We define the dual program of (7A.1) (and denote
it by 7TA.2) as follows:

minimize b.y
subject to y>0 (TA.2)

\ ATy >e J/
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FIGURE 7TA.2. A polyhedron as the sum of a polytope and a cone

/ The relation between these two programs is described by the following\

fundamental theorem. It appears implicitly first in a working paper
written by von Neumann (1947), and later as a full-blown theorem with
proof in Gale, Kuhn and Tucker (1950).

7TA.2. THEOREM. (The Duality Theorem of Linear Programming). If
esther one of the programs (TA.1) or (TA.2) has a solution and a finste optimum,
then so does the other and the two optima are equal, [ |

This theorem does not only transform one linear programming prob-
lem to another, but it also yields a good characterization of the optimum
\value of the program in the following sense. Assume that we want to /
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7 prove that the optimum value of program (7A.1) is a. Then we can show\
that it is not less than a by exhibiting a feasible solution of (7A.1) for

which the value of the objective function is a. To show that the optimum
value is not larger than this, we can use a feasible solution of the dual
program (7A.2) for which the value of the dual objective is a.

It is very useful to know that if (7A.1) has a feasible solution and
a finite optimum, and if the corresponding polyhedron has at least one
vertex, then this optimum is attained at a vertex of the polyhedron.
Hence it follows, among other things, that if the matrix A and the vector
b are rational, then among the optimum solutions of (7A.1) at least one
has rational entries.

As general references on linear programming we suggest Dantzig

\(1963) and Chvétal (1983).

BOX 7B. Linear Programming Algorithms A

In the troubled days of the late 1930’s and early 1940’s, Kantorovich
first formulated the linear programming problem in a truly mathematical
setting. (See Kantorovich (1939, 1942) and Kantorovich and Gavurin
(1949).) Unfortunately this work lay unnoticed for many years. Also the
crucial idea of a formal solution procedure — that is, an algorithm — was
not yet formulated.

In the years just after World War II, Dantzig and von Neumann
independently discovered the new discipline. Moreover, a giant step
forward was taken when Dantzig (1951) produced the first — and still
the best — algorithm for linear programming, the now-famous Simplez
Method. Linear programming has since become one of the most widely
and successfully applied branches of mathematics. The reason for this
success is not only because linear programs are at the core of a wide
variety of mathematical models in economics, industry and science, but
also because now we have the Simplex Method to solve them.

From the geometric point of view, the Simplex Method is very easy
to understand. To solve a linear program we must find a maximum, say,
of a linear objective function over a polyhedron P (given as the solution
set of a system of linear inequalities). Without loss of generality we may
visualize this objective function as “elevation”, that is, we want to find
the highest point of the polyhedron P. This can be achieved — quite
naturally — as follows. Start at any vertex v of P. Look for an edge
connecting v to a vertex v’ which is higher than v, and use it to travel to
v'. Repeating this, we sooner or later reach a vertex from which all edges
go down. It is easy to show then that this vertex is the highest point of
P

Technically speaking, the above description of the Simplex Method
\is complete only if the linear program is non-degenerate, that is, only n /
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/ of the constraints are satisfied with equality at the same vertex, wherew

n is the dimension of P. In this case, only n edges are incident with
any vertex and so it is easy to decide for them all whether they go up
or down. However, it is easy to reduce the general case to the case of
simple polytopes — say by “perturbing” the defining inequalities just
a bit. (In practice, however, there are better ways to do this). So in
this informal discussion we shall confine ourselves to such non-degenerate
linear programs.

Not only is it easy to explain the geometric content of the Simplex
Method, but it is easy to implement it as a sequence of simple manipula-
tions on the columns of the matrix describing P. Such a description of
the Simplex Method can be found in any textbook on linear program-
ming, and we shall not go into details. Let us remark at least, however,
that these manipulations of the columns can be described in a completely
combinatorial manner, and such a combinatorial abstraction of linear pro-
gramming has been one of the sources of the theory of oriented matroids
(Bland (1977), Bland and Las Vergnas (1978), Folkman and Lawrence
(1978), Fukuda (1982) and Mandel (1982)).

Now let us consider the running time of the Simplex Method. We
start by making a preliminary observation. Suppose that we are at a
vertex of P from which more than one edge is going “up”. Which of these
edges should we follow? Several simple rules-of-thumb can be applied to
select this edge: steepest ascent, largest increase in the objective function
value, etc. Such a rule is called a pivoting rule. Whatever pivoting rule
we choose, the Simplex Method will terminate in a finite number of steps
with an optimum solution, but the running time does depend on the
pivoting rule chosen. (This finite termination is automatically valid only
if P is simple, but we will stick to this case).

Now in practice the Simplex Method seems to run extremely fast with
any of several simple pivoting rules; it can solve linear programs up to
several thousand variables and constraints on a reasonably fast computer.
However, for each of these pivoting rules we can construct diabolical
programs on which the Simplex Method takes ezponentially long to run!
So while the average performance of the Simplex Method is very good, its
worst-case performance is very bad (see Klee-Minty (1972), Zadeh (1973),
Jeroslow (1973)). For theoretical results on the average performance of
the Simplex Method, see Borgwardt (1982a, 1982b), Smale (1982, 1983),
Haimovich (1983) and Adler, Megiddo and Todd (1984). Thus from a
theoretical point of view, the existence of the Simplex Method has not
solved the question of algorithmic complexity of linear programming: can
linear programs be solved in polynomial time? This problem is of great
theoretical importance since the optimum value of a program is a well-
characterized function of the input by the Duality Theorem. In fact, for
\ some time, the optimum value of a linear program was the Number One /
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/ Candidate for a well-characterized function which could not be computed\
in polynomial time.

However, Hatijan (1979) showed that a method of non-linear op-
timization, due to Sor (1970, 1977) and to Judin and Nemirovskil (1976),
but unfortunately not widely known, could be adapted to solve linear
programs in polynomial time. The method has become known as the
Ellspsoid Method. The popular press picked up this result and — unfor-
tunately — advertised it ag an important breakthrough in practice, which
it was never claimed to be! The Simplex Method was — and is — satis-
factory for all practical purposes. But the Ellipsoid Method did represent
a theoretical breakthrough and some of its most important implications
are in the field of combinatorial optimization which render it important
for the purposes of this book.

Even though the geometry of the Ellipsoid Method is more compli-
cated than that of the Simplex Method, it is still fairly easy to explain.
Let us start with a very simple version. Suppose that we want to decide
if a system of strict linear inequalities

a;-z<b; (i=1,...,m) (7B.1)
has a solution, where a;, € Z", b, € Z. Let T denote the maximum
absolute value of entries of a1,...,am and b1,...,bn. First we can prove

that if system (7B.1) has a solution, then it has a solution with |z;| <
(nT)™. Thus, we may add the inequalities

—(nT)* < z; <(nT)" (7=1,...,n) (7B.2)

to the system without changing the answer to our question. Then, if P
denotes the solution set of (7B.1) together with (7B.2), then P is contained
in the ball Ey of radius R = n™*'T™ and center 0.
For later reference let us remark that if P is non-empty then it has
a positive volume; in fact, in this case we have the following lower bound
on its volume: )
vol P > (nT)~(»+1)",

The Ellipsoid Method consists of constructing a sequence Eq, E3, ...
of ellipsoids, each including P and shrinking in volume. Suppose that Ex
has been constructed. Let z* be its center. Test to see if z* satisfies all
the inequalities (7B.1). If the answer is yes, then we can stop, for z* is
a solution. Suppose that z* violates one of the inequalities in (7B.1), for
example a; - z* > b;, for some 1 < i < m. Then consider the intersection

Eir=Ecn{z|ai-z> b}

and include this in an ellipsoid with minimum volume. Let this new
ellipsoid be Ex1. By this construction, each Ej will include P.
We can show that

. Vol Exyq < e YD) yo1 By )
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( from which it follows that N

VOl By < e~ ¥/ G+ D) ol By < = */ D) )(mt 1?

So the volumes of the ellipsoids Ex tend to 0 as a geometrlc progres-
sion. Since E)x 2 P, we also have

vol Ex > vol P,

\ which implies that if P is non-empty, then the procedure must terminate

/
\\..r/ Ek+1

FIGURE TB.1. A step in the Ellipsoid Method

( in a finite number of steps. More precisely, suppose that Ej is con-
structed, and that P is non-empty. Then

(nT)“("“)2 <volP < volE; < e'k/(z("“))(nT)("“)z‘

Hence
k < 4(n +1)*(logn +logT).

Thus if the sequence Fo, Ey, Es,..., does not terminate after 2(n +
L 1)*[logn + log T'] steps, we can stop a.nd be certain that (7B.1) has no p
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/ solution at all. Since the input length of the problem (i.e., the number of \
binary digits necessary to write down all the coefficients in the problem)
is at least logT and also at least n, this means that only a polynomial
number of ellipsoids need be constructed.

To obtain a polynomial-time algorithm for linear programming from
this, we must add a fairly large number of details, which we shall not
develop here. Let us mention a few, however. How do we describe
an ellipsoid? How do we determine the ellipsoid with minimum volume
including E;? What do we do if rounding errors occur? How large can
the numbers grow during these iterations? How do we handle the case
of non-strict inequalities? What do we do with the objective function?
None of these represents unresolvable difficulties, but the details are quite
tedious, and therefore we refer the reader to the papers cited above, as
well as to Gécs and Lovész (1981), Bland, Goldfarb and Todd (1981), and
Grotschel, Lovész and Schrijver (1981).

From a practical point of view, the Ellipsoid Method has proved in-
ferior to the Simplex Method because of the numerical problems accom-
panying it and also because its running time, though always polynomial,
is usually quite unattractive. But from the point of view of theoretical
applications to combinatorial optimization problems, it has two very nice
features. First, the bound on the number of iterations

4(n+1)*(log T +logn)

does not depend on the number of constraints; and second, one does not
need to list all the constraints in advance. All we need is a way to identify
a constraint which is violated by the center zi of the current ellipsoid.
These features can be exploited to prove far-reaching reduction principles
between combinatorial optimization problems (see Grotschel, Lovasz and
Schrijver (1981)). Let us formulate here one version of such “equivalence
principles”, which takes relatively little preparation. We shall apply this
result in Chapter 9. '

Let K be a class of polytopes. Suppose that each member P of K
has some “description” or “name”, where we assume that the dimension
of the linear space which contains P is bounded by a polynomial in the
length of the “name” of P. Also assume that each polytope in K has
rational vertices and that the numbers of binary digits in numerators and
denominators of entries of vertices of P are bounded by a polynomial in
the length of the name of P. For the purposes of this box, let us call such
a class K “well-behaved”.

7B.1. THEOREM. Let K be a well-behaved class of polytopes, and suppose
that there is a polynomial algorithm which, given the “name” of any P € K,
P CR"™ and any = € R™, decides if x € P and if it is not, finds a hyperplane
separating T from P. Then we can find the mazimum of any linear objective
\function c-z(c € Q™) over z € P in polynomial time. L%
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/ A weaker version of this theorem (for the case when the polytope\
is full dimensional) is proved in Grotschel, Lovasz and Schrijver (1981).
The present version is proved in Grétschel, Lovasz and Schrijver (1984c).
Extensions to the non-full dimensional case; but with restrictions on the
separation subroutine, were proved earlier by Karp and Papadimitriou
(1980, 1982) and Padberg and Rao (1981).

Quite recently, Karmarkar (1984) has designed a new polynomial-
time algorithm to solve linear programs. This algorithm is based upon
ideas from projective geometry and is too involved to be discussed here.
However, it is important to remark that the first tests show this algorithm
to be comparable with (and indeed even faster than) the Simplex Method.
On the other hand, in its present form, it does not seem to yield the

Kcombinatorial applications mentioned above. /

7.1. Linear Programming and Matching in Bigraphs

Let G be a bigraph with bipartition V(G) = (U,W). We shall work
in the following two linear spaces: RF(G), the set of all vectors whose
entries are indexed by the lines of G, and RV(%) the set of all vectors
whose entries are indexed by the points of G. Every subset F' C E(G)
can be described by its incidence vector, the |E(G)|-tuple ¢" = (. : e €
E(G)) € RE(G), where

L _[1 ifeeF,
®7 10,  otherwise.

Similarly we can assign an incidence vector to every subset S C V(G).
Let us adopt one more general convention. If we have an arbitrary
vector a = (a. : € € E(G)) € RE(®) and if F C E(G), then we set

a(F)=¢"-a=) a..

ecF

It is trivial that a 0-1 vector z in RE(S) is the incidence vector of a
matching in G if and only if

z(V(v)) <1, (7.1.1)

for every point v € V(G).
In fact, if z is the incidence vector of any set F' C E(G), then the
left hand side of (7.1.1) just counts the number of lines in F' incident
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with point v. Also, the cardinality of F may be expressed very simply
in terms of its incidence vector z = ¢" by

|F|=2(E(G))=1%"1, (7.1.2)

where 1 = gZ(%) is the vector with all entries equal to 1. So the problem of
finding a maximum matching in G is equivalent to finding a 0-1 vector z
which maximizes (7.1.2) subject to and [V(G)| constraints of type (7.1.1).
If the assumption that z is a 0-1 vector were dropped, we would have a
linear programming problem, which could be solved easily by the powerful
methods of linear programming. However, z must be a 0-1 vector, and
this condition cannot be expressed by linear inequalities. Let us try to
do as much as we can, however, and write

0<z. <1 (e€ E(G)).

Here the upper bounds may as well be omitted, since they are implied
by inequalities (7.1.1). So we are left with the |E(G)| inequalities

2.20 (e€ E(G)). (7.1.3)

We often write (7.1.1) - (7.1.3) in the more compact form

maximize 1-z (7.1.4)
subjectto  z >0 (7.1.5)
Az <1,

where A = (a,.) is the point-line incidence matrix of G, that is,

1, if v is an endpoint of e,
Gve =1y, otherwise.

The reader may wonder at this point why we want to formulate
(7.1.4) - (7.1.5), since it is not equivalent to the original problem of finding
a maximum matching. In particular, (7.1.3) does not imply that z is a
0-1 vector, and hence an optimum solution of (7.1.4) - (7.1.5) may not
have any combinatorial meaning as a set of lines. However, in the case
of bipartite graphs we can easily show that among the optimum solutions
of (7.1.4) - (7.1.5) there will be one, which s a 0-1 vector. In fact, the
solutions of (7.1.5) form a polytope M(G), and among those points of



268 7. MATCHING AND LINEAR PROGRAMMING

this polytope which maximize the linear objective function 1-z, at least
one will be a vertex. So if we show that the vertices of the polytope
M(G) are 0-1 vectors we are done. In view of (7.1.3), it suffices to show
that they are integral. To this end, recall that a vertex of a polytope in
R? can be obtained as the unique intersection point of the hyperplanes

FIGURE 7.1.1.

of g of its facets. In our case this means that we have to select g linearly
independent rows of the matrix (‘?), turn the corresponding inequalities in
(7.1.5) into equalities, and solve the resulting system of linear equations.
Eliminating those variables which are immediately given as 0’s, we are
left with a system

Az’ =1, (7.1.6)

where A; is a square non-gingular submatrix of A.
As an example, take the graph in Figure 7.1.1. Then the system of
linear inequalities (7.1.5) is the following:

Al < 1 Iy > 0
To+T3 <1 520

I3 +25 <1 320 (7.1.7)
Ti+To +z4 <1 420
4t <1 z5 > 0.

Any vertex of the polytope described by (7.1.7) will satisfy 5 of the
inequalities with linearly independent left hand sides with equality. (Of
course, it also must satisfy the rest as well.) Suppose, for example that
this vertex gives equality in the first four inequalities of the group of
inequalities on the left hand side of (7.1.7) and in the last inequality
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on the right. Then, substituting z5 = 0, we obtain from the first four
equations

T1+ZT2 +z4 =1.

The matrix of this system

A=

— O O
e = e =]
O = =O
-0 O O

has determinant 1. Now if we solve (7.1.6) by Cramer’s Rule, the entries
of the solution will be rational numbers whose denominators are det A;.
Thus the fact that the solution is integral follows immediately from the
following lemma:

7.1.1. LEMMA. If G 1s bipartite, then every square submatriz of A has
determinant 0 or +1.

PROOF. Consider any square kx k submatrix @ of A. We use induction
on k; the case k =1 being trivial.

If ¢ has a column consisting only of zeros, then det @ = 0. If @ has
a column containing exactly one 1, then we can expand det ¢ about this
column and proceed by induction. So we may assume that every column
of @ contains two 1’s.

The rows of @ correspond to the points of G and so they can be
partitioned into two classes according to the two color classes of G. Let,
say, the first ¢t rows correspond to one color class of GG, and the last k—t
rows to the other color class. Then every column of ¢ has one 1 in the
first ¢ rows and one 1 in the last k —t rows. But this means that the
sum of the first ¢ row vectors is equal to the sum of the last k — ¢t row
vectors (both sums being equal to (1,...,1)). So the rows of @ are linearly
dependent, and hence det Q) = 0. [ |

It is worth-while to notice that we have, in fact, proved the following:

7.1.2. THEOREM. Let G be a bipartite graph. Then the vertices of the
polytope (7.1.5) are 0-1 vectors. In fact, they are ezactly the incidence
vectors of matchings. ]
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The problem of finding minimum point covers is quite analogous.
A 0-1 vector y is the incidence vector of a point cover if and only if it
satisfies
Yut Y 21,

for every uv € E(G). '

If we replace the condition that y is a 0-1 vector by the constraint
that y is non-negative, we obtain similarly as before, the following linear
programming problem:

minimize 1-y (7.1.8)
subjectto y>0 (7.1.9)
ATy>1.

Using Lemma 7.1.1 similarly as before, we obtain that the vertices
of the polyhedron (7.1.9) are integral. It is easy to see that those integral
solutions of (7.1.9) which are not 0-1, or which are 0-1, but are not
the incidence vectors of minimal point covers, are not vertices. Thus we
obtain the following result.

7.1.3. THEOREM. If G is a bipartite graph, then the vertices of the
polyhedron (7.1.9) are ezactly the incidence vectors of (inclusionwise) min-
tmal point covers. ]

Note that (7.1.9) does not describe a bounded body, and so we cannot
conclude that it is the convex hull of incidence vectors of point covers.
Actually, it is the sum of this convex hull with the non-negative orthant.

Konig’s Minimax Theorem is an immediate consequence of these
results. Just note that Theorem 7.1.2 implies that

V(G)=max{l-z|z € REG) z>0, Az <1},
and Theorem 7.1.3 implies

7(G)=min{l-y|y e RYD y>0, ATy>1}.

But the two programs on the right hand sides are dual to each other,
and since their solvability is obvious, we get v(G)=7(G) by the Duality
Theorem.

But Theorems 7.1.2 and 7.1.3 say more than Konig’s Theorem. Their
most essential consequence is that they imply minimax formulas for the
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weighted matching problem and the weighted point cover problem. First,
let a non-negative integer weight w, be assigned to every line e, and
write w = (we : e € E(G)). We would like to find a matching in the
bipartite graph G having maximum weight. This may be formulated as
the problem of maximizing the linear objective function w-z over all 0-1
vectors z that are incidence vectors of matchings. By Theorem 7.1.2,
this maximum is equal to

max{w-z|z € R¥(D), 2 >0, Az < 1}. (7.1.10)
By the Duality Theorem, this is equal to
min{l-y|ye RV y>0, ATy > w}. (7.1.11)

Using Lemma 7.1.1 it is easy to prove that the vertices of the polyhedron
{yeRV(©& |y >0, ATy > w} are integral. (It does not follow that they
are 0-1 vectors!) We may interpret an integer vector y solving (7.1.11) as
a collection of points of G, where point v occurs y, times in the collection.
So we have proved the following result (Egervary (1931)):

7.1.4. THEOREM. Let G be a bipartite graph and let a non-negative
integral weight w. be assigned to every line e of G. Then the mazimum
weight of a matching in G 1s equal to the minimum number of points in a
collection from which every line e meets at least w. points. ]

Let a non-negative integer weight b, be assigned to every point v. A
b-matching is an assignment of non-negative integral weights to the lines
such that the sum of weights of lines incident with any given point v is
at most b,. An argument similar to that above also proves the following:

7.1.5. THEOREM. Let G be a bipartite graph. Let a non-negative
integral weight w, be assigned to every line e, and also let a non-negative
integral weight b, be assigned to every point v. Then the mazimum weight
of a t-matching in G 13 equal to the minimum b-weight of a collection of
points from which every line e contains at least w, elements. |

7.1.6. EXERCISE. Show that Theorem 7.1.5 can easily be deduced
by applying Theorem 7.1.4 to the bipartite graph obtained from G by
replacing each point v by b, points and connecting all the b, copies of
u to all the b, copies of v if and only if u and v are adjacent in G. (No
similar simple trick is known for obtaining Theorem 7.1.4 from Konig's
Theorem.)
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7.1.7. EXERCISE. Give a proof of the Max-Flow Min-Cut Theorem
and the Flow Integrality Theorem using the same kind of argument as
above.

7.1.8. EXERCISE. Use Theorem 7.1.2 to derive the Birkhoff-von
Neumann Theorem (Corollary 1.4.13).

7.1.9. EXERCISE. Formulate the line coloration problem for bipartite
graphs as an integer linear programming problem. Derive Konig's Line
Coloring Theorem from this formulation.

7.1.10. EXERCISE. Prove that every bipartite graph with maximum
degree < k has a k-line coloration in which the number of lines of each
color is |g/k| or [g/k]. (For reference see de Werra (1972).)

N
BOX 7C. The Hoffman-Kruskal Theorem

and Other Conditions of Integrality

The proof of Konig’s Theorem given above may be adapted to prove
other minimax theorems, including the Max-Flow Min-Cut Theorem (see
Exercise 7.1.7). The crucial point in these proofs is to show that among
the optimal solutions of an appropriate linear program, there is at least
one whose entries are integers. A sufficient condition for this is that the
vertices of the polytope (or polyhedron) of feasible solutions are integral
points. There are some general criteria which guarantee this. Probably
the most important one to date was abstracted from the above proof of
Konig's Theorem by Hoffman and Kruskal (1956). A matrix A is called
totally unimodular if every square submatrix of A has determinant 0 or
*1.

7C.1. THEOREM. Let A be a totally untmodular n x m matriz. Then for
all integral vectors by, bz € Z7 and d1,dz € Z™, the polyhedron

{zeR™ | by <Az < by, dy <z < da}

has all integral vertices. Conversely, if this polyhedron has all integral vertices
for every choice of integral vectors by, ba,dy and d2, then matriz A 13 totally
unsmodular. ]

Another simple but very useful result on the integrality of the vertices
of a polyhedron was proved by Hoffman (1974). For the extension to the
\ Unbounded case, see Edmonds and Giles (1977). /
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/ 7C.2. THEOREM. A polytope has all integral vertices if and only if for every
linear objective function with integral coefficients which has a mazimum over the
polyhedron, this mazimum is integral. [ |

The way this theorem is usually applied is to show that for any
linear objective function with integral coefficients, and for an appropriate
description of the polyhedron by linear inequalities having integral coef-
ficients, the dual problem has at least one integral optimal solution. This
automatically implies that the optimum value of the objective function
(which is common for the primal and dual problems) is an integer. (A
system of linear inequalities such that for any linear objective function
with integral coefficients the dual program has an integral solution is
called totally dual integral.) To derive, for example, Konig’s Theorem in
this way, we only have to show that if G = (U,W) is a bipartite graph
and w is any non-negative integral weighting of the lines, then among the
optimum solutions of (7.1.11) at least one is integer-valued. The same
property of (7.1.10) will then follow by the theorem above.

Proving that (7.1.11) has integral vertices can be done directly, with-
out using total unimodularity. In fact, let zo = (zo1,...,Zop) be a non-
integral point of (7.1.11). Let A and B denote the sets of points of U and
W, respectively, which correspond to non-integral entries in o, and let
a and b be their incidence vectors. Then for a small enough € > 0, both
vectors

zo + €(a — b), zo — €(a—b)
satisfy (7.1.11), and since zo is on the segment connecting them, it follows
that zo cannot be a vertex.
AN 4

7.2. Matchings and Fractional Matchings

If we consider non-bipartite graphs, Theorem 7.1.2 does not remain
valid. For example, if G is a triangle then the point (1/2,1/2,1/2) is a
fractional vertex of the polytope described by (7.1.5). It is still true that
the incidence vector of every matching belongs to the polytope (7.1.5),
but (7.1.5) is in general not the convex hull of these matchings.

So in the case of general (not necessarily bipartite) graphs two more
polytopes may be introduced. One is the matching polytope, denoted
M(G), which is the convex hull of incidence vectors of all matchings in
the graph G. The other is the polytope of solutions of (7.1.5), which
we call the fractional matching polytope and which will be denoted by
FM(G). As remarked above, M(G) C FM(G).

We shall also consider the convex hull of all perfect matchings which
we call the perfect matching polytope of G and denote by PM(G).
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Obviously, PM(G) C M(G); in fact, PM(G) is the face of M(G) deter-
mined by the valid inequality z(E(G)) <p/2.

7.2.1. EXERCISE. Prove that M(G) = FM(G) if and only if G is
bipartite.

Similarly, Theorem 7.1.3 fails to hold for non-bipartite graphs, and
this motivates the introduction of two other polyhedra. One is the convex
hull of all point covers, called the point cover polyhedron, and the other
is the solution set of (7.1.9), which we shall call the fractional point cover
polyhedron. They will be denoted by PC(G) and FPC(G), respectively.

The main objective of this chapter is to study the five polyhedra
M(G), FM(G), PM(G), PC(G), and FPC(G). Let us remark at the out-
set that these five objects are not equally important or equally difficult.
For us the most important will be the matching polytope. The study of
the facets of this polytope will be the central theme in our treatment, and
this will have the most important applications for us. Note that since
M(G) is given by its vertices, the key problem is to find its description in
terms of inequalities. In the case of the polyhedra FM(G) and FPC(G),
which are described to us by inequalities, the main problem will be to
find the vertices. This will be relatively easy. (It is, in fact, essentially
equivalent to the bipartite matching problem.) Finally, the polyhedron
PC(G) turns out to be a real villain; it has very complicated facets which
have not been — and probably never will be — described in full! We shall
only survey the main directions of attack on PC(G) in Chapter 12.

7.3. The Matching Polytope

Recall that the matching polytope M(G) of a graph G is defined as
the convex hull of incidence vectors of matchings in G. In this section we
prove an important theorem which characterizes the facets of M(G). The
more important half of this result, which says that every facet of M(G) is
of the form given below, is a celebrated result of Edmonds (1965b). The
converse, that every inequality given below does indeed define a facet,
was proved by Pulleyblank (1973) (see also Pulleyblank and Edmonds
(1974)). The proof given here is due to Lovész (1979a).

7.3.1. THEOREM. The facets of M(G) are given by the following in-
equalities:
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(i) =(V(v)<1 (where v 1s a non-isolated point such
that if v has only one neighbor u, then
{uv} 15 a connected component of G,
and if v has ezactly two neighbors, then
they are not adjacent)

(iii) =(E(S)) <(|S]|—1)/2 (where S spans a 2-connected factor-
critical subgraph).

The somewhat lengthy condition in (ii) serves only to rule out some
degenerate cases. It is equivalent to saying that no line non-incident with
v contains all neighbors of v. The interesting inequalities are those in
(iii).

The inequalities (ii) are valid inequalities for the matching polytope
for every point v. Similarly, the inequalities (iii) are valid for every odd
set of points S. The restrictions on v and S are only to rule out those
inequalities which are superflous in as much as they follow from the other
inequalities.

PROOF. First we show that every facet of M(G) is determined by an
inequality of the given type. Let

Y aeze<b (7.3.1)
ecE(G)

be an inequality which defines a facet of M(G). Every matching in G
which satisfies (7.3.1) with equality will be called an extremal matching.
The main thrust of our argument will be that if we find an inequality
“x” guch that every extremal matching satisfies it with equality, then this
inequality may differ from (7.3.1) only by a positive scalar factor, since
the polytope is full dimensional. In fact, the assumption that (7.3.1)
is a facet implies that there are g extremal matchings which span the
hyperplane

Z QeTe=b (7.3.2)

e€E(G)

and so if we find a hyperplane which is incident with every extremal
matching, we know that it must be identical to hyperplane (7.3.2). Thus
inequality “#” must be either a non-negative multiple of inequality (7.3.1)
or the inequality obtained from (7.3.1) by reversing the inequality sign.
This latter possibility can be trivially ruled out by noticing that M(G) is
full dimensional and so it cannot be contained in the hyperplane (7.3.2).
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Case 1. Assume first that there exists an e € E(G) with a. <0, Then
no extremal matching can contain the line e, for then the deletion of e
from the extremal matching would yield a matching violating inequality
(7.3.1). Thus the incidence vector of every extremal matching satisfies
z. = 0. As remarked above, this implies that (7.3.1) is equivalent to one
of the inequalities (i).

Case 2. Now assume that a. > 0 for all lines e and also that there

is a point v which is covered by every extremal matching. Then every
extremal matching z satisfies

z(V(v)) = 1.

If v satisfies the condition in (ii) then this implies that inequality
(7.3.1) is equivalent to one of the inequalities (ii). If v does not satisfy
the condition in (ii), then there is a line e non-incident with v such that
no matching covering v contains e. Thus every extremal matching has
z. = 0 and we conclude as in Case 1.

Case 3. So assume that a. > 0 for each line e € E(G) and also that
for every point of the graph, there exists an extremal matching which
misses it. Let Gg be the subgraph of G formed by those lines e with
a. > 0.

Claim 1. (g is connected. Assume to the contrary that Gy is
disconnected. Then it is the union of two disjoint non-empty subgraphs
Gy and G;. Let

t:

e

Qe, ifee E(Gt)
0, otherwise,

and let
gt =(¢¢ : e € E(G) e RFD (t=1,2).

Then trivially
9 +¢*=a. (7.3.3)

Let ' be the incidence vector of a matching maximizing the objective
g' -z, and let h* be the value of this maximum. Then

h! +h% =b. (7.3.4)
In fact, if ° is the incidence vector of an extremal matching, then

h'+ht>g' 2%+ ¢? . 29=a-20=b.
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On the other hand, we may assume that z* is non-zero only on the lines
of G; and hence z! + z2? is a matching, and so

hlth?=gl.zl+ g 22 =(g" +¢?) (z' +22) = a-(z' +2%) < b.

Now equations (7.3.3) and (7.3.4) show that inequality (7.3.1) is the sum
of two other valid inequalities, which is impossible since it is a facet.
Claim 2. No extremal matching misses two or more points of Gj.
Assume to the contrary that an extremal matching M; misses two points
u,v of Go. We may also assume that u and v have minimum distance
in Gy among all pairs of points simultaneously missed by some extremal
matching. Trivially, this distance is at least 2. Let w be any point on
any shortest path connecting u to v. (Such a path exists by Claim 1). By
the minimality property of the distance between v and v, M; must cover
w. Let M, be an extremal matching which misses w. Then M; U M,
contains an alternating path A which starts from w. We must have

a(M;nA)=a(M2nA) (7.3.5)

for if we “alternate” on A, one of the resulting matchings will violate
inequality (7.3.1). But even if equation (7.3.5) holds, if we alternate on
A we get from M; an extremal matching which misses w and one of u
and v, which contradicts the choice of u and v.

Claim 3. Gy is factor-critical. For let us consider an extremal
matching M which misses a point v of Gy. We may delete any line
of M which is not in G and still have an extremal matching, so assume
that M C E(Gy). By Claim 2, matching M cannot miss any other point
of Gy, so it is a perfect matching of Go — v.

Claim 4. Every extremal matching contains exactly (|S|—1)/2 lines
spanned by the set S = V(Gyp). For let M be any extremal matching.
Delete all lines not in G from M. This leaves us with another extremal
matching M'. By Claim 2, matching M’ misses at most one point of S.
So M contains at least (|S|—1)/2 lines spanned by S. On the other hand,
S is odd by Claim 3, and so M cannot contain more than (|S|—1)/2
~ lines spanned by S.

Now Claim 4 says that if z is the incidence vector of any extremal
matching, then
_18[-1
2
and hence by the remark at the beginning of this proof, inequality (7.3.1)
must be equivalent to the inequality

Z(E(S))
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2(E(S)) < |S|Tl (1.3.6)
It also follows that G is the subgraph spanned by S, (by the definition
of Gg). So to show that (7.3.1) is equivalent to an inequality in list (iii),
we only have to prove one more property.

Claim 5. Gy is 2-connected. Assume indirectly that Gy is the union
of Gy and Gy, where G; and G, have more than one point and the
two graphs have exactly one point in common. Let S; = V(G;). Since
G, is factor-critical, S; and S; must be odd, and hence the following
inequalities hold for every matching z:

8] — 1

z(E(S;)) < 5

(i=1,2).

Adding these we get inequality (7.3.6). But this contradicts the assump-
tion that (7.3.1) (or equivalently (7.3.6)) defines a facet.

Thus we have proved that every facet of the matching polytope is of
the form (i), (ii) or (iii). Now we are going to prove that these inequalities
do indeed define facets.

(i). Consider the inequality zp, > 0 (h € E(G)). The incidence vector
of every one-element matching {e} (e # h), as well as the empty matching,
satisfy this with equality. These are q affinely independent points in RE,
which implies that z5 >0 defines a facet.

(ii). Consider the inequality

z(V(v)) <1, (7.3.7)

where v is a point as described in the theorem. Construct the following
g matchings: for every line e incident with v, take {e}; for every line e
non-incident with v, pick a line f incident with v which is disjoint from
e and take the matching {e, f}. These matchings all give equality in
(7.3.7) and are affinely independent. This implies that inequality (7.3.7)
defines a facet.

(iii). We could follow an argument similar to those in the previous
two cases by exhibiting ¢ affinely independent matchings, all giving
equality in a given inequality

|S]—1

2 ’
where S spans a 2-connected factor-critical subgraph Gy. This construc-
tion would be considerably more complicated than the previous two. It

Z(E(S)) <

(7.3.8)
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could be based on the Ear Structure Theorem for 2-connected factor-
critical graphs (Theorem 5.5.2). Essentially this approach was taken by
Pulleyblank (1973). Instead we give another proof which uses more of
the techniques of linear programming.

Suppose indirectly that (7.3.8) does not define a facet. Then there
is a facet

Y. Gez.<b, (7.3.9)
ee E(G)

such that every matching which gives equality in (7.3.8) also gives equality
in (7.3.9). (We know that (7.3.9) is equivalent to one of the inequalities
in the list (i) - (iii), but we can make little use of this fact at this point.)

Claim 1. If e ¢ E(S) then a. = 0. In fact e has at most one endpoint
in § and hence, using the assumption that G; is factor-critical, we can
find a near-perfect matching M of G; such that M + e is a matching.
Now both M and M + e give equality in (7.3.8) and hence they both
must give equality in (7.3.9). But this clearly implies that a. =0.

Claim 2. If ¢, f € E(S), then a. = ay. Assume, to the contrary, that
this is not the case. Since G, is connected, we may as well assume that
e and f are incident with a common point v. Split v into two points v’
and v"”, where v’ is incident with those lines A which used to be adjacent
to v and which have ap, = a., and v” is incident with the remaining
lines originally incident with v. Using Tutte’s Theorem, it follows easily
that the graph G3 obtained from G; in this way has a perfect matching
(Exercise 3.1.11). Let M be a perfect matching of G, and let e; and
e2 be the two lines of M adjacent to v’ and v”, respectively. Then both
M —e; and M — ey correspond to near-perfect matchings in G,, and
so they both give equality in (7.3.8). But then they both have to give
equality in (7.3.9). But this is not the case since the left hand sides of
(7.3.9), upon substitution of M—e; and M—e,, will differ by a., —a., # 0.

By these two claims we see that, possibly after multiplication by a
positive constant, inequality (7.3.9) has the same left hand side as (7.3.8).
Since the right hand sides must then be equal as well (just substitute
any near-perfect matching of Gy), we see that (7.3.8) and (7.3.9) are
equivalent. But this contradicts the assumption that (7.3.9) defines a
facet while (7.3.8) does not. |

7.3.2. EXERCISE. Use the above theorem to prove that if G is a 2-
connected factor-critical graph, then G contains ¢ linearly independent
near-perfect matchings.
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At this point let us formulate without proof another important
property of the system of inequalities (i)-(iii} given in Theorem 7.3.1,
due to Cunningham and Marsh (1978).

7.3.3. THEOREM. LetG be a graph and ¢ € ZE(C) any integral vector.
Then there exists an optimal dual integral solution for the program:

maximize cz
subject to z2>0
z(V(v) <1 (veV(Q))
z(E(S)) <(|1S|-1)/2 (S CV(G), |S|odd).

Define the perfect matching polytope PM(G) of the graph G as the
convex hull of incidence vectors of perfect matchings in G. Then the
perfect matching polytope is a face of the matching polytope, since it is
the intersection of the matching polytope with the hyperplane

1.z2=p/2. (7.3.10)

So a description of PM(G) in terms of inequalities is trivial; all we have
to add to the list of Theorem 7.3.1 is equation (7.3.10). But, unlike the
matching polytope, the perfect matching polytope is not full dimensional,
and hence its description by a minimal set of inequalities is not unique. A
very appealing alternate description can be obtained as follows, however.
Assume that G has an even number of points. (Otherwise PM(G) = J.)
Recall from Chapter 6 that an odd cut (or V(G)-cut) of the graph G is
the set of lines connecting S to V(G)- S, where S C V(G) and V(G)-S
both have odd cardinality. The sets S and V(G)— S will be called the
shores of the cut. An odd cut is trivial, if one of its shores is a singleton;
that is, if the cut is the star of a point.

7.3.4. THEOREM. The perfect matching polytope PM(G) may be
described by the following constraints:

i) z>0
(ii") zZ(C)=1  (where C is a trivial odd cut)
(iii') =2(C)>1  (where C is a non-trivial odd cut).
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PROOF. We already know that (i), (ii) and (iii) in Theorem 7.3.1,
together with equation (7.3.10), describe PM(G). Since the inequalities
(i), (ii") and (iii") are trivially valid for every point in PM(G), it suffices
to show that they imply every inequality in (i), (ii), (iii) and (7.3.10). Now
(i) is the same as (i') and inequality (ii) is weaker than (ii’). Inequality
(iii) for a given subset S C V(G) follows by adding (ii’) for the star of
every point in §, subtracting (iii') for the odd cut determined by S, and
then dividing by 2. Finally, equation (7.3.10) follows by adding (ii') for
every point and then dividing by 2. [ |

7.3.5. EXERCISE. Let G be a graph with an even number of points
and suppose vy € V(G). (a) Prove that the cone generated by the
incidence vectors of the perfect matchings of G can be defined by the
equations and inequalities:

z2>0
z(V(v)) = 2(V(vo)) (for v € V(G) — vq)
z(C) > 2(V(vg)) (for C a non-trivial odd cut).

(b) Prove that if G is complete, then none of these inequalities can
be omitted.

As pointed out earlier, the set-of inequalities given in Theorem 7.3.4
is not uniquely determined. It is not minimal either. To determine a
minimal subset of (i) - (iii") which suffices to describe PM(G) is a more
difficult problem. We shall return to this problem in Section 7.6.

We have discussed T-joins in the previous chapter as generalizations
of perfect matchings. The following theorem shows that they are a very
natural generalization indeed.

Let G be a graph and T an even subset of V(G). We define the T-
join polyhedron TJ(G) as the sum of the convex hull of incidence vectors
of T-joins with the non-negative orthant; that is, a vector belongs to
TJ(G) if and only if it majorizes some convex combination of T-joins.
The reason we do not simply take the convex hull of T-joins is that since
we are only interested in minimal T-joins this difference does not matter,
and the formulas will turn out to be simpler.

7.3.6. THEOREM. The T-join polyhedron of G is described by the fol-
lowing inequalities:

(i z2>0

(") z(C) 21  (for every T-cut C).
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Note that the halfspace defined by 3 z. > p/2 contains this polyhe-
dron, and the intersection of the T-join polyhedron with the hyperplane
Y ze = p/2 is just the perfect matching polytope. From this observation
we see that Theorem 7.3.4 could be easily deduced from this theorem.
We shall show here, however, that Theorem 7.3.6 can be deduced from
the “elementary” minimax result on T-joins (Theorem 6.5.10). This
contrasts considerably with the case of the matching polytope, where
the combinatorial minimax theorem (Berge’s Formula 3.1.14) does not
suffice to prove the characterization of facets.

PROOF. For the time being, let P denote the polytope described by
(i") - (ii"). It is trivial that TJ(G) C P. So we must prove that if a-z > b
is any valid inequality for TJ(G), then it is also valid for P. It is clear
that we may assume that a is an integral vector and b is an integer.

Let a = (a. : e € E(G))". From the fact that TJ(G) contains all
vectors majorizing a T-join and a-z > b is a valid inequality for all these
vectors, it follows that a. > 0.

Let us construct a graph G’ by subdividing every line e of G by a.-1
new points. (If a. = 0 then we contract the line.) Let T’ be the set of
points in G’ which arises from T by these subdivisions and contractions.
(Recall that a point is in set T’ if and only if precisely one of its two
parents belonged to T.) We will show:

(G, T') > b. (7.3.11)

In fact, let J' be a minimum T-join in G'. Trivially, J' contains all
or none of the lines of G’ coming from a line of G. Thus J’ corresponds
in a natural way to a T-join J of G. Let £; be the incidence vector of
J. Then 2z, is a point in TJ(G) and so

b<a-zy=a(J)=|J|=7(G,T).

This proves (7.3.11).

By Theorem 6.5.10, v9(G’,T') > 2b and so G’ contains a 2-packing
of 2b T'-cuts. These T"'-cuts yield in G a list {C},...,Co} of T-cuts
such that every line e is contained in at most 2a, of them. Hence for any
point z € P,

2Za,ze > Z () ze)>2b,
7=1 e€C;
that is, a-z > b is a valid inequality of the polyhedron P as well. [ |
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7.3.7. EXERCISE. Derive Theorem 7.3.4 from Theorem 7.3.6. Then
derive the theorem characterizing the matching polytope (Theorem 7.3.1)
from Theorem 7.3.4.

7.3.8. EXERCISE. Prove that the dual of the linear program “mini-
mize ¢z subject to (i”) and (ii”) of Theorem 7.3.6,” in the case where
c is integral, has a half-integral optimal dual solution. (N.B.: This is not
so easy!)

7.3.9. EXERCISE. Deduce the T-join Polyhedron Theorem 7.3.6 us-
ing the perfect matching polytope Theorem 7.3.4. (Hint: let H be the
complete graph on T, and consider the distance between z and y in G as
the weight of the line xzy of H. Lock for a perfect matching in H with
minimum weight. The union of minimum paths of G, connecting those
pairs of points of T which are matched by this minimum weight perfect
matching in H, will be a minimum T-join in G.)

7.3.10. EXERCISE. (Chvital (1975).) Two matchings are adjacent as
vertices of the matching polytope if and only if one arises from the other
by switching on an alternating cycle or on an alternating path.

/BOX TD. Cutting Planes

Edmonds’ Theorem on the matching polytope suggests the following
general question. Let us suppose that we want to find the convex hull
of a set S of integral vectors in R™. Quite often it is easy to find a
system of inequalities whose integral solutions are exactly the vectors in
S. For example, when S is the set of incidence vectors of matchings,
the inequalities (7.1.5) defining the fractional matching polytope have
only the matchings as integral solutions. In other words, we are given a
polytope P and we would like to determine the convex hull of integral
points inside P.

The following general procedure to obtain this convex hull was found
by Chviétal (1973a). It is closely related to Gomory’s Algorithm for solving
integer linear programs (1958, 1963). In fact, the result could be proved
by analyzing Gomory’s Algorithm.

Let

a;i-z<b (1=1,...,m) (7.3.12)

be a system of inequalities. Let ¢-z < d be an inequality which follows
from the given system for every real vector z. (By the Farkas Lemma,
this happens if and only if there exist non-negative reals y; such that
\E = Y via; and d = )_y;b;.) Assume, moreover, that ¢ is an integral /
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e . . N\
vector. Then the inequality

¢z <|dl (7:3.13)

is called a eut derived from the original system. Inequality (7.3.13)
does not follow from the inequalities (7.3.12) for every vector z, but if
z is an integral vector satisfying (7.3.12), then it also satisfies (7.3.13).
Geometrically, (7.3.13) describes a halfspace which does not contain P, )

FIGURE T7D.1.

/ but the portion of P which is cut off by (7.3.13) certainly does not contain
any integral points.
We call the set

T(P)={z | c-z < d for every cut derived from (7.3.12)}

the Gomory-Chvétal truncation of P. It is clear that T(P) is a convex
set. In fact, it is a polyhedron.

We may consider T(T(P)) = T?(P), which is the set of vectors satisfy-
ing all cuts derived from valid inequalities for T(P), T3(P) = T(T(T(P))),
etc. Figure 7D.1 shows an example in which P # T(P) # T*(P).

7D.1. THEOREM. Assume that P is bounded. Then there ezists an integer
k > 0 such that T*(P) is the convez hull of integral posnts inside P. ]

Schrijver (1980b) showed that if the inequalities defining P have
Lrationa.l coefficients, then the boundedness of P need not be assumed.
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( The difficulty in applying the above theorem is that it may take an
enormous number of cuts to obtain a facet of the convex hull of integral
points in P. In this respect, Theorem 7.3.1 is interesting because it tells us
that if we start with the fractional matching polytope (which has a very
simple and natural description by inequalities), then generating cuts just
once gives us the facets of the matching polytope; that is, T(FM(G)) =
M(G). In fact, let S be any odd subset of the points of G. Sum the
inequalities
z(V(v)) <1

for every v € S, and subtract from this sum all inequalities

>0

for lines e connecting S to V(G) — 8. After division by 2 we get

2(B(S) < .
If we take the integer part on the left hand side, we get the inequality in
list (iil) corresponding to the set S. So by Theorem 7.3.1, all facets of
M(G) occur among the cuts generated in one step. (In fact, this result of
Edmonds motivated Chvétal in formulating the results discussed in this)

box.)

7.4. Chromatic Index

Recall that a line coloration of a graph G is a coloration of the lines
such that any two adjacent lines have different colors. The chromatic
index x.(G) of G is the minimum number of colors in a line coloration.

Ever since Tait (1878-80b, 1880) proved that the Four Color Theorem
is equivalent to the statement that every 2-connected planar cubic (3-
regular) graph has chromatic index 3, graph theorists have been very
much interested in the study of the chromatic index. So how can we
compute this parameter? We have already discussed the theorem of Konig
(1916a, 1916b), which asserts that the chromatic index of a bipartite
graph is equal to its maximum degree. On the negative side, Holyer
(1981) proved that the problem of finding the chromatic index of a 3-
regular non-bipartite graph is NP-complete.

For non-bipartite graphs, the most important result on chromatic
index is the theorem of Vizing (1964, 1965).
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7.4.1. THEOREM. (Vizing’s Theorem). The chromatic inder of a
simple graph ts at most one larger than the mazvmum degree.

The proof given here is due to Ehrenfeucht, Faber and Kierstead
(1982). We start with a lemma which will enable us to-augment partial
line colorations.

7.4.2. LEMMA. Assume that G is a simple graph with mazimum degree
k. Let ey,...,e, be some of the lines of G adjacent to the same point v,
and suppose G — ey — --- — ¢, 15 k-colored so that for every e; there is a
color missing at both endpoints, and for all but one of the lines e; there
are at least two such colors. Then G is k-line colorable.

PROOF. We use induction on r. For r = 1 the assertion is trivial.
Assume that r > 2. Let F; be the set of colors from 1,...,k which are
missing at both endpoints of e;. We may assume that the indices are
chosen so that |Fy| > 1 and |F;| > 2 for ¢ > 2. Choose F'; C F; with
|[Fil=1and |Fj|=2fori=2,...,r.

Case 1. There exists a color a which occurs in exactly one set F;.
Then color line e; with color a. No color of F;- appears this way at the
endpoints of e; (5 # 1), and so the k-line colorability of G follows by the
induction hypothesis.

Case 2. No color occurs in exactly one set F';. Then there is a color
a which is missing at v, but does not belong to any of the sets ;. In
fact, there are at most k—r lines incident with v which have been colored,
8o there are at least r colors missing at v. If each of these occurs in one
of the sets F';, then by assumption each of them occurs in two sets. But
i1 |Fi| =2r —1, so this is impossible.

Let ey = uv, F| = {8} and consider the alternating o — 3 path P
starting from u. If we interchange colors o and ( along this path, we get
another valid coloration of G —e; —--- —e,. Upon coloring e; with color
o, we get a valid coloration of G—e; —.-- —e,. Furthermore, the set of
colors occurring has changed only at three points: v, where a too now
occurs; u, where both a and 5 now occur; and the second endpoint of the
path P. Thus all but at most one of the lines e; (2 < ¢ < 7) still miss both
colors in F'; at both of their endpoints, and the exceptional line (which
must then be incident with the second endpoint of P) still misses one of
the elements of F';. Thus the k-line colorability of G follows, again by
the induction hypothesis. [ ]

PROOF (of Theorem 7.4.1). Let G be a simple graph with maximum
degree k—1. We show by induction on |V(G)| that G is k-line colorable.
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Let v € V(G) and let ey,...,e, (r < k—1) be the lines of G incident with
v. Consider a k-line coloration of G —v. All former neighbors of v then
have degree at most £ —2 in G — v, and hence at least two colors are
missing at each of them. So we may apply Lemma 7.4.2 to see that G is
k-line colorable. ]

The above proof of Vizing’s Theorem provides a polynomial algo-
rithm for a (k + 1)-line coloration of a graph with maximum degree k.

7.4.3. EXERCISE. Prove that if G is a simple graph with maximum
degree k and if every cycle in G contains a point with degree at most
k—1, then G is k-line colorable.

Let us point out that it has been conjectured that it is sufficient in
the above exercise to require only that every odd cycle contain a point of
degree at most k£ —1.

7.4.4. EXERCISE. Let G be a simple graph with maximum degree
k—1 and M a maximal matching in G. Then G has a k-line coloration
in which M is one of the color classes.

7.4.5. EXERCISE. Show by an example that Vizing’s Theorem, in the
form given above, does not hold for non-simple graphs.

Vizing’s Theorem admits an extension to non-simple graphs. In a
somewhat different directior on the other hand, interesting — although
rather restrictive — conditions have been discovered under which the
chromatic index is equal to the maximum degree. We will not go into
the details here, but refer the reader to the monograph of Fiorini and
Wilson (1977) and to Gupta (1974).

What concerns us here 1s a linear programming approach to the
chromatic index problem and its relationship with the matching problem.
Observe that a line coloration of a graph G may be defined as a partition
of its line set into matchings. In the spirit of the present chapter, we
may rephrase this as follows. Let us introduce a variable yas for every
matching M, and as before, let fas denote the incidence vector of the
matching M. Then a line coloration may be viewed as a 0-1 solution to
the system of equations

EnyM=1. (7.4.1)
M
Moreover, the number of colors is counted by the sum

EyM. (7.4.2)
M
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So the chromatic index is the minimum of (7.4.2) taken over all 0-1
vectors satisfying (7.4.1).

Similarly as before, we may consider the “linear relaxation” of this
problem. That is, we may want to determine the minimum of (7.4.2)
subject to (7.4.1) and to the constraint

ym 20. (7.4.3)

Let this minimum be called the fractional chromatic index of G and
denote it by x.(G).

Obviously, x.(G) < xe(G). We are going to show that a minimax
formula for x.(G) can be derived from Edmonds’ description of the
matching polytope. This application of the matching polytope was hinted
at by Edmonds and worked out by Stahl (1979) and Seymour (1979a).

7.4.6. THEOREM. For every graph G,

xZ(G) = max {A(G), max{%‘%g%-l |scve)s| odd}}.

PROOF. Let us consider any solution of (7.4.1) and (7.4.3), and let
w=73,,yMm. Set ¥4y = (ym)/w. Then we have

dym=1, Y vnfm =(1/w)t,
M M

that is, the vector (1/w)1 is a convex combination of matchings. So what
we want to determine is the largest value of w for which

(1/w)l € M(G).
By Theorem 7.3.1, this is equivalent to saying that
(i) 1/w>0

(i1) (1/w)deg(v) <1 (veV(G))
(i)  (1/w)ES) <(IS|-1)/2  (SCV(G), |S|odd).

It is clear that the largest value of w satisfying these inequalities is the
one given in the statement of the theorem. ]
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The most interesting special case arises when the graph is r-regular.
If it is also simple, then Vizing’s Theorem implies that the chromatic
index is either r or r + 1. Furthermore, if the chromatic index is r, then
in every optimum line coloration every color forms a perfect matching.
Hence such a line coloration is only possible if the number of points is
even. An even stronger necessary condition which can be derived is that
for every subset S with odd cardinality, at least r lines connect S to
V(G) — S. These conditions are not sufficient, however, as the Petersen
graph shows. They are, however, sufficient for something! The next
result is also due to Seymour (1979a).

7.4.7. COROLLARY. Let G be an r-regular graph such that for every
subset S C V(G) having odd cardinality, at least r lines connect S to
V(G)-S. Then x,(G)=r. [

The verification that the formula in Theorem 7.4.6 gives r under
these conditions is left to the reader.

Let us remark that if G has an even number of points, then (r —
1)-line-connectivity of G implies that the condition of Corollary 7.4.7
is satisfied. Another formulation of this result is the corollary below,
which follows upon noticing that (7.4.1)—(7.4.3) have a rational optimum
solution, and then multiplying by the least common denominator of the

Ym's. !
7.4.8. COROLLARY. Under the conditions of Corollary 7.4.7, there

ezists an integer t > 0 such that if each line of G 13 replaced by t parallel
lines, then the resulting graph G' has chromatic indez tr. ]

The least value of ¢ in Corollary 7.4.8 is not known. A conjecture
of Fulkerson states that if r = 3, then t = 2 is always sufficient. (The
question as to which 3-regular graphs admit ¢t =1 is equivalent to asking
which 3-regular graphs have chromatic index 3, which is an NP-complete
problem). The best result in the direction of Fulkerson’s Conjecture is
due to Seymour (1979a), who proved that if r = 3 then ¢ can be chosen
to be any even integer, provided it is large enough.

How much information on the chromatic index did we obtain by
determining the fractional chromatic index? The answer to this question
is not known. It is conjectured by Seymour (1979a) that x.(G) < x.(G)+1
holds for every graph G. This conjecture would imply most of the
generalizations of Vising’s Theorem referred to above.

Another “relaxation” of the chromatic index problem was proposed
by Seymour (1979a). Let G be an r-regular graph. Then the fact that it
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has chromatic index 7 may also be formulated as follows: the system of
linear equations

Y ypfp=1 (1.4.4)

(where P ranges over all perfect matchings of G) has a 0-1 solution. We
may relax this and ask if this system has an integral solution. So the
integral solvability of equation (7.4.4) is a necessary condition for the
r-line colorability of G. The Petersen graph does not even satisfy this
necessary condition; that is, if G is the Petersen graph then (7.4.4) has
no integral solution. On the other hand, Seymour proved that if G is
a 3-regular 3-line-connected graph which contains no subdivision of the
Petersen graph then (7.4.4) does have an integral solution.

One further relaxation of the chromatic index problem is to ask for a
solution to equation (7.4.4) over GF'(2). This problem can be phrased as
follows. Is there a list of perfect matchings of G containing every line an
odd number of times? Again, no such list exists for the Petersen graph.

Unfortunately, very little is known about these two problems, al-
though there is some hope that a satisfactory theory for them can be
developed (cf. Box 7E).

/BOX 7E. Good Characterizations h

other than the Farkas Lemma \

The problem of finding a solution to equation (7.4.4) is potentially
easier then the chromatic index problem. The reason for this is the
following theorem, which is analogous to the Farkas Lemma.

7E.1. THEOREM. Let A be annxm matriz and b an n-dimensional vector.
Then Az = b has an integral solution if and only if there does not exist a vector
y such that ATy is an integer vector, but b-y is not an integer. ]

An analogous, but much more trivial, condition holds for solvability
over GF(2):

7E.2. THEOREM. Let A be an n x m 0-1 matrix and suppose b is an
n-dimensional 0-1 vector. Then Az =b has a solution over GF(2) if and
only if there does not exist an m-dimensional vector y over GF(2) such
that ATy =0, but bT -y =1. [

Of course this last theorem is just the well-known condition on the
solvability of a system of linear equations over a field. Let us remark
that no similar condition for the 0-1 solvability or non-negative integral
solvability of a system of linear equations is known.

Now these two theorems enable us to formulate the two relaxations
\of the chromatic index problem mentioned earlier as follows: /
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/ Equation (7.4.4) has an integral solution if and only if there does\
not exist a weighting of the lines such that the weight of every perfect
matching is an integer, but the total weight of lines is not.

Equation (7.4.4) has solution over GF(2) if and only if there is no
subgraph which meets every perfect matching in an even number of lines,
but has itself an odd number of lines.

These conditions are, however, not good characterizations, since to
check (or prove) that for a given weighting of the lines every perfect
matching has integral weight is an unsolved problem {and similarly for
the second condition). We remark, however, that the complexity of these
problems is not known and it may well turn out that they can be solved
polynomially!

N %

7.5. Fractional Matching Polytopes and Cover Polyhedra

Recall that the fractional matching polytope FM(G) of a graph G
was defined as the solution set of the system of linear inequalities:

z2>0
z(V(v)) <1 (for each v € V(G)).

—
= S
v b
[T
N N

Since this polytope is defined in terms of inequalities, in order to give a
good characterization of it we must describe its vertices. The following
theorem is due to Balinski (1965).

7.5.1. THEOREM. Let w be a basic 2-matching of G. Then w/2 is a
vertez of FM(G), and every vertex of FM(G) 1s of this form.

PROOF. The point w/2 is the unique point of FM(G) which maximizes
the linear objective function having coefficients ¢, = w, if w, > 0, and
ce =—1 if w, =0. Hence it is a vertex.

Conversely, let y = (ye : e € E(G)) be a vertex of FM(G). First we
show that y has half-integral entries. Let 2¢ be a common denominator
of the entries of y. Define an auxiliary graph G’ by replacing each line
e of G by 2ty. parallel copies. The fact that y satisfies inequality (7.5.2)
implies that G’ has maximum degree at most 2¢t. Embed G’ in a 2t-
regular graph G”. Then by Petersen’s Theorem 6.2.3, G" is the union of
t 2-factors. Hence G' is the union of ¢ subgraphs, each having maximum
degree at most 2. This implies that G has ¢t 2-matchings wy, ..., w, such
that 2ty =w; +-+- +w;. Let z, =w,/2. Then
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I R o £

t
and z,,...,%; € FM(G). Since by hypothesis y is a vertex of FM(G),
this implies that y =2, =--- =z;. Thus y is indeed half-integral and so
2y is a 2-matching. The fact that this 2-matching is basic follows easily
by noticing that non-basic 2-matchings can be represented as convex
combinations of basic ones. a

y:

There is a very similar theorem which describes the fractional point
cover polyhedron FPC(G). Recall that this polyhedron is defined as the
solution set of the linear inequalities

>0
Ty + Ty, 21 (for each uv € E(G)).

Again, recall that our purpose is to describe the vertices of these
two polyhedra. The following theorem has been attributed to Lorentzen
(1966) and, independently, to Balinski and Spielberg (1969). Proofs may
be found in Trotter (1973) and in Nemhauser and Trotter (1974).

7.5.2. THEOREM. Let ¢ be a basic 2-cover of the graph G. Then ¢/2
18 a vertez of the polyhedron FPC(G). Every vertez of FPC(G) is of this
form. [ |

7.5.3. EXERCISE. Deduce the main theorem about 2-matchings —
that is, Theorem 6.1.4 — from Theorems 7.5.1 and 7.5.2.

7.5.4. EXERCISE. Find a minimal system of linear inequalities that

defines the cone generated by the rows of the incidence matrix of a graph
G.

7.6. The Dimension of the Perfect Matching Polytepe

In this section we study the dimension of the perfect matching
polytope PM(G) of a graph G. As remarked earlier, this problem is
also related to the problem of determining the facets of PM(G), and we
shall outline how the solution to the problem of finding the dimension
of the perfect matching polytope can be used to help characterize its
facets. Throughout this chapter we shall assume that G is a connected
l-extendable graph.
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Determining the dimension of a polytope is equivalent to obtaining
a linear basis for all those equations which hold true for all points in the
polytope. These always include the following p equations:

z(V(v))=1 (for every v e V(G)). (7.6.1)

Our first task is to determine the dimension of the solution set of (7.6.1).

7.6.1. LEMMA. Let G be a connected graph. Then the dimension of
the solution space of system (7.6.1) is ¢ — p+ 2, if G 13 bipartite and is
g—p+1, if G is non-bipartite.

PROOF. The assertion is equivalent to saying that the matrix com-
posed of the rows consisting of the left hand sides of (7.6.1), that is, the
point-line incidence matrix of G, has rank p — 1 if the graph is bipar-
tite and rank p if the graph is non-bipartite. To see this, note that the
point-line incidence matrix has rank < p (since it has p rows), and in the
bipartite case there is a linear relation among the rows: the sum of rows
corresponding to one color class is equal to the sum of rows correspond-
ing to the other. Thus the rank of the point-line incidence matrix in the
bipartite case is at most p— 1.

To show that the rank is not less than the value claimed, consider
any linear relation between the rows of the point-line incidence matrix.
This is best visualized as an assignment of real weights to the points of
G, not all 0, such that the sum of weights of the two endpoints of any
line is 0. Let a point v have weight w # 0. Then all its neighbors have
weight —w. Continuing, we see that every point has weight w or —w and
that every line connects a point with weight w to a point with weight
—w. Hence G is bipartite and the linear relation is a scalar multiple of
the one already discovered. This proves the lemma. |

It might appear at this point that our goal of determining the dimen-
sion of PM(G) is achieved, since the other constraints in the descrip-
tion of the perfect matching polytope (Theorem 7.3.4) are inequalities.
However, this is not so! Inequalities may imply further equations which
are independent of (7.6.1), and in fact, they do in general! So the values
given in Lemma 7.6.1 are only upper bounds for the dimension of PM(G).
In the bipartite case, however, the bound turns out to be the exact
value. Although this will follow from a later discussion, we give a simple
direct proof of this fact here based on the ear decomposition theorem for
elementary bipartite graphs (Theorem 4.1.6).
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7.6.2. THEOREM. The dimension of the perfect matching polytope of
an elementary bipartite graph G isq—p+1.

PROOF. As remarked above, it suffices to show that dim PM(G) >
g~ p+1, that is, that G contains ¢ — p + 2 affinely independent perfect
matchings. Let

G=Py+Pi+:--+PF

be an ear decomposition of G, where Py = {ep}, k = ¢—p+ 1 and
P;;, is an odd path which has precisely its endpoints in common with
Po+Pi+--+ P (1=0,...,k—1). Let e; be one of the endlines of P,
and let M; be the matching consisting of those lines of P; which are at
an odd distance from its endpoints (thus e; ¢ M;). Let M be a perfect
matching of Po+ P, +--- +P; containing e;. Consider the following perfect
matchings of G:

M UM U--- UM (t=0,...,k).

These matchings are affinely — even linearly — independent, since if we
restrict their incidence vectors to the entries corresponding only to the

lines eg, €1, ...,ex, we obtain a triangular matrix with 1’s on the diagonal.
Thus G contains k+1 = g—p+ 2 affinely independent perfect matchings.
|

Note that we can also derive Theorem 7.6.2 from Theorem 7.3.4 by
noticing that there are no factor-critical subgraphs since the graph is
bipartite and no non-negativity constraint holds with equality since the
graph is elementary.

7.6.3. EXERCISE. Show that for perfect matchings, “affinely indepen-
dent” and “linearly independent” are equivalent.

We now turn our attention to the case of non-bipartite graphs. This
general case was first solved by Naddef (1982).

It is easy to obtain a good characterization of dim PM(G). To show
that dim PM(G) > k, it suffices to exhibit k + 1 affinely independent
perfect matchings. To show that dim PM(G) < k, it suffices to exhibit
g — k linearly independent equations which are each satisfied by every
perfect matching. To exhibit that a given linear equation aT -z = o is
satisfied by all perfect matchings, it suffices to show that the inequalities
aT .-z <a and aT -z >« are satisfied by all perfect matchings. This, in-
turn, can be shown using Theorem 7.3.4 and linear programming duality.
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Naddef’s main contribution is a much more transparent form of this
dual solution. To state his characterization of the dimension of PM(G),
we need some definitions.

Let G be a graph on an even number of points and C an odd cut of
G. We say that C is tight if every perfect matching of G intersects C in
exactly one line (of course, every perfect matching contains at least one
line of C). (See Figure 7.6.1.)

FIGURE 7.6.1. Tight odd cuts in 1-extendable graphs

Let us remark immediately that the problem as to whether a given
odd cut is tight is a special case of the weighted matching problem for G.
Just take weights 1 for the lines in C and weights 0 for the other lines,
and look for a matching with maximum weight. We may also reduce
this problem to a polynomial number of unweighted matching problems
by noting that an odd cut C is tight if and only if no pair of lines of C
extends to a perfect matching of G; that is, if and only if G—V(e;)—V(ea)
does not contain a perfect matching for every pair e;, e; of digjoint lines
of C.

Let 7 be a set of non-crossing non-trivial odd cuts. Let C € ¥ and
let $1(C), S2(C) be the two shores of C. Contract S;(C) to a single point.
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Also contract every S(C') such that C' € ¥ — {C} and S(C") C S2(C).
The graph obtained this way from G will be called an ¥-contraction of G.
We say that the family 7 has the odd cycle property if no #-contraction
of G is bipartite. Note that this property implies, in particular, that ¥
consists of distinct cuts. Also note that if we add all trivial cuts to the
family, this property is not affected.

7.6.4. THEOREM. Let G be a 1-eztendable graph. Then

dim PM(G) = ¢ —max{|#| | F is a non-crossing family of
tight odd cuts with the odd cycle property}. n

Naddef also derives the following result by similar methods.

7.6.5. THEOREM. FEach inclusionurse mazimal non-crossing family of
tight odd cuts with the odd cycle property has the same cardinality. [ ]

We shall not prove Theorem 7.6.4 in this book, but rather the
following more recent result, which makes use of the structure theory
of Chapter 5. This characterization of the dimension of the perfect
matching polytope was found by Edmonds, Lovész and Pulleyblank
(1982).

Recall that in Chapter 5 we described how to “paste together” every
l-extendable graph from bicritical and elementary bipartite graphs, and
showed that bicritical graphs are “built up” from 3-connected bicritical
graphs. These 3-connected bicritical graphs will be called the bricks of
G.

7.6.6. THEOREM. For every 1-eztendable graph G,
dimPM(G)=q—-p+1—k,

where k 13 the number of bricks of G.

From this result, Theorem 7.6.4 can be easily deduced. We leave
this to the reader as an exercise.

The most difficult case in the proof of Theorem 7.6.6 occurs when
G is itself a brick. In this case the theorem asserts that the dimension of
PM(G) is equal to the upper bound provided by Lemma 7.6.1. (Another
such case is that of bipartite graphs, which was settled in Theorem 7.6.2.)
To settle the case for bricks, we need several lemmas. )

Let 7 be any family of subsets of E(G) where we allow multiple
membership. For e € E(G), we denote by % the family of members
of 7 containing e. We say that a family ' majorizes the family 7, if
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|F.| > |%]| for every e € E(G). Here in | 7| each element of ¥ is counted
as often as it appears in 7.

7.6.7. LEMMA. Let G be a graph with a perfect matching and let C be
an odd cut of G. Then C 13 tight if and only if there exists a family 7
of odd cuts containing C and another family F' of trivial cuts such that
|| =|F"| and F' majorizes ¥.

PROOF. Assume first that there exist families ¥ and 7' with the given
properties. Let M be any perfect matching. Then by the hypothesis that
7' majorizes ¥, we have

Y lAnM|= S |72 D17 =) |AnM]|

AeF’ ee M eeM AeF

Here the left hand side is | 7|, while the right hand side is at least |7|.
Since |#| = |F'|, it follows that we must have equality throughout and,
in particular, |C n M| = 1. Since this holds for every perfect matching
M, it follows that C is tight.

Conversely, assume that C is tight. Then the maximum of z(C) over
all z € PM(G) is 1. Using the description of PM(G) given in Theorem
7.3.4, we can write this as a linear program:

~—

maximize z(C

subject to z2>0
zV(v)) =1 (for every point v)
z(A) >1 (for every odd cut A).

We know that the maximum of this objective function is 1. Consider
an optimum dual solution: we shall have a variable y, for every point v
and a variable z4 for every odd cut A, and the following constraints:

ZAZ();

1, ifeeC,
E yv_EZAZ{ ’

veV (e) ecA 0, if e E(G)-C.

By the Duality Theorem of Linear Programming, the dual objective
function has value 1 for an optimum dual solution:

Y- za=1
v A



298 7. MATCHING AND LINEAR PROGRAMMING

If we let 2y = 24 +1 when A= C and z), = z4 otherwise, then

2,20, z5>0, (7.6.2)
Yo y>) 2z, (forale), (7.6.3)
veV(e) eEA

and

Y oy =) 2. (7.6.4)
v A

We may assume in addition that y, > 0 for every point v, since adding
the same number to y, and zy(,) does not influence the validity of (7.6.2),
(7.6.3) and (7.6.4). By similar reasoning, we may assume that every y,
and z4 is an integer, since we may multiply by their common denominator
without interfering with (7.6.2), (7.6.3) or (7.6.4).

If we let the family ¥ consist of z4 copies of A for every odd cut A,
and let the family ¥’ consist of y, copies of V(v) for every point v, then
F' majorizes ¥ by (7.6.3), |¥'| =|¥| by (7.6.4) and C € ¥ by (7.6.2). m

Our next step is to prove the theorem for 3-connected bicritical
graphs. In this case the theorem asserts that the dimension of PM(G)
is equal to the upper bound provided by Lemma 7.6.1. So this case of
the theorem will follow if we can show that none of the inequalities (i')
and (iii") describing PM(G) in Theorem 7.3.4 holds with equality for all
perfect matchings. This is evident for the inequalities in (i'), since every
bicritical graph is 1-extendable. Thus it suffices to show the following.

7.6.8. LEMMA. A 3-connected bicritical graph has no non-trivial tight
cut.

PROOF. By Lemma 7.6.7, it suffices to prove the following: if G is a
3-connected bicritical graph, ¥ a family of odd cuts, ¥ a family of trivial
cuts, |[¥| = |}| and ¥ majorizes 7, then ¥ also consists of trivial cuts.
Suppose, to the contrary, that there exist such families ¥ and ¥, and ¥
contains at least one non-trivial cut.

Let M be any perfect matching in G. Then

M= Y ¥e)2 Y Flo= 3 IMncl2 |7

eeM eeEM Ce¥

Thus we must have equality throughout. In particular, it follows that

Fle) = X(e) (7.6.5)



7.6. THE DIMENSION OF THE PERFECT MATCHING POLYTOPE 299

for every line e, and also that all cuts in # are tight. (This of course is
also a consequence of Lemma 7.6.6).

Next we show that we can assume that 7 consists of non-crossing
cuts. This follows by the same “uncrossing” procedure as used in the
proof of Lemma 6.5.13, but at one point some additional work is needed.
Assume that C; and C; are two crossing cuts in . Choose a shore
S; of C; such that S; NS, is odd. Then the cuts C’' = V(S; N S;) and
C" = V(81U S;) are odd. Further, if 7'= 7 — {Cy,C2}u{C’,C"}, then
¥ majorizes ¥' and || = |¥|.

The only new feature is that we have to verify that 7' still contains
at least one non-trivial cut. We claim that at least one of C' and C”
is non-trivial. For if both of them are trivial then S; N S; = {u} and
S1US2 = V(G)—v, for some u,v € V(G). Since G is 3-connected, the pair
{u,v} does not separate G and so there must be a line z1z, connecting
S1—u to S2 —u. Then F'(z1z32) < F(z1z2), which contradicts the fact
that, by equation (7.6.5),

F(z122) = X(z122) = F(2122).

This contradiction proves that at least one of C’ and C” is non-trivial
and so we can repeat the uncrossing procedure until we get two families
F, X of tight cuts such that ¥ is non-crossing and contains at least one
non-trivial cut, ¥ consists of trivial cuts, and #(e) = ¥(e) for every line e.
(Incidently, this is the only point in the entire proof of the lemma where
3-connectivity of G is used.)

As a next trivial step, we note that we may delete those trivial cuts
occurring in both 7 and ¥ from both families without violating any of
these properties, so we may assume that F N} = .

Let Ce 7, and e=zy € C. Then F(e) > 0, so ¥(e) > 0; that is, at
least one of z and y is the center of a trivial cut in ¥. Let, say, = be
the center of a trivial cut in ¥ and let S be the shore of C containing
z. We may assume that C, e and z are chosen so that |S| is as small
as possible. Since the trivial cut with center z occurs in ¥, it does not
occur in ¥, and so |S| > 1.

Let Si,...,Sk be the maximal proper subsets of S which are shores
of cuts in 7. Since ¥ is non-crossing, Si,...,Skx are mutually disjoint,
and by the minimality of |S|, none of them contains z. Let X =S -5, —
.-+ — S and let Y be the set of those points of X which are centers of
trivial cuts in ¥. Thus z €Y.

Let us now observe the following facts.
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No line connects S; to S; (1 <1< j <k). In fact, at least one of
the two endpoints of such a line would have to be the center of a
trivial cut in ¥ and then we could replace S by S; or S;, which
would contradict the minimality of |S|.

No line connects X —Y to any S; for the same reasons as given in
(a).

No line connects Y to X —Y or two points in Y. In fact, such a line
f would imply ¥(f) > 0 and F(f)=0, contradicting (7.6.5).
[Y|=k+1. In fact, consider a perfect matching M containing the
line e. Since each S; is a shore of a tight cut, exactly one line of
M connects S; to V(G)— S;. By (a), this line cannot end in any S;
(7 #1) orin X —Y . Furthermore, it cannot end in V(G)—8, since C
is tight and it already contains the line e € M. So exactly one line
of M connects S; to Y. By (c), the points in Y cannot be incident
with any other line in M, except that z is incident with e. Hence
the assertion follows.

No line connects S; to V(G) —S,(1 <7 < k). For suppose there is
such a line f. Consider a perfect matching M containing f. The
same argument as in (d) implies that |Y| =k —~1, a contradiction.
Thus, G ~Y has at least |Y|—1 odd components. Hence, by parity,
G —Y must have at least |Y| odd components. This contradicts the
hypothesis that G is bicritical, unless |Y| = 1. Thus by (d), k = 0;
that is, S has no proper subsets which are shores of cuts in . So
X=8and Y = {z}.

Since G is connected, there must be a line f connecting S — z to
V(G)— (S —z). (Note that S—z # & since |S| > 1. Let M be a
perfect matching containing f. Let g be the line in M containing
z. Obviously, both f and ¢ belong to C. But this is a contradiction
gsince C is tight. This completes the proof of Lemma 7.6.8. [ |

The last lemma we need for the proof will enable us to use induc-

tion. For every set S C V(G) denote by G X S the graph obtained by
contracting S to a single point.

7.6.9. LEMMA. LetG be al-eztendable graph, C, a tight cut in G and
let Sy, Sz be the two shores of C. Then

dim PM(G x ;) + dim PM(G X S,) = dim PM(G) + |C| ~ 1.

Before proving this lemma, let us remark that the hypothesis that

C is tight implies that the image of a perfect matching of G under the
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contraction of S; is a perfect matching of G x S;. Hence both G x S; and
G x Sy are 1-extendable.

PROOF. Let M; be a maximum family of linearly (or affinely) inde-
pendent perfect matchings in Gx S;. For e € C, let M¢ denote the set of
perfect matchings in M; containing e, and select one F'¢ € M¢ for every
i and e. (Since G x S; is 1-extendable, this is possible). Consider the
matchings Fy UF§ (where Fy € M$) and F'§ UF, (where F; € M§). The
total number of such matchings is

STIME+ ST IME - (O] = | Ma] + |M2] —|C)-

eeC eeC

(Since the matchings F'{ U F'§ were counted in both the first and the
second sum, we had to subtract the number |C] of such matchings.)
Furthermore, these matchings are linearly independent. In fact, assume
for each F; € M; and for each F; € M2 that A\(F;) and X\(F:) are real
numbers such that

22 NF)EFEL Y 3 NPT =,

e€C FreMs e€C Fre M}
Fy#F?

Restricting this relation to E(G x S;), we obtain

> X(Fl)qF‘+Z( > x(Fz))quzo. (7.6.6)

FieM; ecC F:EM; .
FR#F5

Since the perfect matchings in M; are linearly independent, it follows
that \(Fy) = 0, except possibly for the matchings F, = F§ (e € C).
Similarly, \(F3) = 0, except possibly for the matchings F; = F§. But
then in (7.6.6) the second term is 0 and hence A\(F;) = 0 for every F; € M,
and similarly N\(F3) =0 for every Fy € M,.

Thus we have |M;|+ |Mz|— |C| = dim PM(G X S;) + dim PM(G x
S3) + 2 —|C| linearly independent perfect matchings in G and hence

dim PM(G) > dim PM(G X Sy) + dim PM(G x S3) +1—{C|.

The reverse inequality follows by quite similar arguments. Hence equality
holds and the proof is complete. [ ]
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PROOF (of Theorem 7.6.6). We use induction on [V(G)|. If G is 3-
connected and bicritical then the assertion follows from Lemma 7.6.8.
Suppose that G is bicritical, but not 3-connected, and let {u,v} be any
separating set of G. Let G, and G; be two line-disjoint subgraphs of G
such that G, UGy = G, V(G1)nV(G,) = {u,v} and |V(G;)| > 2. Let
S; =V(G1) —u and S = V(G2) —v. Then G x S; is bicritical. In fact,
up to the multiplicity of the line uv, the graphs G x S; are the same as
the graphs obtained by applying the procedure for decomposing bicritical
graphs into bricks, using the specific cutset {u,v}. Hence it follows that
if G x S; has k; bricks then G has k; + ko such bricks.

The cut C determined by S; and S, is tight, as has been remarked
before. Hence we may apply Lemma 7.6.9 and obtain

dim PM(G) = dim PM(G x $;) + dim PM(G x S3) + 1 ~|C|
=|E(GXx S1)|—|V(GX S1)|+ 1~k
+|E(G x 83)| = |V(G X 83)| +1 —ka —|C|
=|E(G)|- V(G| +1-k,

and we are done.

The case when G is not bieritical can be handled similarly. Suppose
S € P(G) and |S| > 2. Consider the connected components of G — S.
If each of these is a singleton, then the assertion of the theorem follows
from Theorem 7.6.2. So suppose that G — S has a component H with
more than one point. Let S; = V(H) and S; = V(G) — V(H). Then
the cut C determined by S; and S, is tight. Hence Gx §; and G x S,
are 1-extendable. It is also clear by looking at the Brick Decomposition
Procedure that if k; denotes the number of bricks of G x S;, then the
number of bricks of G is k1 + k2. Hence the theorem follows by the same
computation as in the bicritical case. ]

REMARK. Theorem 7.6.6 can be used to characterize the inequalities
(i) and (ii") in Theorem 7.3.4 which correspond to facets of PM(G). In
fact, an inequality a - z < b defines a facet of a polytope P if and only if
it is valid for all points in P and moreover, ‘

dim(Pn{z|a-z=>b})=dimP —1.

(Cf. also Box 7F below.)

It is a fortunate circumstance that in the case of perfect matching
polytopes of 1-extendable graphs, the polytopes PN {z | a-z = b} are
also perfect matching polytopes, or are at least closely related to such
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polytopes. In fact, if a-z < b is one of the inequalities (i), say z. > 0, then
PM(G)n{z |z. =0} = PM(G —e¢). If a-z < b is one of the inequalities
in (iii"), say £(C) > 1 where C is an odd cut with shores Sy and S;, then
dim(PM(G)n{z | 2(C) = 1}) = dim PM (G xS;)+dim PM(G X S,)--|C}-1.
This follows by an argument similar to the proof of Lemma 7.6.9. Thus
in any case, to determine whether a defining inequality corresponds to
a facet of PM(G) is reduced to computing the dimension of the perfect
matching polytopes of G and either G—e or Gx S; and Gx Sz, which can
be done easily by the results of this section. The explicit formulation of
the results is somewhat awkward and the reader is referred to the paper
of Edmonds, Lovdsz and Pulleyblank (1982).

7.6.10. COROLLARY. If G 1s bicritical, then dim PM(G) > p/2.
Consequently, G contains at least p/2 + 1 perfect matchings.

PROOF. If G is a brick then by Theorem 7.6.6, dim PM(G)=q—p >
(3/2)p —p = p/2, since the dsgree of each point is at least 3.

If G is not a brick, then the assertion follows by induction on the
number of bricks of G by the argument in the proof of Theorem 7.6.6.m

\

BOX 7F. The Dimension of a “Good” Polytope

In Section 7.6 we studied the dimension of the perfect matching
polytope, and derived the rather elegant formula found in Theorem 7.6.6.
Had we been concerned only with the question of a polynomial time
algorithm to compute this number, it would have been enough to know
that we can optimize any linear objective function in polynomial time over
PM(G). In fact, we have the following general procedure to determine
the dimension of a polytope with rational vertices, provided we have
a subroutine to maximize (or minimize) an arbitrary linear objective
function with rational coefficients over said polytope (Edmonds, Lovéasz
and Pulleyblank (1982)).

Let P be any polytope with rational vertices. During the algorithm,
we shall form a set Z of affinely independent vertices of P and a set A of
linearly independent linear functions on R", such that each function in
A is constant on P. We start with A=Z = . Suppose we have formed
sets A and Z. Clearly,

|Z| -1 < dimP < n—|A|,

g0 if |A]+|Z| =n+1, then we are done, for dim P is determined. Assume
that |A|+|Z| < n. Then there exists a linear funetion a on R", such that
a is linearly independent of the functions in A and a is constant on Z.
\Compute the maximum and minimum of a-z for x € P. If these two are /
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/ equal, then P is contained in the hyperplane a-z =max{a-y|y € P}, so
we may add a to A. If the maximum is attained at some point z; € P and
the minimum is attained at 2z, € P and if a-2; # a - 2z, then at least one
of z1 and 23 is not in the affine hull of Z (since a- z is constant for z€ Z
and hence also for z in the affine hull of Z). Thus we may add at least
one of z; and z; to Z. In both cases, we were able to increase |A| +|Z|,
and thus the algorithm will terminate after at most n+ 1 iterations.

Suppose that P is a polytope with rational vertices and that we have
an algorithm to maximize any linear objective function with rational
coefficients over P. Suppose, in addition, that we know explicitly a
natural number T, such that the numerator and denominator of any entry
of any vertex of P are bounded by T. As we have seen above, we can
determine the dimension of P in polynomial time. Using this fact, we
can also check if a given inequality is a facet of P. In fact, let a-z < b be
an inequality valid for all z € P. (Here a € @™ and b € Q). First we show
that we can also maximize any linear objective function ¢-z (¢ € Q)
over the polytope

Pi=Pn{ze®R"|a-z=b}.

In fact, we claim that it suffices to maximize the linear objective function
(c+ Na): -z over P, where N is a very large number, because of the
following equation which is valid if N is large enough:

max{c-z |z € P1} =max{(c + Na)-z |z € P}
— Nmax{a-z|z€P}.

Of course, we must estimate how large N has to be in terms of T, n,
fa| and [¢| and then show that the numbers occurring are not too large.
But, with some effort, this can all be carried out; for details the reader is
referred to Edmonds, Lovasz and Pulleyblank (1982).

Having an algorithm to maximize ¢z over an arbitrary face of P
enables us (by the algorithm sketched at the beginning of this box) to
decide whether an inequality a -z < b determines a facet of P. In fact, it
guffices to check whether or not

max{a-z|z € P} =},
and if the answer is yes, to compute the dimension of the polytope
Pi=Pn{z|a-z=b}.

Thus the facts that both the dimension of the perfect matching
polytope of a graph can be computed, and the facets of this polytope
recognized, in polynomial time, follow quite generally from the fact (to be
shown in Chapter 9) that every linear objective function can be maximized
over PM(G) in polynomial time. Of course, the combinatorial solution
\given above gives more insight and faster algorithms. There are several /
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other combinatorically defined polyhedra over which linear objective func-
tions can be optimized in polynomial time (branching polytopes, matroid
intersection polytopes, vertex packing polytopes of perfect graphs etc.).
For combinatorial characterizations of dimensions of such polyhedra see
Giles (1978), Fonlupt and Zemirline (1983) and Frank and Tardos (1984).
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8

Determinants and Matchings

8.0. Introduction

Let G be a simple bipartite graph with bipartition (U, W) where
U={u,...,un} and W = {wy,...,w,}. Form the biadjacency matrix
A = (a;;), where

= {1, if u,w; € E(G),
*7 10, otherwise.
The starting point of our discussion is the observation that every non-
zero expansion term of det A corresponds to a perfect matching in G and
vice versa. So if G has no perfect matching then det A =0.

Unfortunately, the converse is not true! Expansion terms which
correspond to different perfect matchings may cancel each other. For
example, if G = K, » is a complete bipartite graph, then A is a matrix
with entries all 1 and hence det A= 0.

To overcome this difficulty, several methods have been proposed:
(a) modify the definition of the determinant so that all expansion terms

have the same sign;

(b) replace the 1’s in A by indeterminates (or equivalently by algebrai-
cally independent transcendentals) so that no cancellation occurs;
(¢) replace some of the 1’s in A by —1 so that every expansion term in

det A becomes the same (i.e., all are -+1 or all are —1);

(d) replace some of the 1’s in A by —1 at random and take the average
of the squares of the resulting determinants;

(e) work over the finite field GF(2); then the signs of the expansion
terms do not matter.

Whatever information can be gained from (e) is summarized in
Exercises 8.0.1 and 8.0.2 below.

We shall discuss (a) in Section 8.1. The other approaches can be
extended to non-bipartite graphs and will be discussed in Sections 8.2—
8.4. Most of the results presented will concern the number of perfect
matchings in various classes of graphs. Let us point out that since the
enumeration problem for perfect matchings in general graphs (even in
bipartite graphs) is NP-hard, it makes sense not only to seek good upper
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and lower bounds, but also to seek special classes for which the problem
can be solved exactly.

A further relationship between determinants and matchings is the
following. Let G’ be a forest and A its adjacency matrix. Consider
the characteristic polynomial det(z] — A). It is easy to verify that the
coefficient of zP~2* in this polynomial is (up to its sign) the number of
k-element matchings in G’. While this nice relation does not remain
valid for general graphs, we can introduce the corresponding generating
function for the numbers of matchings of different sizes in G. Many deep
properties of these polynomials have been discovered by Heilman and
Lieb and Godsil and Gutman and we shall survey these in Section 8.5.
Many of these results were motivated by problems in quantum chemistry.

Complementing certain previous results, some further lower bounds
on the number of perfect matchings in various graphs will be discussed in
Section 8.6. Some exercises deal with the number of matchings of various
sizes in certain special classes of graphs. These results really fall under
the heading of classical (enumerative) combinatorics and we shall only
touch upon them.

The last section of this chapter sketches applications of matching
theory to a problem in chemistry — topological resonance energy —
and to a topic in solid state physics — the Ising model for ferromag-
netism. This classical application of the theory of matchings motivated
Kasteleyn, a physicist, to develop the Pfaffian method for the enumera-
tion of perfect matchings in planar graphs. But, perhaps quite surpris-
ingly, other areas of matching theory, namely matching algorithms and
matching polytopes, have proved very useful in this physical application
as well.

We conclude this introduction with a brief discussion of two related
enumeration problems. Throughout the chapter, our main concern will
be the enumeration of perfect matchings. But what about the enumera-
tion of all matchings? Furthermore, in Chapters 6 and 7 we found
that many problems on matchings are just as interesting, and sometimes
even more easily handled, when generalized to T-joins. So what about
enumerating 7T-joins? The problem of enumerating all matchings can be
reduced to the problem of enumerating perfect matchings. (See Exercise
8.0.3.) The problem of enumerating T-joins is trivial using Exercise 8.0.5
below, but there are related questions which are not at all trivial. In fact,
quite a few questions in connection with these two problems have never
been studied at all! Some later exercises will also show how certain key
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results on enumerating perfect matchings carry over to all matchings and
to T-joins.

We first present two results on the parity of the number of perfect
matchings. (See Little (1972).)

8.0.1. EXERCISE. A graph G has an even number of perfect match-
ings if and only if there is a set S C V(G), S # &, such that every point
in V(G) is adjacent to an even number of points in S.

8.0.2. EXERCISE. Every Eulerian graph has an even number of per-
fect matchings.

8.0.3. EXERCISE. Show that every graph G can be embedded in a
graph G' with at most 3|V(G)| points so that, for every matching M of
G, there exists a unique perfect matching of G’ such that F nE(G) = M.
(Thus the number of all matchings in G is equal to the number of perfect
matchings in G'.) If G is outerplanar then G’ can be chosen to be planar.
(A graph is outerplanar if can be drawn in the plane in such a way that
no lines intersect and all points of the graph lie on the boundary of the
infinite face.)

8.0.4. EXERCISE. Let G be a graph with T C V(G), |T| odd. Show
that one can construct a graph G’ with at most 4q points, such that G
can be obtained from G’ by contracting some set U of lines, and every
T-join of G is the image of a unique matching of G'. (Thus the number
of T-joins of G is equal to the number of perfect matchings of G'.) If G
is planar then G’ can also be chosen to be planar.

8.0.5. EXERCISE. Let G be a connected graph with T C V(G), |T|
odd. Prove that the number of T-joins of G is 297 P+1,

8.1. Permanents

Let A=(a;;) be an n X n matrix. Define the permanent of A by

perA= Ea1w(1)a2r(2)' "*Gnm(n)

where the summation extends over all permutations 7 of {1,...,n}. Note
that the only difference between this and the definition of the determinant
is that here all terms are taken with the same sign.

It follows by our remarks above that if A is the biadjacency matrix
of a simple bipartite graph, then each non-zero term in the definition of
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per A corresponds to a perfect matching of G and vice versa. So perA
counts the number of perfect matehings in G. Modifying the definition of
A appropriately, this observation extends to non-simple bipartite graphs.

Let G be a (not necessarily simple) bipartite graph with bipartition
(U, W), where U = {uy,...,un}, and W = {wy,...,w,}. Let a;; denote
the number of lines connecting u; to v; and let A= (a;;). As before, #(G)
denotes the number aof perfect matchings in G. The following result is
then immediate.

per A =9(G). (8.1.1)

The main problem with this approach is that the permanent, similar
as it may seem to the determinant, is incomparably more difficult to
handle.

Recall that the value of a determinant is “well-behaved” under cer-
tain row (and column) operations, like adding and subtracting rows from
other rows and multiplying a row or column by a scalar. Under ordinary
matrix multiplication, we have the nice formula: det(AB) = det Adet B.
Also, convenient schemes for evaluating determinants like expanding by a
row or column are well-known. The reader may find it instructive to work
out which of these apply to permanents! For a comprehensive treatment
of permanents the reader is directed to the book by Minc (1978).

But the difficulty lies not only in the necessity of developing a new
calculus of permanents. If we are given an n X n determinant whose
entries are small integers, we can use the methods of any textbook to
evaluate it in about O(n3) or O(n*) steps (depending on how we count
arithmetic operations). But if we want to evaluate a permanent, we have
a problem which is at least as hard as any NP-complete problem (L.
Valiant (1979a, 1979b)). So a nice calculus of permanents analogous to
that of determinants probably does not exist!

But there are two inequalities involving permanents which are very
useful in the study of matching theory. The first of these was conjectured
by van der Waerden in 1926, but only proved by Falikman (1981) and
Egorytev (1980, 1981) half a century later. We quote this result without
proof. Recall that a matrix is called doubly stochastic if it is non-negative
and all its row sums and column sums are 1.

8.1.1. THEOREM. Let A be a doubly stochastic n X n matriz. Then

n!
perA > ey
where equality holds if and only if every entry of A is 1/n. [ |
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Another fundamental inequality concerning permanents was conjec-
tured by Minc and proved by Brégman (1973). For a simpler proof also
see Schrijver (1978).

8.1.2. THEOREM. Let A be a 0-1 matrix with row sums r,...,7,.
Then
per A < (r)Y/ 7o (r )Y/ ™,

As applications of these inequalities, we derive the following es-
timates on the number of perfect matchings in regular bipartite graphs.

8.1.3. THEOREM. Suppose G s a k-regular bipartite graph having 2n

points. Then .
(b(G)Zn!(E) .
n

PROOF. Let A be the biadjacency matrix of G. Then

!
n ™

&(G)=perA=k" per(lA) >k -

Y2
by Theorem 8.1.1. a

8.1.4. THEOREM. Let G be a k-regular simple bipartite graph on 2n
points. Then
®(G) < (k)™/*.

PROOF. If A is the biadjacency matrix of G, then
®(G) = per A < ((k!)!/*)"

by Theorem 8.1.2. a

Two remarks are in order. First, if G is not assumed to be simple,
then of course no better upper bound can be given on @(G) than the
trivial bound k™. This follows by considering the graph consisting of n
components, each having 2 points and k parallel lines. The upper bound
in Theorem 8.1.4 is sharp whenever k | n; this is seen by considering the
union of n/k copies of Kj k.

Second, if we approximate the factorials in the above bounds using
Stirling’s formula:

n!=n"e""V2rnr(n),
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(where 7(n) — 1 as n — co), we obtain the following bounds on ¢(G) for
a simple k-regular graph G on 2n points:

er—n(g)nr(n) <9(G)< (27rk)"/k(§)nr(k)"/k.

Hence it follows that 1 1

lim — : \/P(G) =~
if k,n — oo. This shows that the number of perfect matchings in a k-
regular simple bipartite graph depends remarkably little on the structure
of G.

While the upper bound on ¢(G) given by Theorem 8.1.4 is sharp
for infinitely many values of n if k is fixed, the lower bound given by
Theorem 8.1.3 is attained only if n is a divisor of k. Let @(n, k) denote
the minimum number of perfect matchings a k-regular bipartite graph
on 2n points can have. Schrijver and W.G. Valiant (1980) con_]ectured
that the following limit holds for fixed k:

8.1.5. CONJECTURE.

(k _ l)k—l

lim \/®(n, k) = )

n—oo

This conjecture is trivially valid for k < 2. Schrijver and W.G.

Valiant (1980) proved that the relation < holds for every k > 1. On

the other hand, Voorhoeve (1979) proved that the conjecture is valid for

k = 3, the first non-trivial case. Their results are precisely stated in the
next two theorems.

8.1.6. THEOREM. Suppose k,n > 1. Then there exists a k-regular
bipartite graph on 2n points having at most k*"/ (k:) perfect matchings.

PROOF. Let us start with a graph H consisting of kn independent
lines connecting two sets A and B each of cardinality kn. Let P, and P,
be partitions of A and B, respectively, into n subsets of cardinality k. If
we identify those points belonging to the same class in these partitions,
we get a k-regular bipartite (multi-)graph H(P,, P;) on 2n points. We
shall evaluate the sum

Z S(H(Py, Py)).

Py,P; ‘
Let M be any set of n lines of H. The number of pairs of partitions
(P1, Py), such that H(P;, P;) contains M as a perfect matching, is

(=t
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(This is the number of partitions of the (k — 1)n remaining points of A
and of B, respectively, into n labelled classes of size k —1). The set M
can be chosen (“) ways. This yields that

The number of terms on the left hand side is the square of the number
of partitions of kn points into n unlabelled classes of size k, which is

Thus there must be a term on the left hand side which is at most
kn\( (k= Dm)!\* /(L) ‘e /(k

( n )(((1C - 1)!)") (n!(k!)") - ( n ) C
REMARK. The above proof may also be interpreted as showing that
the average number of perfect matchings in a k-regular bipartite graph
on 2n points is k2 / (¥*). If we restrict ourselves to simple bipartite
graphs, then we can sharpen this average somewhat. O’Neil (1969)
proved that the averge number of perfect matchings in a k-regular simple
bipartite graph with 2n points is k2™ / (**)exp(~1/2 + o(1)). The error
term here has been improved by several authors. (See McKay (1982).)
The expectation and variance of the number of perfect matchings in

simple regular non-bipartite graphs have been determined by Bollobas
and McKay (1982).

8.1.7. THEOREM. LetG be a cubic bipartite graph on 2n points. Then
#(G) 2 (§)™

Note that Theorem 8.1.3 gives a lower bound of (roughly) ()" <
(%)". The proof which follows is rather simple and it may be expected
that a similar argument would yield a proof of Conjecture 8.1.5 for
general k. Such an extension of this proof, however, has resisted all our
efforts to date.

PROOF (of Theorem 8.1.7). We prove the following slightly more general
assertion by induction on n: if G is a bipartite graph on 2n points such
that each color class of G contains 1 point of degree 2 and n— 1 points
of degree 3, then G contains at least 2(4/3)"~! perfect matchings. To
see that this assertion does indeed imply the assertion in the theorem,
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let G be a cubic bipartite graph on 2n points and let e;, e2, e3 be three
lines of G incident with the same point. Then if the assertion formulated
above is true, each of the graphs G—e; contains at least 2(4/3)"~! perfect
matchings. Since every perfect matching of G is counted in exactly two
graphs G — e;, this implies that G contains at least 3(4/3)"~! > (4/3)"
perfect matchings.

Let u be a point of G of degree 2, and let uv; and uvs be the two
lines incident with u.

Case 1. v; =vy. Then the graph G —u —v; is either cubic or has
exactly one point of degree 2 in each color class. So by the induction
hypothesis, G—u—v; contains at least 2(4/3)"~? perfect matchings. Each
of these can be augmented by either uv; or uve. Thus we have found
2.2-(4/3)"~%>2-(4/3)" perfect matchings.

Case 2. v; # vy. Delete u from G and identify v; and v, to obtain
a new bipartite graph G'. Observe that ¢(G) = &(G’), since the perfect
matchings of G and G’ correspond to each other in a natural way.

Case 2a. Assume that one of v; and v, has degree 2 in G. Then G’
is cubic, and so by the induction hypothesis G’ has at least 3-(4/3)"~2 >
2-(4/3)"! perfect matchings.

Case 2b. Assume that v; and v, have degree 3 in G. Then v; = vy
has degree 4 in G'. Let vyw; (1= 1,...,4) be the four lines of G’ incident
with v;. The bigraph G’ — v;w; has one point of degree 2 in each color
class, and all other points are of degree 3. So by the inductigon hypothesis,
each graph G’ —v;w; has at least 2-(4/3)"~? perfect matchings. Adding
this for ¢ =1,2,3,4, we count every perfect matching of G’ three times.
Thus G’ has at least 4-2-(4/3)"~2/3=2.(4/3)"! perfect matchings.m

The results in this section show that the number of perfect matchings
in a k-regular bipartite graph on 2n points grows exponentially with n
for every k > 3. It is natural to conjecture that similar lower bounds exist
for non-bipartite graphs as well, but a proof seems to be very difficult.
We must be careful though, since the regularity of a non-bipartite graph
does not imply the existence of even one perfect matching. A natural
assumption to make at this point, therefore, is that the graph be elemen-
tary without forbidden lines, that is, 1-extendable.

8.1.8. CONJECTURE. For k > 3 there exist constants ¢;(k) > 1 and
ca(k) > 0 such that every k-regular elementary graph on 2n points, without
forbidden lines, contains at least co(k)-c1 (k)" perfect matchings. Further-
more ¢, (k) — o0 as k — .
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We conclude the section with another conjecture of Schrijver (1983b).
He has proved this conjecture for infinitely many values of k, including
all powers of 2 (see the exercises below).

8.1.9. CONJECTURE. LetG be ak-regular bipartite graph on 2n points.
Then the number of colorations of the lines of G with k given colors is at

least (k')2 "
(%)

8.1.10. EXERCISE. Prove that if Conjecture 8.1.8 is true for k = a
and k =b then it is also true for k = ab. Consequently, the conjecture is
true whenever k is a power of 2.

8.1.11. EXERCISE. Prove, using the result of Exercise 8.1.10, that the
number of perfect matchings in a k-regular bipartite graph on 2n points
is at least (k/e)".

This lower bound is only slightly worse than the bound in Theorem
8.1.3.

The existence of this lower bound on (G) is equivalent to the follow-
ing weaker version of Theorem 8.1.1: If A is a doubly stochastic matrix,
then per A > e~™. This result, which represented the first significant step
toward the solution of van der Waerden’s Conjecture, is due to Bang
(1979) and Friedland (1979). The graph-theoretic proof contained in
these exercises is due to Schrijver and W.G. Valiant (1980).

8.2. The Method of Variables

Let G be a bipartite graph as in the introduction to this chapter and
for each line e € E(G), let z. be a (formal) variable. Define the matrix

A(z) = (ai5) by

. Te, if e =uwj,
Y710, if u; and w; are non-adjacent.

Then det A(z) is a polynomial in the variables z. (e € E(G)). Every ex-
pansion term of det A(z) corresponds to a perfect matching of G and vice
versa. Furthermore, different expansion terms are products of different
sets of variables and so they do not cancel each other. Therefore we have:
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8.2.1. THEOREM. A bipartite graph G has a perfect matching if and
only if det A(z) is not identically 0. [ |

To illustrate the use of Theorem 8.2.1, let us prove the non-trivial
part of P. Hall’'s Theorem 1.1.3. (This proof is due to Edmonds (1967a).
A more general result using similar techniques from linear algebra, but
also using Hall’s theorem itself, was obtained by Perfect (1966).)

Let G be a bipartite graph as before. We want to show that if
|I(X)] > |X| for every X C W, then G has a perfect matching. Suppose
not. Then by Theorem 8.2.1, det A(z) = 0 for every z. Set z. = 0,
where 8, are algebraically independent transcendentals. Now A = A(f)
is a matrix whose entries are real numbers and its non-zero entries are
algebraically independent. Since detA = 0, it follows that the columns
of A are linearly dependent.

Let, say, the first k columns ay,...,ax of A form a minimal set of
linearly dependent columns. Then aj,...,ax—; are linearly independent
and @y is a linear combination of them:

k-1
Ay = Z )\ja]’.
J=1

We also may assume that the first k— 1 rows of the matrix [a;,...,a5-1]
are linearly independent (since row rank = column rank). Then from the

equations
k-1

aik=2)\jaij (i=1,...,k—-1)
j=1
we can determine the coefficient \;. In fact, Cramer’s Rule gives each
\; as a ratio of two determinants whose entries are among the numbers
aij, 1<1<k—1,1<j< k. Thus \; belongs to the field generated by
the numbers a;;, 1 <7 <k—~1,1<j<k. Also from

k-1
akk = ) N\jGkj,
i=1

it follows that axr belongs to the field generated by the numbers a;;
(1<i<k,1<75<k, (1,7) # (k, k). But by the algebraic independence
of non-zero entries of A, we conclude that axx, = 0. Among these k
columns, any one is a linear combination of the other k —1, so it follows
that ag; = agz = -+ = agx = 0. On the other hand, we may permuté
rows k through n and repeat the above argument to show that a,, =0
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for k <pu<n,1<v<k. Thus we have shown that I'({wy,...,wx}) C
{u1,...,uk—1}, which is a contradiction, and the proof is complete.

The use of determinants can be extended to non-bipartite graphs,
although it involves somewhat more complicated linear algebra. Let G
be a simple graph, V(G) = {v1,...,v,} and consider any orientation G
of G. To each line e assign a variable z. and define the matrix B(z) as
follows:

B(z)= (biJ’)pxp

Te, if e = (vi,v;),
where b;; = —Ze, if e = (vy,v;),
0, if v; and v; are non-adjacent.

If G is bipartite (with bipartition sets of the same size), there is
a simple correspondence between A(z) and B(z). To see this, let the
bipartition of G be (U, W) where U = {uy,...,un} and W ={wy,..., wn}.
_Then the matrix B(z) has the following structure:

5= a5

and hence it follows immediately that det B(z) = (det A(z))?.

If G is not bipartite, we lose this nice relationship between A(z) and
B(z). (In fact, of course, we lose A(z)!) But in the following classical
result due to Tutte (1947), we see that B(z) still provides us with a useful
criterion for the existence of a perfect matching in the non-bipartite case.

But first we shall need a definition and an identity from linear
algebra. Let B be a skew symmetric matrix of dimension p = 2n. For
each partition P = {{31,71},--.,{tn,Jn}} of the set {1,...,2n} into pairs,
form the expression

12:-+2n—-12n b aeib
11 ]'1 cee i'n. j‘n. 1 tnjn)

(1 2 ... 2n—1 2n)
W ho it Jn

is a permutation of the elements 1,...,2n and sgn denotes the sign of
this permutation. Note that bp depends neither on the order in which
the classes of the partition are listed nor on the order of the two elements
of a class. So bp indeed depends only on the choice of the partition P.

bP=5gn(

where-
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Now we define the Pfaffian of matrix B by:
pr = E bp.
P

For example, if
0 b2 bz by

—bip 0 boz  bag
~b13 —b2z 0 b3y
—byg —bza b3y 0
then pf B = byobss — bi3bgg + brabos.
We need the following identity from linear algebra. (See Muir (1882,
1906).)

8.2.2. LEMMA. If B is a skew symmetric matriz, det B=(pfB)?. =

B=

8.2.3. THEOREM. LetG be any graph and let B(z) be defined as above.
Then graph G has a perfect matching if and only if det B(z) is not ident:-
cally 0.

PROOF. The difficulty is that the expansion terms in det B(z) may
cancel, since the same variable occurs twice as an entry of B(z). If p =
|[V(G)| is odd then G has no perfect matching, of course, and moreover,
det B = 0 since the determinant of a skew symmetric matrix of odd
dimension is 0. Thus the theorem is true for graphs with an odd number
of points. So assume now that p =|V(G)| = 2n.

Now each non-zero term bp in the definition of pf B(z) corresponds
to a perfect matching of G and vice versa. Furthermore, different perfect
matchings of G correspond to terms consisting of different variables.
Hence pf B(z) = 0 if and only if G has no perfect matching. Using
Lemma 8.2.2, Theorem 8.2.3 now follows. [ ]

So we have a determinant criterion for the existence of a perfect
matching. In fact, Tutte’s original proof of his perfect matching theorem
(Theorem 3.1.1) made use of this criterion. In the next section we will
pursue a determinant criterion for counting all perfect matchings.

Finally, let us point out that the existence criterion given in Theorem
8.2.3 can be used to obtain a probabilistic algorithm for finding a perfect
matching in a graph. (See Box 8A.)

8.3. The Pfaffian and the Number of Perfect Matchings

In the previous section, we saw that the matrix of indeterminates
B(z) provides a method of deciding if an arbitrary graph has a perfect



8.3. THE PFAFFIAN AND THE NUMBER OF PERFECT MATCHINGS 319

matching. In this section we will show that, with suitable modification,
this matrix actually helps us count the number of different perfect match-
ings.

As before, adopt an arbitrary orientation G of G. Suppose n =
[V(G)|. Let us define yet another matrix related to G, the skew adjacency
matrix of G, A,(G) as follows:

AS(G) = (aij)nxny

1, if (’u,‘,u]') € E(G),
where a;;=¢ -1,  if (uj,u;)€ E(G),

0, otherwise.
Now recall that each term in pf(A;(G)) is of the form +a;,,--a;,,, and
hence equals 1, —1 or 0. Moreover, there is an obvious 1:1 correspondence
between the perfect matchings of G and the non-zero terms of pf(A,(G)).
(It may be helpful to point out once again that the order in which the
endpoints of the line are listed is irrelevant in the Pfaffian.)

If F' is a perfect matching, let us define the sign of F', sgnF, to
be equal to the sign of the corresponding term in the Pfaffian. It is
immediate by definition — but important to realize — that we always
have

Ipf(As(G))| < (G). (8.3.1)

It is then natural to ask when, in fact, equality holds, or equivalently,
when does the Pfaffian enumerate all the perfect matchings of G. If
equality holds, we will call the digraph G Pfaffian and, if there exists
such a Pfaffian orientation for a graph G, we shall simply call G Pfaffian.

Let C be any even undirected cycle in G. Now regardless of which
of the two possible routings around C is chosen, if C contains an even
number of oriented lines whose orientation agrees with the routing (we
will call these “forward” lines), then C also contains an even number
of lines whose orientation is opposite to the routing (we will call these
“backward” lines). Hence the following definition is independent of the
routing chosen.

If C is an even undirected cycle in G, we shall say C is evenly
oriented if it has an even number of lines oriented in the direction of the
routing. Otherwise C is oddly oriented.

8.3.1. LEMMA. LetG be an arbitrary orientation of an undirected graph

G. Let Fy and F3 be any two perfect matchings of G and let k denote-the
number of evenly oriented alternating cycles formed in F1 U Fy. Then

sgn F - sgn Fy = (—=1)*.
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PROOF. We first observe that if this equation holds for one orientation
it holds for all. To see this suppose one line z is reversed in a given
orientation. If z lies in neither Fy nor in F;, then there is no effect on
either side of the equation. If z lies in both F; and F3, then the sign
of each changes, the value of k does not change and again the equation
holds. Finally, if z € E(F})— E(F3), it lies in some alternating cycle and
hence sgn F; changes, sgn F» does not, but k changes by one. Thus the
equation does hold in all instances.

Since we are now free to orient G as we like, we use the following
scheme: if line z is in F; N F,, orient it arbitrarily and similarly for
z ¢ F1UF;,. For z € E(F1)® E(F2) (i.e., for z in an alternating cycle),
orient z so that the alternating cycle containing it becomes a directed
cycle. (Either of the two possible orientations of this cycle are equally
satisfactory for us).

Now we must make the following remark about relabelling the points
of G. Arelabelling of G corresponds to permuting the rows (and columns)
of the matrix A,(G) by some permutation 7 and one readily observes that
this has the effect on the Pfaffian of multiplying each term by the sign of
m. But then each perfect matching has its sign multiplied by sgn; that
is, all sgn F’s change or all remain unchanged. So certainly the equation
contained in the statement of this lemma remains invariant under any
relabelling of V(G).

So we adopt the following method of relabelling: first take those
oriented lines of F; NF, and label their endpoints with consecutive posi-
tive integers such that the label of the “head” of the oriented line equals
the label of the “tail” plus one. For those oriented lines on an alternating
cycle, choose any line in the cycle belonging to F; and number its tail and
head with the next two (unused) consecutive positive integers. Continue
until all remaining alternating cycles (and hence all of V(G)) are labelled.

Now bp,, the term of the Pfaffian corresponding to F, contains the
sign of the identity permutation (+1) and each a@mn in the rest of the
product is +1. So sgnF; = +1. In the term bp,, all the a,,, are again
+1 (by means of our special orientation and labelling) so sgn F is just
the sign of the corresponding permutation . On the other hand, since
each alternating (even) cycle of G corresponds to an even cycle of the
permutation e and the cycles are disjoint, it follows that sgn Fy = (—1)F
and hence the lemma is proved. ]

We now address the question: “When is a given orientation G of
G Pfaffian?”. The preceding lemma implies the next result which does
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give an answer of a sort, but, unfortunately, not a good characterization.
Recall that a cycle C of G is nice if G—V(C) contains a perfect matching.

8.3.2. THEOREM. Let G be any even graph and G, an orientation of

G. Then the following four properties are equivalent:

(1) G is a Pfaffian orientation of G.

(2) Every perfect matching of G has the same sign relative to G.

(3) Ewvery nice cycle in G 1is oddly oriented relative to G.

(4) If G has a perfect matching, then for some perfect matching F', every
F-alternating cycle is oddly oriented relative to G. |

We will now proceed to prove Kasteleyn’s classical result (1963,
1967) that every planar graph has a Pfaffian orientation. Note that if
a connected graph G is embedded in the plane, then it makes sense to
speak of routing all the cycles of G in the “clockwise sense”.

Let F' be any face. We say that a line ¢ on the boundary of F' is
oriented in the clockwise sense if when proceeding in the direction of
the arrow on e, F' lies to the right. Note that if F' is a finite face the
boundary of which is a cycle, then clockwise oriented lines are just those
lines which are forward with respect to the clockwise routing.

8.3.3. LEMMA. IfC isa connected plane digraph such that every bound-
ary face — except possibly the infinite face — has an odd number of lines
oriented clockwise, then in every cycle the number of lines oriented clock-
wise 15 of opposite parity to the number of points of G inside the cycle.
Consequently, G is Pfaffian.

PROOF. Let C be any cycle in G. Suppose there are f faces inside C
and let ¢; denote the number of clockwise lines on the boundary of face
1fori=1,...f. Each ¢; is an odd number by hypothesis and hence

f
f=> ¢ (mod2)
=1

Let v be the number of points inside C, e, the number of lines inside
C, and k, the number of lines on C. Then by Euler’s formula,

(v+k)—(e+k)+(f+1)=2,

and hence .
e=v+f-—1.

Now if ¢ is the number of clockwise lines on cycle C, we have
E{=1 ¢; = ¢ + e, for each interior line gets counted as a clockwise line
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exactly once when visiting the faces interior to C. So we have

fzic,-=c+e=c+(v+f—1) (mod 2)

=1

and hence ¢+ v —1 = 0(mod 2); that is, ¢ = (v—1)(mod 2). In particular,
if C is a cycle which alternates with respect to a perfect matching, then
it must contain an even number of points in its interior since said points
must be matched pairwise. Thus C contains an odd number of forward
lines and so condition (3) in Theorem 8.3.2 is satisfied. Thus the given
orientation is Pfaffian. |

Next we show how we can actually construct an orientation satisfy-
ing the condition in Lemma 8.3.3, for any connected planar graph G.
We use induction on the number of lines in G. If G is a tree then any
orientation will do. Suppose that G is not a tree and choose any line on
the boundary of the infinite face which belongs to a cycle. Let Fp be the
finite face containing this line e.

The graph G — e has an orientation so that each finite face bound-
ary has an odd number of clockwise oriented lines, by the induction
hypothesis. Reinsert e and orient it so that the boundary of Fp has an
odd number of clockwise oriented lines. Since all the finite face bound-
aries different from Fy remain unchanged, this orientation of G will have
the desired properties.

In summary then, we can state the following theorem.

8.3.4. THEOREM. (Kasteleyn’s Theorem). Every planar graph has a
Pfaffian orientation. Such an orientation can be constructed in polynomial
time. ]

The procedure is illustrated on the graph in Figure 8.3.1. The skew
symmetric matrix belonging to the orientation obtained is

0 1 0 -1 -1 0

-1 0 -1 0 01

0 1 0 -1 01
AiG) 1 0 1 0 -1 1
1 0 0 1 0 0

0 -1 -1 -1 00

Then det A,(G) = 9 and hence by Lemma 8.2.2, pf(A,(G)) = 3. The
reader may easily check that G does in fact have three perfect matchings.
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(1)

{3)

(5)

FIGURE 8.3.1. Construction of a Pfaffian orientation

Actually, Kasteleyn’s method can be used to obtain the number of
perfect matchings for a larger class of graphs than just those which are
planar. Recall the famous theorem of Kuratowski (1930), which says that
a graph is planar if and only if it contains no subdivision of K5 or K3 3.
This implies that the following result of Little (1974a) is a generalization
of Kasteleyn's Theorem 8.3.4. We omit the proof.
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8.3.5. THEOREM. IfG contains no subdivision of K3 3, then G has a
Pfaffian orientation. ' =

8.3.6. EXERCISE. Show that K33 has no Pfaffian orientation.

Now recall that Theorem 8.3.2 gave us several equivalent conditions
for an orientation to be Pfaffian. By Kasteleyn’s result we know that
planar graphs always have such an orientation. But what about general
graphs? We proceed to give some necessary and sufficient conditions for
a graph to have a Pfaffian orientation, following Little (1973).

Suppose G is any graph, G, any orientation of G and F, any perfect
matching of G. Then define the function !(F') with values in {0,1} by
sgnF' = (—1)¥), Now to each line e in E(G) assign a variable ..

8.3.7. THEOREM. IfG, G and the z.’s are as above, then the following

are equivalent:

(1) G has a Pfaffian orientation.

(2) There is a set S C E(G) such that for all perfect matchings F of G,
SN F|=I(F)(mod?2).

(3) The system of equations (one for each perfect matching F of G ) :
Y ecr Te = U(F) has a solution over GF(2).

(4) There is no set of perfect matchings Fy,...,F, such that E;‘=1 F;=
0(mod2) and 375_, l(F;) =1(mod 2).

PROOF. Let C be any other orientation of G, and let S be the set
of lines which must be reversed to obtain &' from &. Now if F is any
perfect matching, then

sgnF = SgnF(—l)'S”Fl = (_l)l_(F)+|SnF|‘

Hence G is Pfaffian (that is, sgn F' = 1 holds for every perfect matching
F) if and only if |Sn F| = l(F) (mod2). So the existence of a Pfaffian
re-orientation is equivalent to the existence of a set S with property (2).
Thus (1) and (2) are indeed equivalent.

Next note that (3) is just a rephrasing of (2) in terms of the incidence
vector z of the set S. Finally, (4) is obtained form (3) by applying the
criterion for the solvability of a system of linear equations. ]

In the special case when G is bipartite there is a characterization
gimilar in spirit to the above, but simpler in that it does not involve the
sign of a perfect matching and hence we can dispense with orienting the
graph (see Pla (1965) and Little and Pla (1972)).
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8.3.8. THEOREM. Let G be a bipartite graph and let F' be any perfect
matching in G. Then G has a Pfaffian orientation if and only if there
ezists no collection of an odd number of F -alternating cycles, the mod2
sum of which s zero.

PROOF. Let G =(U,W) be the bipartition of G. Orient G by directing
all lines of F° toward U and all other lines toward W. Note that every
F-alternating cycle in G becomes a directed cycle in the resulting ¢ and
vice versa.

Now first suppose that G does not have a Pfaffian orientation. Then
by Theorem 8.3.7, there is a set of perfect matchings F, ..., F, such that
> =1 Fy=0(mod2), but 3.7_, I(F;)=1(mod?2). Let A be the family of
all alternating cycles formed by FeF;for j=1,...,r. Alsolet k; denote
the number of alternating cycles formed by F" @& F;. We may assume that
the points of G are labelled so that sgn F' = 1. Then by Lemma 8.3.1,

sgn(Fy) = (-1)% sgn F" = (-1)%3,

and hence k; = {(F})(mod 2). Hence
‘ﬂ‘ = Z kj = Z l(FJ) =1 (mod2)
7=1 r=1

Further, consider the sum of cycles in £ modulo 2. If we consider a line
e not in F', then the number of cycles in A containing e is the same as
the number of perfect matchings among F, ..., F, containing e, and this
number is even by the choice of Fi,..., F,. Thus the sum of cycles in £
is a subset of F. But since the mod 2 sum of cycles must be an Eulerian
subgraph, it follows that the mod 2 sum of cycles in A is 0. This proves
the sufficiency of the condition given in the theorem.

Conversely, assume that G contains a collection £ of an odd number
of F-alternating cycles, the mod 2 sum of which is 0. Suppose 4 =
{A;,...,As} and let F; be obtained from F' by alternating on A;. Then
I(F)=0 and {(F;) =1, by Lemma 8.3.1,and 3;_, F;i=Y:_(A;0F)=
tF = F (mod2). So the set F,Fy,...,F; of perfect matchings violates
condition (4) in Theorem 8.3.7 and thus G does not have a Pfaffian
orientation. ]

In spite of the many equivalent conditions for the existence of a
Pfaffian orientation of a graph, this property is not well-characterized.
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The problem is that no polynomial algorithm is known for checking
whether or not a given orientation of a graph G is Pfaffian. We do not
even know if this property is in NP. (It is trivially in co-NP; to prove
that a given orientation is non-Pfaffian, it suffices to exhibit two perfect
matchings with different signs.) Similarly, we do not know whether the
property of an undirected graph that it has a Pfaffian orientation is in
NP. (This property too is in co-NP; to prove that G does not have a
Pfaffian orientation, it suffices to consider an arbitrary orientation and
then exhibit a set of perfect matchings violating condition (4) in Theorem
8.3.7.)

One approach to deciding whether or not an undirected graph G
has a Pfaffian orientation is to use condition (3) in Theorem 8.3.7. A
natural approach is then to compare the GF'(2) rank of the matrix of the
system with the GF(2) rank of the augmented matrix. Unfortunately,
it is not known how to compute the GF(2) rank of this matrix, that
is, to determine the maximum number of perfect matchings linearly
independent over GF'(2). (Recall that the corresponding problem over
the real field was solved in Section 7.6.)

One special type of graph for which enumeration of perfect match-
ings is of considerable “real-world” interest is the class of rectangular
lattice graphs or chessboards (perhaps more accurately “go boards”).
Consider an m x n chessboard with mn even. In how many ways ean
this board be covered by dominoes (dimers)? This problem, known as
the dimer problem, has applications in statistical mechanics, and in fact
these applications prompted Kasteleyn, a physicist, to solve it. (For more
on this, see Section 8.7.)

In graph theoretic terms, the dimer problem can be formulated as
follows. Let L(m,n) denote the graph whose points are the squares of an
mxn chessboard, two being adjacent if and only if they have a boundary
line in common. The problem is to determine &(L(m,n)).

There are many formulas known for ¢(L(m,n)). Here we confine
ourselves to deducing one from Kasteleyn’s Theorem 8.3.4 and then using
it to obtain an asymptotic result. For a more detailed account on this
subject, see Montroll (1964).

In order to apply Theorem 8.3.4, we first construct an orientation
satisfying the conditions of Lemma 8.3.3. It is evident that the orien-
tation shown in Figure 8.3.2 has this property. The skew symmetric
adjacency matrix of this orientation is the following:
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FIGURE 8.3.2. A Pfaffian orientation of the lattice graph

A I
-I -A I
—I
A(B) = B (8.3.2)
I
\ I (-1)"14
where A denotes the m x m matrix
0 1
-1 0 1
-1
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Now multiplying the first column, then the third and fourth row,
then the fourth and fifth column, then the seventh and eighth row, etc.
of the partitioned matrix A,(G) by —1, we do not change the absolute
value of the determinant and we obtain matrix M where

-A I
I -A 1
1
M=
. I
I -A
If we denote by B the n x n matrix
0 1
1 0 1
1

then we can write
M=-I®A+B®I,

where ® denotes the Kronecker product of matrices. (For a general
reference for Kronecker products see Halmos (1958).)

Let A have eigenvalues \;: - - \,, with eigenvectors a1,...,am, and let
B have eigenvalues uy, ..., u, with eigenvectors by,...,b,. Then b; ® a,
is an eigenvector of M with eigenvalue u; — X\, since

(-I® A+ B I)(b;®a;)=(—Ib; ® Aa;)+ (Bb; ® Ia;)
= —Xaj(b,- ® aj) + ui(b: ® aj)
= (I — N;)(b: ® a;).
It is not difficult to determine the eigenvalues of A and B. (See Lovész
(1979c¢).) The eigenvalues of A are 2icos((wk)/(m +1)), (k = 1,...,m),

and the eigenvalues of B are 2cos((7k)/(n+1)), (k=1,...,n). Thus the
eigenvalues of matrix M are

k .
2(cos(m7r+ 1)—zcos(nL+ll>), (k=1,...,m;l=1,...,n).
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Hence the determinant of matrix M is the product of these numbers.
Since we are interested in the absolute value of this determinant, we may
replace these mn factors by their absolute values, and so the absolute
value of the determinant of matrix {8.3.2) is

m n k I 1/2
2mn 2 T 2 T .
kl;ll ll;ll(cos (-—m+1)+cos ——-——n+1
Hence

—=omn/2 2 T 2 m
&(L(m,n)) =2 k|=|1 z|=|1 (cos ( - 1) + cos (n_+ 1)) .

This formula, among others, can be used to determine the asymptotic
behavior of the logarithm of #(L(m,n)) as m and n — oo:

1 m

i)Y

log®(L(m,n)) log2 +
Tk of
log| cos?| —— | +cos?| —
Pwsth m+1 n+1

mn 2
m
_’lg2+ 1

NE

I
-

5 log(cos T +cos?y)dz dy
=1/m(1~ 179 $1/25-1/49 + 1/81 — 1/121 +---)
=.29

So the number ¢(L(m,n)) grows as exp(.29mn) as m and n — oco.

8.3.9. EXERCISE. Let G be a graph which has a Pfaffian orientation

G. Let c: E(G) — R be any weighting of its lines and let h;; = c(ij)as;

where (a;;) is the skew symmetric matrix belonging to this orientation.

Then
Z(H ce) = pf(hij),

F eeF
where F' ranges over all perfect matchings of G.

8.3.10. EXERCISE. Let G be a planar graph, T C V(G),|T| even and
let ¢ : E(G) — R be any weighting of its lines. Find a skew symmetric
matrix B of size 4¢ — 2p such that

Z H ce)=pf B,
eeJ

where J ranges over all T-joins of the graph. (Hint: Use the construction
of Exercise 8.0.4 to reduce this problem to the preceding exercise.)
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8.4. Probabilistic Enumeration of Perfect Matchings

The following theorem establishes a somewhat surprising connection
betwen the number of perfect matchings in a graph and the determinant
of its orientations. A similar result, with weighted rather than oriented
lines was proved by Godsil and Gutman (1981).

8.4.1. THEOREM. Let G be a graph. Let G be a random orientation
of G, obtained by orienting each line in G independently of the others
with probability 1/2 in either direction. Let A4(G) be the skew symmetric
adjacency matriz of G. Then the ezpected value of det A,(C) is &(G).

PROOF. Denote A,(G) by the p x p matrix (a;;) and write out the
definition of its determinant:

det A5(G) = Y sgn(m)ain(z): - apr(p)s

where the summation extends over all permutations 7 of {1,...,p}. Note
that the a;; are random variables, which assume the values 1 and -1
with probability 1/2, and which are mutually independent, except that
a;; = —a;;. Computing the expectation, we have:

E(detAs(G’)) = E sgn(w)E(al,,(l)- . ap,,(p)).

If 7 is a permutation having a fixed point, then the corresponding term
in the sum is 0 since a;; = 0. If 7 is a permutation such that 7 and
m(z) are non-adjacent for some ¢, then again the corresponding term is
0. If 7 is a permutation such that 7 is not the identity, then there is
an ¢, 1 <1 < p, such that 7(m(2)) # <. Hence, the random variable a;n;)
occurs in the product corresponding to this permutation, but the random
variable a(;; does not. So the factor a;r(;) of the product corresponding
to 7 is independent of the other factors and hence E(ar(1) - pr(p)) =
E(@in()) E(@1m(1) * * G(i—1)m(i-1)8(i+1)m(i+1)* * Cpm(p)) = 0. So we are left
with the terms corresponding to those permutations which have no fixed
points, but for which 7?2 is the identity and for which ¢w(¢) € E(G) for
all 7. Clearly these permutations are in 1:1 correspondence with the
perfect matchings of G and an easy computation shows that the term
corresponding to such a permutation is always 1. The desired equality
follows. [ |

Let us remark that we have seen (by Lemma 8.2.2 and inequality
(8.3.1)) that
det A,(G) < (9(G))>.
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So from Theorem 8.4.1 it follows that every graph G has an orientation
G such that
&(G) < det A,(G) < (9(G))2.

However, it is not known how to construct such an orientation!

8.4.2. EXERCISE. Let G be a graph and G a random orientation of
G. For any two perfect matchings Fy, Fy of G, let a(Fy,Fy) denote
the number of alternating Fy — F; cycles in G. Prove that if variance is
denoted by D, then

D*(det A,(G))= Y 3etFvF),
Fy#F,

where the sum is over all pairs of perfect matchings (Fy, F2) such that
Fy # Fs.

8.4.3. EXERCISE. Prove that D(det A;(G))/®(G) is bounded by a poly-
nomial in p = |V(G)| if G is a complete graph, but that this is not so for
every graph.

BOX 8A. Probabilistic Methods in Graph Theory \

The proof of Theorem 8.1.6 has the peculiar feature that even though
it proves the existence of a k-regular bipartite graph with few perfect
matchings, it does not explicitly construct such a graph. Another — and
probably nicer — way to formulate this argument is as follows. Let us
choose the partitions P, and P; at random (with uniform distribution
from among all partitions of kn elements into n classes of size k). Then
the graph H(P,, P;) may be viewed as a random k-regular bipartite graph
on 2n points (i.e., a random variable whose values are k-regular bipartite
graphs on 2n points). Furthermore, what the computation in the proof
yields is, in fact, the expected number of perfect matchings in this random

graph:
E@(H(P1, P,))) = k" / (’Z‘)

Similar non-constructive proofs are now fairly common and the me-
thods involved are often very powerful tools in many branches of com-
binatorics. This method, developed mainly by P. Erdés, has come to be
called the probabiistic method.

We do not encounter this method as often in matching theory as,
say, in Ramsey theory or in the theory of the chromatic number. The
reason is that in matching theory we usually have good characterizations
\which tell us all possible reasons why a certain property can hold (or not /
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/ hold) for a graph, whereas the probabilistic method is needed to prove\
the existence of a graph with a certain property, precisely when no simple
reason can be given as to why this property holds for a graph, and so it
would be difficult or impossible to prove that a proposed counterexample
is indeed a counterexample. Since the enumeration problem for perfect
matchings is NP-hard, the probabilistic approach is a quite natural thing
to try.

Even a sketch of the details and successes of the probabilistic method
would be beyond the scope of this book. Fortunately, we can refer the
reader to the monograph of Erdés and Spencer (1974), and also to the
more recent monograph of Graham, Rothschild and Spencer (1980) on
Ramsey Theory, where the probabilistic method is extensively used and,
accordingly, surveyed in detail.

However, probabilistic arguments occur not only in proofs, but in
algorithms as well. Consider Theorem 8.2.3. How does this necessary
and sufficient condition help us determine whether or not a given graph
has a perfect matching? We all learned in high school that it is easy
to determine whether or not a polynomial is identically zero; all that is
required is to expand all quantities in brackets and carry out all possible
cancellations. If we are left with the 0 polynomial, then of course our
polynomial is identically 0 and conversely (but slightly less trivially), if we
are left with a polynomial which is not formally 0, then it is not identically
0. But this procedure would be impractical to apply in the case of the
polynomial det B(z), since if B(z) is n xn, to write it out in bracket-free
form would take up to n! terms.

Fortunately, however, we can do the following. Let us substitute
some randomly generated numbers for the variables z., and evaluate the
determinant with these entries. If we obtain a non-zero number, then
obviously detB(z) cannot be identically 0. Suppose we find that the
determinant is 0. Then it does not follow that it is tdentically 0, since we
just might have been unlucky enough to have chosen a root. However,
the probability of this is very small. So with considerable confidence we
may conclude that det B(z) is identically 0!

But just how small is the probability of an error, that is, what is the
probability of hitting a root? This depends on the way we generate the
random numbers. If each z. is, say, uniformly distributed in {0, 1], then
the probability of hitting a root is 0. However, we have to do calculations
with these z.’s and so a more realistic model is to choose them uniformly
from the finite set {1,...,N}. Then the probability of hitting a root is
not necessarily 0, but it is very small. In fact it is at most (2/N)9, where
q is the number of lines. (See J. T. Schwartz (1979, 1980).)

Thus we have designed an algorithm to determine whether or not a
given graph has a perfect matching, which runs in polynomial time, but
unfortunately may give the wrong answer! Fortunately, it may only err
\when it asserts that a graph does not have a perfect matching and in that /
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/ case the probability of error can be made arbitrarily small. (For a graph\
with 100 lines, and with a choice of N = 20, the probability of an error is
so small that if we run this algorithm once every second no error is likely
to occur within the life span of the universe.)

In practice this probabilistic algorithm runs somewhat slower than the
combinatortal matching algorithms (see Chapter 9). But in a slightly more
complicated application of this idea to the matroid matching problem (see
Chapter 11), the generalization of this probabilistic algorithm has much
better running time bounds than the generalization of the combinatorial
matching algorithms. (See Lovész (1979b).)

Algorithms which use randomly generated numbers and then give an
answer which is correct with large probability (or if it is 2 number, with
small expectation of error), have been used in numerical analysis for a long
time (cf. “Monte Carlo methods”). Recently more and more applications
of such methods are arising in discrete mathematics as well. Such algo-
rithms have been applied successfully to primality testing (Rabin (1976,
1980), Solovay and Strassen (1977)), graph isomorphism testing (Babai
(1979), Galil, Hoffman, Luks, Schnorr and Weber (1982)) and elsewhere.
For a survey of complexity classes and other computational problems
involving such algorithms, see Welsh (1983).

The formula for ¢(G) derived in Section 8.4 also suggests a Monte
Carlo type algorithm for the computation of ¢(G). Fix some number N.
Generate N random orientations of G, say G,...,G". Determine

1 N
¥G) =5 > det A,(G*).

Then if N is large enough, ¥(G) will be close to $(G) with large prob-
ability. The value of N which gives small relative error with large prob-
ability is O(D/®(G)), where D is the variance of the random variable
det A,(G). Unfortunately, this ratio D/®(G) may be exponentially large
in the size p of the problem, rendering this method useless in the general
case. On the other hand, there are some graphs (for example, the com-
plete graphs) for which D/®(G) is polynomially bounded. Whether there
are any more interesting classes of such graphs is not known to the authors.
It is certainly true, however, that the application of probabilistic methods
to combinatorial enumeration problems in the spirit of this example is
\largely unexplored, and potentially very fruitful, territory. /

8.5. Matching Polynomials

Let G be a graph and let $,(G) denote the number of k-element
matchings in G. We set @o(G) =1 by convention. Thus #1(G) = q is the




334 8. DETERMINANTS AND MATCHINGS

number of lines, and if p is even then ®,/5(G) = $(G) is the number of
perfect matchings of G. Clearly, ®,(G) =0 for k > v = 1(G).

In this section we are concerned with properties of the sequence
(@0(G), ®1(G),...). A rather standard approach to such questions is to
form a generating function for the sequence and study analytic properties
of this generating function. In this case, the following generating func-
tion, called the matehing defect polynomial, turns out to have some nice

properties:
lp/2]
m(G;z)= Y (1) (G)zP 2.
k=0
As a motivation for the name, we write this polynomial as follows:

m(Gi2) = 3 (1) MlzdefM),
M

where the sum is over all matchings M in G and, as before in this book,
def(M) denotes the defect of the matching M. (The reader should be
warned that the name “matching defect polynomial” is our invention.
At least three additional names for this expression are to be found in
the literature; namely, “matching polynomial”, “acyclic polynomial” and
“reference polynomial”.)

Another, perhaps more natural, polynomial to study is the matehing
generating polynomial:

9(G;z) = ) (G)z".
k=0
Since we have the identity

m(G; z) = 279(G; (-z)~?),

there is no essential difference between these two polynomials and we shall
use them both. (Some properties of m(G;z) do turn out to be somewhat
nicer, however; see in particular Theorem 8.5.3 below.) In the case of
bipartite graphs, ¢g(G;z) is also called the rook polynomial. (See Riordan
(1958).) Let us note that trivially g(G; 1) is the total number of matchings
in G. Furthermore, if G has connected components G;,...,G,, then

m(G; z) = m(Gy;z)- - -m(Gr; z) (8.5.1)

and a similar product identity holds for ¢(G;z).
The starting point for our study of the matching defect polynomial
is the following simple recurrence relation for the numbers &x(G):
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8.5.1. LEMMA. LetG be any graph and suppose uv € E(G). Then
P(G) = Pi(G — uv) + Pe—1 (G —u—1v)

and
m(G; z) = m(G —uv; z) — m(G —u —v; z).

PROOF. &,(G—uv) counts those k-element matchings in G which miss
the line uv and @,_1(G — u — v) counts those k-element matchings in G
which contain the line uv. Hence the first relation holds. The second
follows upon substitution into the definition of m(G;z). n

Repeated application of the above lemma yields the following result.

8.5.2. LEMMA. LetG be a graph with u € V(G) and suppose the neigh-
borhood of u, I'(u) = {v1,...,vx}. Then

m(G;z)=z-m(G - u;z)— im(G—u~vi;z).
i=1 [ ]

Let G be a graph and A its adjacency matrix. The characteristic
polynomial of G, P(G, z), is defined to be det(A—zI) and the set of zeros
of this polynomial (i.e., the set of eigenvalues of the matrix A) is known
as the speetrum of G. The spectrum of a graph has been extensively
studied for some years by graph theorists and many interesting results
have been obtained. The reader is referred to the comprehensive book
on the subject by Cvetkovié, Doob and Sachs (1979).

An important attribute of the matching defect polynomial is that
in some cases it is easy to evaluate. One such instance occurs when the
graph is a tree. (See Mowshowitz (1972).)

8.5.3. THEOREM. IfG 1s a forest then m(G;z) is equal to the charac-
teristic polynomial of the adjacency matriz of G.

PROOF. We may assume that G has at least one line, otherwise the
assertion is trivial. Let u be an endpoint of G and v its unique neighbor.
Assume that the points are labelled so that u is the first and v is the
second. Let A,A’ and A" be the adjacency matrices of G, G —u and
G ~u—wv, respectively, and let I, I’ and I" denote the identity matrices
of size p,p—1 and p— 2, respectively. Then we have
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z -1 0
-1 z
0
det(z] —A) = .
0 . . . . . T

If we expand this determinant by its first row, and then expand the
second term by its first column, we obtain

det(z] — A) = z - det(z]' — A") — det(zI" - A").

Since the polynomial m(G;z) satisfies this same recurrence relation by
Lemma 8.5.2, the theorem follows by induction. [ ]

8.5.4. EXERCISE. Show that the matching generating (or matching
defect) polynomial of an outerplanar graph can be determined in poly-
nomial time. (See Exercise 8.0.3.)

In general, the matching defect polynomial of a graph is different
from the characteristic polynomial of its adjacency matrix. The im-
portant formula in the next theorem, due to Godsil (1981a), relates
the matching polynomial of a general graph to the matching polyno-
mial of a certain associated tree, and thereby to certain determinants.
Unfortunately, this tree will be too large in general to be of any help
in concrete computations, but the result will have important theoretical
consequences.

Let G be any graph and suppose u € V(G). We define the path-tree
associated with G having root U as the tree whose points are all paths in
G starting from u, two being adjacent (as points in the tree) if and only
if one arises from the other in G by deleting its endpoint different from
u. Then % will denote the path consisting of the singleton u. Similarly if
u.--v is any path, then %7 denotes this path as a point of the path-
tree. (See Figure 8.5.1.)

Note that the path-tree is always a tree and if G is a tree, its path-
tree is the graph itself.

8.5.5. THEOREM. LetG be any graph withu € V(G), and let T denote
the path-tree associated with G having root @. Then

m(G -w;z) m(T -7T;z)
m(G;zy  m(T;z)
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uvsw

r
FIGURE 8.5.1. A graph and one of its path-trees

PROOF. We proceed by induction on p. If p < 1, the assertion is
trivial. Now suppose I'(u) = {v3,...,vx}. Then in the path-tree T we
have I'(@) = {wvy,..., 0% }. Let T; denote the branch of T with root ww;.
Then we may observe the following facts.

1. T; is isomorphic to the path-tree associated with the graph G —u
with root v;. Hence by induction,

m(G —u—v;z)  m(T; —uw;; 1)
m(G-w;z)  m(T;z)

(8.5.2)



338 8. DETERMINANTS AND MATCHINGS

2. T —7 is the disjoint union of Tt,..., Tk, and hence

m(T;; z). (8.5.3)

'ﬂ
r:
8
Il

S za-

3. T —u —uw; is the disjoint union of all the T’s, for j # ¢, and
T, ~uv;. Hence

m(T — % —aw5; z) = m(T; —wv5; ) - [ m(Ty; 2). (8.5.4)
J#

Based on these three formulas, we obtain from Lemma 8.5.2,

m(G;z) k. m(G —u—uvy;1)
m(G —u;zT) m—z

(by (8.5.2))

(by (8.5.3) and (8.5.4))

(by Lemma 8.5.2)
m(T —7;z) u

8.5.6. THEOREM. Suppose G is a connected graph withu € V(G), and
suppose T 1is the path-tree associated with G with root @. Then T has a
subforest T' such that

m(T;z)

m(T";z)

PROOF. Again we use induction on |[V(G)|. Let Gi,...,Gk be the
connected components of G —u and let v; be a neighbor of v in G;. Let
T; denote the branch of T with root uv;. Note that T; is isomorphic to

the path-tree associated with G; having root »;. Thus by the induction
hypothesis, there exist subforests T'; C T; such that

m(T;; z)
m(T;;z)’

m(G;z) =

m(G;; z)
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for + = 1,...,k. Furthermore, T — % has components Ti,...,T; and
possibly even more, say, Tx.1,...,7r. Hence by Theorem 8.5.5,
, m(T;z)
G; ———.m(G —u;
m(G; ) (T =7 2) m(G —u; z)
m(T;z) L

" m(Tm L (C62)

m(T; z) ] Hf=1 m(T; z)
[l m(T52) 5, m(Ty2)

_ m(T'; z)
[1 (T3 )iy (T 2)
_ m(T'; z)
m(T{ U+ UT Uy U UTy;z) [ |

REMARK 1. [t is not difficult to derive the following description of
an appropriate subforest 7: find a spanning tree Ty of G by depth-first
search from u, and delete from T all points corresponding to a path
contained in Tj.

REMARK 2.  Substituting ¢//z for z in the formula of Theorem 8.5.6,
we obtain a similar representation result for the matching generating
polynomial.

The following corollary, which is an important consequence of the
preceding theorem, was first proved by Heilman and Lieb (1970, 1972)
and, independently, by Kunz (1970) via different methods. This corollary
was motivated by applications in chemistry (see Section 8.7), but we shall
see that it also has important mathematical consequences.

8.5.7. COROLLARY. All roots of the matching defect polynomial (and
hence of the matching generating polynomial) are real.

PROOF. For trees, this follows immediately from Theorem 8.5.3. But
then it follows for all connected graphs by Theorem 8.5.6, and hence for
all graphs by equation (8.5.1). [

Let us add that, trivially, all roots of the matching generating poly-
nomial are negative, while the roots of the matching defect polynomial
lie symmetrically placed with respect to 0.

By a similar method we can obtain the following bound on the roots
of m(G;z), also due to Heilman and Lieb (1972):
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8.5.8. THEOREM. Let G be a graph with A(G) > 1 and let t be any

root of m(G;x). Then
t<24/A(G)~-1.

PROOF. We first prove the result in the case when G is a tree. By
Theorem 8.5.3, the roots of m(G;z) are then the eigenvalues of the
characteristic polynomial of the adjacency matrix of G (which we simply
call “the eigenvalues of G”). Since this adjacency matrix is non-negative,
its largest eigenvalue is also largest in absolute value. In this case we will
show that the largest eigenvalue of any tree G is less than 2/A(G) — 1.

FIGURE 8.5.2. A full 3-ary tree of depth 3

The largest eigenvalue of a graph is not less than the largest eigen-
value of any subgraph. So it suffices to prove the inequality in the case
when G is a full d-ary tree of depth k, where d = A(G)-1 and k > 2,
since obviously every tree with maximum degree d+ 1 can be embedded
in a full d-ary tree. (See Figure 8.5.2.)

The eigenvalues of a full d-ary tree of depth k can be calculated
using the same method used to calculate the eigenvalues of a path, that
is, a “l-ary tree” (cf. Lovész (1979¢, Exercise 11.5)). We find that they
are 2v/dcos(mn/(k+1)), m=1,...,k. Hence the largest eigenvalue of G
is less than 2v/d as claimed.
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The general case now follows easily using Theorem 8.5.6. For any
u € V(G), we have m(G; z) | m(T; z). Obviously, A(T) < A(G) and, since
any root of m(G;z) is also a root of m(T;z), it follows that every root
of m(T;z) is less than 24/A(G)—1, by the special case already proved
above. But then the same inequality holds for every root of m(G;z). m

8.5.9. EXERCISE. Prove that the polynomial m(G;z) has aroot t with
t >\ AG).

8.5.10. EXERCISE. Use Corollary 8.5.7 to prove that the sequence
Do(G),P1(G),... is log-concave. That is, show for every graph G and
for all 7 > 1 that: ¢,‘_1(G)¢¢+1(G) < (¢-,,(G))2

There are many similarly defined sequences in combinatorics which
are believed to be log-concave. Two examples are the sequence ag, ay,. ..,
where a; denotes the number of k-element independent sets in a matroid
and the sequence Wy, Wy, ..., where W; is the number of rank k flats in a
matroid. (See, for example, Brylawski (1982).) Most of these conjectures
seem to be very difficult. The fact that the log-concavity of $x(G) can be
proved fairly easily using Corollary 8.5.7 illustrates the strength of the
latter result.

A more significant application of Corollary 8.5.8 is due to Godsil
(1981b). Before stating this result, a bit of groundwork must be laid. Let
G be any graph and let us choose a matching M of G at random. (Here
we assume that every matching of G, including &, has equal probability
of being selected. Then £ = |M| is a random variable. Let u(G) and
02(G) denote the expectation and the variance of £, respectively. It is
not difficult to see that u(G) and 0?(G) can be expressed in terms of the
numbers P(G) as follows:

E[P/zJ kD
WG) ZLP/zJ <15:(G
2c) = Zkelk—u@ »%k(G)

E[P/ 2lp

We derive two more formulas for u(G) and 02(G). Let us write the
matching generating polynomial as follows:

9(G;2)=(1+rz)--(1+r.72) (8.5.7)
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where —1/ry,...,—1/r, are the roots of this polynomial. Thus by Corol-
lary 8.5.8, 71,...,7, are positive real numbers. Clearly, ®x(G) is the kth
elementary sym..ietric polynomial in the variables r;. Furthermore, we
have

wG) = é:fwfil (8.5.8)
and ,
o(G) = ;g;(ri:fl)z. (8.5.9)

In fact, the number of matchings in G is
gGy=(1+r)--(1+1)
and

S kB(G) = ¢(G;1)
k=1

v
Z 1+’I‘1 1+’I‘1_ 1)T¢(1+T-L+1) (1+'ru)
=1

Yor
(@ 1); 147,

Hence equation (8.5.8) follows.
Equation (8.5.9) can be derived in a similar way.

8.5.11. EXERCISE. Prove that 0%(G) < u(G).

8.5.12. EXERCISE. Prove that u(G) > v(G)/3. (Babai; see Godsil
(1981b)).

8.5.13. EXERCISE. Let G be the union of k¥ point-disjoint copies of
the n-star. Show that g(G;1) = (n+ 1)¥, u(G) = nk/(n + 1), and o(G) =
Vnk/(n+1).

8.5.14. EXERCISE. Suppose G = K,,. Define the sequence ag = a; =
1,as,a3,... by the recurrence an.; = @y, +nan-1. Prove that ¢g(G;1) =
Gy H(G) = nan—_1/n, E(€%) =n and also that 0%(G) = n(l ~ na?_, /a2).
Also show that u(G) ~ n/2 and ¢(G) ~ n'/4/2. (Difficult! See Godsil
(1981b).)
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Let G1,Ga,... be a sequence of graphs. We say that the distribution
of matching sizes in G,, is asymptotically normal if the distribution of
g, is asymptotically normal as n — oo, that is, if

p(ﬁﬁna(‘cl‘# < I) . \/% /; e /24t (8.5.10)

for each real number z. It is easy to see that a necessary condition for
this to hold is that (G,) — o0 as n — o; in fact, the left hand side of
(8.5.10) is a step function whose jumps are at least 1/0(G,,) apart. Such
functions can tend to a strictly monotone function only if 1/0(G,) — 0.

The next result shows that this condition is also sufficient. In fact, if
0(Gr) — oo then not only does (8.5.10) hold, but the following stronger
assertion holds as well:

. U(Gn) N l 6—12/2
if k,m — oo such that k — u(G,) ~ z0(G,) and z is fixed. If (8.5.11)
holds, we shall say that the distribution ot matching sizes in G, is
asymptotically locally normal. It is easy to see that conditions (8.5.10)

imply condition (8.5.11). The following important result is due to Godsil
(1981b).

8.5.15. THEOREM. LetG,,Gs,... be any sequence of graphs such that
0(Gn) — 0. Then the distribution of matching sizes in G, 15 asymptoti-
cally locally normal.

PROOF. Let G =G, and let rq,...,7, be as in equation (8.5.7). Let

glsk(Gn)

(8.5.11)

M,-.-,M, be independent random variables such that
1 Ti

P(ni=0)= —, P(p;=1)= ——.

(ns ) ri+1 (ns ) ri+1

Claim. 7; +--- + 7, has the same distribution as {s. In fact,

Ts 1
Plny+++m, =k) = *

et vyier VYT g1+
Ik

1
- 1-[;}—_—1(1*‘7'7.')I§|{§~,V}ie1_[1'r1
- glsk(G'n) — . -
= gGay - =R
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by the definition of the r;. This proves the claim.

Thus ¢g, can be represented as the sum of independent random
variables, each taking only values 0 or 1, such that the variance of {¢,
tends to co. By a version of the Central Limit Theorem (see Feller (1950))
the assertion follows. ]

Several combinatorial sequences are known to be asymptotically
normally distributed: the binomial coefficients (7),(}), ..., the absolute
values of the Stirling numbers of the first kind, |s(n,0)), |s(n 1),..., and
the Stirling numbers of the second kind, S(n,0),S(n,1),.... Theorem
8.5.15 is a remarkably general result of this kind which implies the
asymptotically locally normal distribution of several sequences by con-
sidering special sequences of graphs. For example, let G,, be the bigraph
on 2n points uy,...,Un,V1,..., Vs Where w;v; € E(G,) if and only if 7 < 7.
Then &x(G,,) = |s(n, k)| and so the asymptotic local normality of the dis-
tribution of the sequence {|s(n, k)|} can be derived using Theorem 8.5.15.

The condition that (G,,) — o is sometimes quite difficult to verify.
One noteworthy special case was found by Godsil (1981b). It depends on
the following lower bound for o(G):

8.5.16. LEMMA. For every graph G having q lines and mazimum degree
A(G),

V3
o(G) > NOEES

PROOF. The assertion is trivial if A(G) <1, so suppose that A(G) > 1
Using the notation of equation (8.5.7), we have by equation (8.5.9) and
by Theorem 8.5.8,

v

= 2

=1

1+rz

> LW " GAG)I .

8.5.17. COROLLARY. Let G, be a sequence of graphs such that
A%(Gp)/|E(Gr)| — 0. Then the distribution of matching sizes in Gy, s
asymptotically locally normal. [ ]
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REMARK. The sufficient condition given in Corollary 8.5.17 is not
necessary. For example, if (,, is the complete n-graph, (n > 3), then
by Exercise 8.5.14, o(G,) — o, but A%*G,)/|E(G,)| > 1. A trivial
necessary condition for o(G,) — o is that ¥(G) — oo (since otherwise
€G.. is the sum of a bounded number of 0-1 variables and so its distribu-
tion cannot tend to a continuous distribution). But this condition is
not sufficient, as shown by Exercise 8.5.13. No simple graph-theoretic
equivalent of o(G,) — oo is known.

8.6. More on the Number of Perfect Matchings

In the preceding sections we have derived exact formulas, as well as
various upper and lower bounds, for the number of perfect matchings in
special classes of graphs, (in fact, mostly for the case of regular graphs).
In this section we derive some additional lower bounds, this time by using
more elementary methods, in which we make use of the structure theory
developed in the preceding chapters.

The starting point of our discussion is a result of Kotzig (1959a)
which asserts that if a 2-connected graph has a perfect matching then it
has at least two. (The proof, which is now very easy using the structure
theory developed in Chapter 5, is left to the reader.) Beineke and
Plummer (1967) generalized this result by showing that any n-connected
graph containing a perfect matching inust have, in fact, at least n such.
Zaks (1969, 1971) improved this result by proving the following.

8.6.1. THEOREM. Let G be a k-connected graph which contains at
least one perfect matching. Then the number of perfect matchings in G 1s

at least
[(k—2)/2]

k= H (k —21).
i=0

If k is odd, the complete graph K, serves to show that the above
bound is sharp. In fact, if k is odd, K4, is the unique extremal graph
(Mader (1973)).

On the other hand, if & is even, the above bound is not sharp, but
the best possible bound is known. No simple closed formula for this
bound is available, but the bound can be recursively defined as follows.
Since k is even, write k = 2m and let S,,, denote the graph obtained from
Komy+2 by deleting a perfect matching. It is easy to see that @(Sp) = 0,
&(S;) = 2, and in general, &(Sp,) = 2m(P(Spm-1) + P(Sm-2)). Mader
(1973) showed, in fact, that if G is as in Theorem 8.6.1 with k even, then
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&(G) > D(Sk/2). Moreover, he showed that the bound is sharp and that
Sk/2 is the unique extremal graph for k > 4. (See also Bollob4s (1978a)
and (1978b, pp. 63-67).)

If a k-connected graph G is not bicritical or if it has enough points,
the lower bound in Theorem 8.6.1 can be dramatically improved. More
precisely we have the next result.

8.6.2. THEOREM. Let G be a k-connected non-bicritical graph con-
taining a perfect matching. Then G contains at least k! perfect matchings.

Mader (1976) proved that in Theorem 8.6.2 the hypothesis of k-
connectivity may be weakened to assuming only that the graph is 2-
connected and that all degrees are at least k.

The definition of the bicritical property seems to imply that graphs
with this property must have a large number of perfect matchings. It is
therefore surprising that just the converse is true; they are the exceptional
class in Theorem 8.6.2! Recall, however, from Corollary 7.6.10 that we do
have the lower bound of p/2 +1 on the number of perfect matchings in a
bicritical graph. Together with Theorem 8.6.2 this implies the following
result.

8.6.3. COROLLARY. There ezists a function of k, po(k), such that if
G 13 a k-connected graph containing a perfect matching and having at least
pol(k) points, then G contains at least k! perfect matchings. [ |

It is easy to construct, for every n > k, a k-connected graph on
2n points which contains exactly k! perfect matchings: take a complete
bipartite graph with k£ and 2n —k points in the two color classes respec-
tively, and add n —k disjoint lines in the color class of size 2n —k.

The optimal value of po(k) is not known. The argument before the
corollary above gives po(k) = 2k!, which is probably a very poor value.

The proof of Theorem 8.6.1 will depend on a result also due to Zaks
(1971), which is interesting in itself. A point of a graph G is called totally
covered, if every line incident with this point belongs to some perfect
matching of G.

8.6.4. LEMMA. Let G be a2-connected graph which contains a perfect
matching. Then G has a totally covered point.

PROOF. We assume without loss of generality that G is saturated. Let
G be defined as in the proof of the Cathedral Theorem 5.3.8. Then Gy
i8 a saturated_elementary graph by Theorem 5.3.8, and so by Exercise
5.3.5, P(G) has a class which is a singleton set {z}. This point z cannot
be the base of a tower as G is 2-connected and so it is totally covered.m
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For more recent improvements on the above result, see Gabow (1979).

PROOF (of Theorem 8.6.1). We use induction on k. For k < 1 the
assertion is trivially true, so suppose that k£ > 2. By Lemma 8.6.4, G
has a totally covered point z. Since G is k-connected, z has at least k
neighbors y1,...,yq4 (d > k). Since z is totally covered, every line ry; is
contained in a perfect matching or, equivalently, G —z —y; has a perfect
matching. But G—z—y; is at least (k—2)-connected, so by the induction
hypothesis G —z —y; contains at least (k —2)!! perfect matchings. Hence

d
)= PG —z—y)>dk~2)! > k(k —2)! = k!!.
=1 | |

To prove Theorem 8.6.2 we shall need an estimate on the number of
perfect matchings in a bigraph, due to M. Hall (1948).

8.6.5. LEMMA. LetG be a simple bipartite graph with bipartition (A, B),
and assume that each point in A has degree at least k. Then if G has at
least one perfect matching, it has at least k! perfect matchings.

PROOF. The proof is similar to the Halmos-Vaughn proof of P. Hall’s
Theorem 1.1.3. We use induction on |A|, and distinguish between two
cases.

Case 1. Assume that there exists a set X C A such that X # &
and |I'(X)| = |X|. Let Gy be the subgraph spanned by X uI'(X) and
let G, be the subgraph spanned by V(G) — X — I'(X). Just as in the
Halmos-Vaughn proof of P. Hall’s theorem, it follows that each of G,
and G contains a perfect matching. Furthermore, G; satisfies the same
conditions as G, and so by the induction hypothesis G; contains at least
k! perfect matchings. Taking the union of these k! perfect matchings
with any perfect matching of G4, we obtain k! perfect matchings of G.

Case 2. Assume that |I'(X)| > | X| for every X Cc A, X # . Let
z € A and let y,...,y4 be the neighbors of z (d > k). Each of the graphs
G — z — y; satisfies the condition in P. Hall’s theorem and so each has a
perfect matching. Furthermore, each point in A — z has degree at least
k—1in G—z-y;, and so G—z—y; has at least (k—1)! perfect matchings
by the induction hypothesis. Hence

#(G) = Zd:d)(G—:c—yi) > d(k — 1) > k(k — 1) = k.
=1 | |
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PROOF (of Theorem 8.6.2). Without loss of generality we may assume
that G is saturated. Consider the Cathedral structure of G described in
Section 5.3 and let G be the foundation. We claim that G cannot be
bicritical. This is trivial if G = Gy. Otherwise, there is at least one tower
in the Cathedral structure and since GG is 2-connected, the base of this
tower has at least two elements. Thus P(Gp) has a class with at least
two elements and so Gy is not bicritical.

Let S € P(Gy), and suppose |S| > 2. Then S is a cutset of G and so
|S| > k. Furthermore, if T is any connected component of Gy — S then
T must be adjacent to at least k points of S, since the neighbors of T
in S separate G. Thus if we form the bipartite graph G:g as in Section
5.2, every point in the color class V(Gig) — 8§ will have degree k. So by
Lemma 8.6.5, Gg has at least k! perfect matchings. By Theorem 5.2.2(d)
we obtain at least k! perfect matchings of Gp. Since by Theorem 5.3.8
each of these extends to a perfect matching of G, we conclude that G
contains at least k! perfect matchings. ]

8.6.6. EXERCISE. Prove that every k-connected graph (k >2) with a
perfect matching contains at least &k totally covered points.

8.6.7. EXERCISE. Use Theorem 5.4.6 (the Two Ear Theorem for 1--
extendable graphs) to show that every 1-extendable graph with ¢ lines
and p points contains at least (g — p)/2 + 2 perfect matchings, and show
that this bound could replace that of Corollary 7.6.10 in the proof of
Corollary 8.6.3.

8.6.8. EXERCISE. Prove that if G is connected and has a unique
perfect matching, then it has a cutline which belongs to this perfect
matching.

8.6.9. EXERCISE. If G has a unique perfect matching then it has a
point with degree log,(p + 2). Also prove that it has at most p?/4 lines.

8.6.10. EXERCISE. Prove that if M is any matching in a 2-connected
graph G, then G has a cycle C such that every line of M is either a line
of C or point-disjoint from C. Give a solution to Exercise 8.6.7 based
on this observation.

Let r and n be positive integers with r <n. An r xn array is called a
Latin rectangle if each row contains each of the integers 1,...,n exactly
once and each column contains each of 1,...,n at most once. If r = n,
the corresponding square array is called a Latin square. The study and
application of Latin squares has a long and fruitful history in classical
combinatorics. (See Dénes and Keedwell (1974).)
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8.6.11. EXERCISE. (a)Using Lemma 8.6.5, show that each »xn Latin
rectangle can be extended to an (r + 1) X n Latin rectangle in at least

(n —r)! different ways. (b) If L(n) denotes the number of n x n Latin
squares, use part (a) to prove that

L(n)> [] &
k=1
(¢) Using Theorem 8.1.3, prove that

(nl)?n
L{n) > e

(d) Which is the better bound?

8.7. Two Applications to Physical Science

For many years chemists have realized that the study of certain
properties of a chemical compound can be effectively pursued by study-
ing the topological model of the molecule. This is nothing more than
the underlying undirected graph of the molecule in which atoms are rep-
resented by points and chemical bonds by lines. Moreover, hydrogen
atoms are frequently ignored when they correspond to points of degree
one in the graph. In particular, organic chemists have begun to study the
graphs of “conjugated” compounds; that is, compounds the molecules of
which possess an alternating pattern of single and double bonds. They
have christened the graphs of such compounds Hiickel graphs. A simple
example is furnished by the hydrocarbon benzene, which is depicted in
Figure 8.7.1, together with its topological representation (in which degree
one hydrogen atoms have been suppressed).

Trivially, every chemical compound has a Hiickel graph. It is more
interesting, however, to consider a converse question. When does an
abstract graph represent a chemical compound which exists in the real
world? This existence question is naturally one of the basic concerns of
chemists as is the related question of stability and reactivity of chemical
corgpounds. Various measures of stability have been defined and studied
over the years. One of the most significant bodies of work in this area
is that known as “resonance theory”. We cannot present more than
a glimpse of this theory, but we recommend the surveys of Herndon
(1974) and Gutman (1982) and the recent book of Trinajsti¢ (1983). Each
contains exhaustive bibliographies on the subject as well.
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FIGURE 8.7.1. Benzene and its associated Hiickel graph

The most important facts to be gleaned from resonance theory for
our purposes are two in number. Not surprisingly, they involve perfect
matchings (which are called Kekulé structures by chemists).

(1) Certain classes of chemical compounds have been successfully
synthesized only when the graph of the compound has a perfect matching.

(2) It has been observed that for members of some families which
have been synthesized and/or found in nature, the more perfect match-
ings possessed by their graphs, the more stable are the corresponding
compounds.

The relationship between stability and the number of perfect match-
ings is not fully understood. One attempt to ascertain the nature of
this dependence is due to Carter (1949) — and independently some time
later to Swinborne-Sheldrake, Herndon and Gutman (1975) — who con-
jectured a dependence in which the “resonance energy” is proportional
to log ¥(G).

One of the most extensively studied families of chemical structures,
with respect to resonance energy, is the family of benzenoids. The graphs
of this familiy are especially simple to describe. They are obtained by
arranging congruent hexagons in the plane in such a way that any two
hexagons are either point-disjoint or possess exactly one common line.
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8y
anthracene
5, By
phenanthrene benzo[de]napthalene

tetrabenzolde, i, st, waxlheptacene

FIGURE 8.7.2. Four benzenoid graphs

We illustrate with the graphs in Figure 8.7.2. The reader may have
encountered these structures elsewhere in graph theory under the rubric
“hexagonal animals”. (See Harary (1968).)

It is easy to see that benzenoids B; and B, have four and five perfect
matchings respectively, while B3 and B4 have none. Experimentally
speaking, B; has been determined to be more stable than B;, but both
have been synthesized whereas B3 and B4 have not. We have included
both B; and the much larger By for the following reason. We see readily
that all benzenoids are bipartite and hence in order to have perfect
matchings their two color classes must be the same size. Hence B3 cannot
have a perfect matching. On the other hand, B; destroys a possible
conjecture that equal size color classes is a sufficient condition for the
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existence of a perfect matching in a benzenoid. (See Exercise 1.1.6.) Of
course the existence of a perfect matching in a benzenoid can be tested
using a bipartite matching algorithm, but a much simpler procedure has
been developed for this special family. (See Sachs (1984).)

One significant attempt at a precise mathematical formulation for
resonance energy may be described as follows. (See Gutman, Milun and
Trinajsti¢ (1975), Aihara (1976) and Gutman (1977).) First recall that
the roots of the characteristic polynomial P(G,z) are real since A is a
real symmetric matrix, so let us order them z; <z < -+ < zp. From
Corollary 8.5.7 we know that the roots of the matching defect polynomial
m(G; z) are also real, so let us order them similarly as 2§ <z§ <... <zd.
Now we define the topological resonance energy (TRE) of G (and its
parent chemical compound) as:

TRE(G)= XP: g9;(z; - CE?) (8.7.1)
j=1

Here each g; is a parameter known as the occupation number of the jth
molecular orbital and is equal to the number of electrons (0, 1 or 2) in
that orbital.

Experience shows that the TRE is closely related to the stability of
the molecule.

Note that TRE(G) is defined for any undirected graph G, but its
behavior in such a general setting is far from understood. However, for
the benzenoid hydrocarbons, it has been shown that TRE(G) is mainly
determined by &#(G) and the number of hexagons h(G) in the graph G.
(See Gutman and Mohar (1981) and Gutman (1982).)

We shall not venture any further into the labyrinths of chemistry, but
suffice it to say that the fact that TRE is now known to be a real number
lends support to the validity of its use to measure chemical stability. Next
we discuss another application of matching theory, the so-called Ising
model of magnetic materials. This model has been studied extensively
and has led to important results on ferromagnetism, phase transitions
and other phenomena in statistical mechanics. It is obvious that we
shall have to restrict ourselves to the simplest possible versions of these
models, and we shall try to emphasize the graph-theoretic background
of the results.

Now let us describe this model of a ferromagnetic material due to
Ising (1925). Let the atoms forming the material be the points of a graph.
We assume that only “nearby” atoms interact directly. (Precisely what
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“nearby” means is irrelevant at this point.) We obtain a graph G by con-
necting two atoms if their interaction is non-negligible. In most applica-
tions, we assume that the graph G has a very simple structure, usually
a planar or 3-dimensional rectangular grid, but this too is irrelevant at
the moment.

Suppose that each atom has a “spin” which is pointing either “up” or
“down”. We describe this spin by a value o; € {—1,+1}. If 7 and j are two
adjacent points (that is, two atoms whose interaction is not negligible),
then the interaction energy of this pair is defined to be J;;0;0;. That
is, the energy is J;; if the two atoms have the same spin and —J;; if
their spins differ. Here the coefficient J;; depends on the nature of the
atoms 7 and ;. Then we define the energy of a given spin configuration
S={i|o;=1} CV(G) to be

HS)=- Y Jiyoi0;.
ij€E(G)

This term is known as the Hamiltonian of the system.

One can give the following physical interpretation of the direction
of spins. If every o; is equal, that is, if the spins of all atoms point in the
same direction, then the entire material is in a magnetic state. Consider
a material in which every J;; is positive. Then a spin configuration with
all states equal minimizes H(S) and hence is called a “ground state” of
the material. At low temperatures, the material will be in this state and
hence will be magnetic. Such materials are called ferromagnetic.

But what happens if some of the J;;’s are negative? Suppose for
example that the material is composed of two kinds of atoms, and J;; is
positive only between two atoms of the first kind. How will the material
behave at very low temperatures? Which spin configuration minimizes
H(S)? ‘

The connection between this question and matching theory was
discovered by Bieche, Maynard, Rammal and Uhry (1980) and further
exploited by Barahona (1982). Let us transform the Hamiltonian H(S)

as follows:
H(S)=- Z Jij +2 Z Jijy
ij€E(G) i7EV(S)

where S is the set of points in G with o; = 1. Since the first term is con-
stant over all spin configurations S, it suffices to find a spin configuration
(or equivalently, a set S C V(G)) which minimizes the second term.

Thus the problem of finding a ground state, that is, a state in which
H(S) is minimum, is equivalent to finding a minimum weight cut in the
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graph G with the values J;; considered as weights. If all weights are
non-negative, then of course & is a minimum weight cut. (Here we allow
S = @ and so V(S) = &.) But if negative weights are allowed then
this problem is NP-hard, as was remarked in Section 6.6. In that same
section, however, we also saw how to use matching theory to solve this
problem in polynomial time in the case when G is planar. Since planar
grids are often used as models for very thin layers of material, this special
case is of considerable interest in physics. This approach has been applied
successfully to determine ground states and to describe the “morphology”
of all ground states by Barahona, Maynard, Rammal and Uhry (1982).

In statistical physics, the partition function of the system plays a
most important role. In our model, this function is defined by

JT)= Y exp(-H(S)/KT),
S5CV(G)
where K is the Boltzmann constant and the variable T is interpreted as
the temperature.

We shall not go into the applications of the partition function, but
instead we shall show that the following question can be answered us-
ing matching theory: how can we determine the value of the partition
function for'a given positive real number T.

Let us transform this expression as follows:

f(T)= 3 exp(-H(S)/KT)

SCV(G)
= [[ exp(Je/KT)- Y. I[ exp(-2J./KT)
ee E(G) SCV(G)eeV(S)
A3 ] s
SCV(G) eeV(S)

where A = exp (HCGE(G) Je/KT) and z, = exp(~2J,/KT). Here A is
easy to compute, but what about the second term? To be able to say
something about it, let us assume that the graph is planar. As we have
seen before, this is a very restrictive assumption, but on the other hand,
it includes important real-world situations.

Let G* be the planar dual graph of G. Then, as seen already in
Section 6.6, the sets of the form V(S) (S € V(Q)), (i.e., the cuts of G),
correspond to the Eulerian subgraphs (i.e., the @-joins) of G*. Thus we

have
=4 % ]z

Jisa , €€J
F—joininG
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We have seen before that an expression like this can be written as the
Pfaffian of an appropriate matrix, and can therefore be evaluated for
any given z in polyomial time using Kasteleyn’s method for enumerating
perfect matchings in planar graphs. (See Exercise 8.3.9.)

For further reading about the Ising problem the reader is directed
to Brush (1964) and to Kasteleyn (1967).
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9

Matching Algorithms

9.0. Introduction

In Chapter 1, we presented an algorithm for finding a maximum
matching in a bipartite graph. From a mathematical point of view, this
algorithm was essentially no more involved than the proof of Konig’s
Minimax Theorem. In fact, it followed the same lines as Ko6nig’s original
proof.

For non-bipartite graphe the situation is quite different. Known
polynomial-time algorithms for finding a maximum matching in a general
graph are among the most involved of combinatorial algorithms. Most
of them are based on augmentation along alternating paths just as are
most proofs of Tutte’s Theorem and the Berge Formula. But important
new ideas are needed to turn these minimax results into a polynomial-
time algorithm. The first polynomial-time matching algorithm for non-
bipartite graphs was constructed by Edmonds (1965a). In this algorithm
the key idea of “shrinking” certain odd cycles was introduced. Up to the
present time most matching algorithms — certainly the most successful
ones — are based (implicitly or explicitly) on this idea. We discuss a
version of Edmonds’ Algorithm in Section 9.1. As in Chapter 1, our main
interest lies in the underlying mathematical ideas rather than in details of
implementation, but this time we shall delve more deeply into the latter
(especially into the associated data structures), for the problems arising
here are far from trivial.

In Section 9.2 we extend this algorithm to the weighted case. The
first polynomial algorithm to find a maximum weight matching in a graph
was also found by Edmonds (1965b).

In Sections 9.3 and 9.4 we discuss matching algorithms based on
ideas other than shrinking odd cycles. The algorithm presented in Section
9.3 is motivated by the Gallai-Edmonds Structure Theorem. While some-
what less efficient than the Edmonds Algorithm, it is based on somewhat
more general ideas and may serve as an example of how a structure
theorem can be turned into an efficient algorithm. In Section 9.4 we
use the Ellipsoid Method to solve the matching problem. The resulting
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algorithm, although polynomial, is very slow. On the other hand, this
method is based on ideas so general that they not only solve the match-
ing problem in polynomial time, but also show the polynomial solvability
of the majority of other combinatorial optimization problems for which
polynomial algorithms are known! Such a general approach is important
in classifying combinatorial problems according to their complexity, and
thereby singling out those which should be targets of successful attack
by special combinatorial methods.

For some large-scale applications of matching theory, even the O(p?)
or O(p*®) implementations of the matching algorithm are too time-
consuming. Hence simpler heuristic algorithms giving “almost optimal”
matchings have also been developed. Such algorithms have at least one
advantage, even from a theoretical point of view. The expected weight
of their output can be determined in a situation where the weights of the
lines are random variables. In this way bounds on the expected weight
of optimum matchings can be obtained. (Edmonds’ Algorithm is too
involved for such a probabilistic analysis.) We shall not discuss matching
heuristics in this book, however. The interested reader is directed to the
survey paper of Avis (1983).

9.1. The Edmonds Matching Algorithm

We begin with a lemma which will enable us to reduce the size of the
graph under consideration in many cases. Although this lemma will not
be needed in the final analysis of the algorithm, it does help us understand
the crucial step of “cycle shrinking” and lends us confidence that we are
not losing necessary information when carrying out such shrinking.

9.1.1. LEMMA. (The Cycle Shrinking Lemma). Let G be a graph, M,
a matching in G and let Z be a cycle of length 2k + 1 which contains k
lines of M and 1is point-disjoint from the rest of M. Construct a new
graph G' from G by shrinking Z to a single point. Then M'= M ~ E(Z)
s a mazimum matching in G' if and only if M is a mazimum matching
nG.

PROOF. Assume first that M is not a maximum matching in G. Then
there exists an augmenting path P relative to M, by Berge’s Theorem
1.2.1. If P is disjoint from Z, then P is also an augmenting path in G’
relative to M, and so M’ is not maximum. So suppose that P intersects
Z. At least one of the endpoints of P — say £ — is not on Z. Starting at
z, let 2 be the first point encountered on Z by traversing P. Then P[z, 2]
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is mapped onto an augmenting path relative to M’ if Z is contracted.
Thus M’ is not maximum.

Assume now that M’ is not a maximum matching in G’ and let N’
be a matching in G’ of greater cardinality than M’. Let us again “blow
up” Z to recover G. Then N’ will correspond to a matching in G which
covers at most one point in Z. But then N’ can be augmented, using k
lines of Z, to yield a matching N of size |[N| = |N'|+k > |M'|+k=|M]|.
So M is not a maximum matching in G. ]

Notice (using the same notation as in the above proof) that if we
can find a matching in G’ larger than M’, then not only can we conclude
that M is not a maximum matching in G, but we can also easily find a
larger one!

We now turn to an informal descriptior of the Edmonds Matching
Algorithm. Suppose that we are given a graph G in which we have found
a matching M. If M is perfect we have nothing to do, so suppose that
the set S of points not covered by M is non-empty. Construct a forest
F such that every connected component of F' contains exactly one point
of S, every point of S belongs to exactly one component of F', and every
line of F’ which is at an odd distance from a point in S belongs to M.
It then follows that every point of F' which is at an odd distance from
S has degree 2 in F'. Such points will be called inner points, while the
remaining points in F* will be called outer. (In particular, all points of S
are outer.) Such a forest is called an M -alternating forest. Clearly, the
forest with point set S and no lines is an M-alternating forest.

Next, we consider the neighbors of outer points. If we find an outer
point z adjacent to a point y not in F', then consider the line yz € M
and let F' = F + zy + yz. This subgraph is clearly an M-alternating
forest which is larger than F'.

If F' has two outer points z, y, which belong to different components
of F and which are adjacent in G, then the roots of these two components
are connected by an M-augmenting path consisting of zy and the unique
paths from z and y to the root of each tree. So by alternating on this
path we can obtain a matching larger than M. Now begin again using
the larger matching.

If F has two outer points z, y, in the same connected component
which are adjacent in G, then let C be the cycle formed by line zy and
by the zy-path in F'. Let P denote the (unique) path in F' connecting C
to a root of F'. (We allow C to pass through a root, in which case path
P consists of a single point.) Clearly P is an M-alternating path, so if
we switch on P, we obtain another matching M; of the same size as M.
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But M; and C now satisfy the conditions of Lemma 9.1.1, and so if we
shrink C to a single point to obtain a new graph G’, we have reduced
the task of finding a matching larger than M in G to the task of finding
a matching larger than M; — E(C) in the smaller graph G'.

Finally, if every outer point has only inner points as neighbors, then
we claim that the matching M is already maximum. For suppose that
F' contains m inner points and n outer points. Clearly n—m = |S|.
Furthermore, if we delete all the inner points of F' from G, the remaining
graph will contain all the outer points of F' as isolated points. Hence
def(G) > n—m = |S|. But M misses exactly |S| points, and so it must
be a maximum matching.

In summary then, we can always do one of the following: enlarge F,
enlarge M, decrease |V (G)| or stop with a maximum matching. Thus it is
clear that this algorithm terminates in polynomial time with a maximum
matching in G. However, it is worth-while to undertake a direct analysis
of the execution of the algorithm in which we do not appeal to Lemma
9.1.1. Such an analysis will have two valuable consequences. First, we
shall be able to derive better bounds for the running time and second, it
will turn out that the algorithm yields new proofs of many fundamental
results in matching theory. (See the next four exercises.)

9.1.2. EXERCISE. Prove that the set A of inner points at termination
is the same set as the set A(G) in the Gallai-Edmonds Structure Theorem
3.2.1.

9.1.3. EXERCISE. Let G be a bipartite graph with positive surplus.
By applying the Edmonds Matching Algorithm to G, obtain a new proof
of Theorem 1.3.8.

9.1.4. EXERCISE. Give an alternate proof of the Gallai-Edmonds
Theorem using the Edmonds Matching Algorithm.

9.1.5. EXERCISE. Give a new proof of the ear structure theorem for
factor-critical graphs (Theorem 5.5.1) based upon the Edmonds Matching
Algorithm.

To facilitate our analysis, let us write down the algorithm a bit more
formally.

(A) THE DATA STRUCTURE

The main difficulty in the Edmonds Algorithm lies in the implemen-
tation of shrinking. It does not suffice simply to construct the graph
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obtained by shrinking an appropriate odd cycle. We must later recover
the original graph in order to construct an augmented matching of the
original graph from the augmented matching in the shrunken graph.
Repeated odd cycle shrinking will map factor-critical graphs onto points;
we call such factor-critical graphs “blossoms”. When we make an aug-
mentation step, we must have enough information at hand about the
structure of the blossoms to be able to easily find a near-perfect matching
in each of them which misses any given point.

One way to achieve this is to store an ear decomposition of the
blossoms. So let us discuss how ear decompositions of factor-critical
graphs can be stored in an economical way. Suppose that G=FPy+ P, +
-++ + Py is an ear decomposition of a factor-critical graph G where Py =
{r} is a singleton and P;,; is an odd ear attached to Pp + Py +--- + B;
for each 1 =0,...,k—1. Let M be the near-perfect matching of G which
consists of every second line of each P; (and so M fails to cover r). Then
for every point z # r, there is a unique first ear P, containing z. This P,
has two lines incident with z and precisely one of these belongs to M.
Let u(z) denote the other endpoint of the line in M incident with z and
let ¢(z) denote the other neighbor of z on P;. Also let ¢(r) =r.

9.1.6. EXERCISE. Show that the mappings u and ¢ determine the ear
decomposition uniquely.

Construct the sequences

20 =z, ¢! = u(z), 2% = du(z), 2° = pou(z), ...

and

27! = ¢(z), 27 = pd(z), 2% = $ug(a), ...

Note that the sequence z°,z!,22,... never cycles. It proceeds along

the first ear containing z, P;, then it continues along a P; where s < t,
and so on. Hence it terminates with r. This yields an M-alternating
path from z to r and if we switch along this path, we obtain a maximum
matching of G missing z. (See Figure 9.1.1.)

9.1.7. EXERCISE. Let G be a graph, let u, ¢: V(G) — V(G) be two
mappings and suppose r € V(G). Assume that the following conditions
hold:
(E-1) ¢(r).=u(r)=r and ¢ and u have no other fixed points;
(E-2) u? is the identity mapping;
(E-3) for each z € V(G), (up)"(z) = r for sufficiently large n.
Prove that 4 and ¢ are mappings associated with an ear decomposi-
tion of G described above.
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Returning to the Edmonds Algorithm now, we shall not explicitly
carry out the shrinking, but only indicate the points to be identified.
Thus we may work in the same graph G throughout. The price we have
to pay is that instead of alternating forests, we shall have to work with
more complicated subgraphs which we call “blossom forests”. Given a
matching M, a blossom forest with respect to M is a subgraph B with the

& Qim0 11 (1)
x O—>>—0 d(x)

FIGURE 9.1.1. How to store an ear decomposition

following properties. It contains point-disjoint factor-critical subgraphs
called blossoms such that M contains a near-perfect matching of every
blossom and, upon shrinking every blossom to a single point, we obtain an
alternating forest with respect to the image of M. Moreover, the images
of blossoms are outer points of this alternating forest. (Note that if all
blossoms are singletons, that is, if our blossom forest is an alternating
forest, then blossom points are just outer points.)

It follows that every blossom has a unique point which is either
unmatched by M or matched to a point outside the blossom. This point
will be called the base of the blossom. Since inner points of the alternating
tree obtained by blossom shrinking correspond to single points in the
blossom forest, we retain the name inner for them. Note that the inner
points all have degree two. Points not in the forest will be called out~of-
forest. Note that all out-of-forest points are paired up by the matching
M. (See Figure 9.1.2.)
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The matching M will be described by a function x: V(G) — V(G)
such that u(z) is the other endpoint of the line of M incident with z if
z is matched and u(z) = z if z is unmatched.

For each blossom of the blossom forest, we shall store an ear decom-
position starting with its base, using the function ¢ defined above. We
let ¢(z) = z, if z is a base point of a blossom or an out-of-forest point.
For inner points z, however, we may use the same pointer ¢(z) to denote
the other endpoint of the unique line of E(B)— M incident with z.

@® inner point @ base point O out-of-forest point

O blossom point (:;a blossom COmma(O) matching line

FIGURE 9.1.2. A blossom forest

Instead of explicitly shrinking each blossom to a single point, we
shall direct a pointer p(z) from each point of a blossom to the base of
that blossom. (We may interpret p(z) informally as “point z is currently
shrunk to point p(z).”) We let p(z) = z for all inner and out-of-forest
points.

We need one more item in our data structure. Since we are going
to scan blossom points for lines joining them to out-of-forest points or
other blossoms, we shall need to know which points have been “scanned”
and which points are still “unscanned”. This will be indicated by a label
o(z) € {SCANNED, UNSCANNED}.
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These considerations motivate the data structure which we set up as
follows. Our graph will be given by listing the set of neighbors I'(z) for
each point z. During the execution of the algorithm, other information

: Qi) 3. O—>>—0Q p O-—>—0
(For fixed points, 4, @ and p are not drawn.)
{SCANNED-UNSCANNED is not indicated.)

FIGURE 9.1.3. Data structure for the algorithm

concerning points has to be stored, so for each point £ we shall mainuain
a list

(I'(z), u(z), ¢(z), A(z), 0(2)),

where
I'(z) CV(G) - {z}, u(z), ¢(z), p(z) € V(G),

and
o(z) € {SCANNED, UNSCANNED}.

REMARK. The pointers 4,9 and p defined above will satisfy the fol-
lowing conditions throughout the execution of the algorithm.

(P-1) If u(z) +# z, then zu(z) € E(G) and pu(u(z)) = . (Hence the
lines zu(z) form a matching M.)

(P-2) If ¢(z) # z, then z¢(z) € E(G).
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(P-3) The lines of type zu(z) and of type z¢(z) form a blossom
forest with respect to matching M.

(P-4) When restricted to the points of a blossom, u and ¢ define an
ear decomposition of the blossom starting with its base point. ¢(z) =z
for base points and out-of-forest points.

(P-5) p(z) is the base point of the blossom containing z if z is a
blossom point and p(z) = z, otherwise.

vskip 4 pt

It is easy to read off the type of point z is from its list. In fact, z is
(i) an unmatched point if and only if u(z) = z (and then also ¢(z) =

p(z) =2),

(ii) a blossom point if and only if it is either unmatched or ¢u(z) # u(z),

(iii) an inner point if and only if ¢u(z) = u(z), but ¢z) # z,

(iv) a base point if and only if it is a blossom point with ¢(z) = z, and

(v) an out-of-forest point if and ony if u(z) # z, but ¢u(z) = u(z) and
9(z) = z.

Now for each point z, set
20 =1,2' = u(z),2? = du(z), z* = pou(), ...

and set S(z) = (2% z!,2%...). It is inmediate from (P-1) — (P-5) that
for every blossom point z, the sequence S(z) forms an M-alternating
path from z to some unmatched point and then repeats this point. We
shall delete this constant part of the sequence, so that from now on, for
every blossom point z the sequence S(z) will be finite without repetition
and will end with an unmatched point.

It is also clear that S(z) leaves any blossom through its base point
and enters any blossom from an inner point. Once it leaves a blossom it
never returns.

It will also prove useful to discuss the situation in which two blossom
points z and y have S(z) N S(y) # &. Clearly they must then belong to
the same connected component of the blossom forest and S(z) and S(y)
terminate with the same unmatched point. Let u be the first base point
in S(z) which also belongs to S(y) and let z* and y’ be the first points
of S(z) and S(y) in the blossom containing u. (Obviously, ¢ and j are
even.) Set

Az, y)={2%...,z" 1% ...y}
Observe that A(z,y) is easily computable. It is trivial to compute S(z)
and S(y). Furthermore, z* is the first point z* in S(z) with p(z*) € S(y)
and 3’ is the first point 3' in S(y) with p(y') € S(z).
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We are now prepared to describe the algorithm.
(B) THE ALGORITHM

We begin with u = ¢ = p= identity and 0 = UNSCANNED. So our initial
blossom forest consists of V(G) and no lines.

1°. If every blossom is SCANNED, stop. The set of Jines {zu(z)}
is a maximum matching in G. If there is at least one
UNSCANNED blossom point, select one of them, say z.

2°.  Consider the points in I'(z).

Case 1. Every neighbor y of z is either an inner point or a
blossom point with p(y) = p(z). Then relabel z as
SCANNED and return to 1°.

Case 2. Point z has a neighbor y which is a blossom point with
p(y) # p(z). Then let us form the sets S(z) and S(y)
and distinguish two cases:

Case 2a. If S(z) and S(y) are disjoint then we can
augment. This is done by setting:

“(z)_mm ifz— 21— 1
)

u(z) = %71, if 2=z,
wz)=y o  if 2=y,
u(z) =y if 2= g,
p(z) = y, #(y) z, leaving
u(z) unchanged otherwise, and setting

¢ = p = identity, c = UNSCANNED.

Return to 1°.

Case 2b. S(z) and S(y) are not disjoint. Then we
can shrink a blossom as follows. Let u be
the first base point on S(z) which belongs
to S(y). Set

#(z) =z, if 2=z € A(z,y), i 21,
¢(Z) =y2j_l; if z =y2j € Alz,y), 7 21,
¢(z) =y and ¢(y) =z, leaving

&(z) unchanged otherwise,

o(2) = u, if p(z) € A(z,y) and leaving
p(z) unchanged otherwise.

Leave u and o unchanged.

Return to 2°.
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Case 3. Point z has a neighbor y which is out-of-forest. Then
the bilossom tree will grow if we set

¢(y) =z,
leave ¢(z) unchanged otherwise, and
leave u, p and o unchanged.

Return to 2°.

End.

9.1.8. THEOREM. The Matching Algorithm presented in (B) above ter-
minates in O(p®) time When it terminates, the lines of the form zu(z)
form a mazimum matching.

PROOF. Let us call the execution of one augmentation, one shrinking
or one expansion (that is, given z and y, one manipulation of the data
structure) an iteration. ‘

First of all, we have to show that the hypotheses (P-1) through (P-
5) which we made about the data structure remain valid throughout the
execution of the algorithm. This follows easily from the analysis in (A).

Next we show that the algorithm must terminate in O(p®) time.
To this end, we estimate separately the time needed to carry out the
iterations (that is, to manipulate the data) and the time needed to search
for a pair (z,y) of points satisfying the conditions of Cases 2 or 3 in the
algorithm.

First, notice that the execution of any iteration takes no more than
O(p) time. The number of augmentations is O(p), since the number of
unmatched points drops at each augmentation. The number of other
iterations (expansions and shrinkings) between any two augmentations
is O(p), since the number of fixed points of ¢ drops at each such intera-
tion. Hence there are only O(p?) iterations and the total time spent
manipulating data is O(p3). \

Second, notice that each point z is scanned only once between any
two augmentations. To scan a point takes O(p) time. Thus the total time
spent searching for z and y is O(p®). This proves that the algorithm does
indeed terminate in O(p®) time.

Consider now the situation at termination. We want to show that
the lines zu(z) form a maximum matching. We need the following two
observations.
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Claim 1. When the algorithm terminates, every pair {z,y} of ad-
jacent blossom points belong to the same blossom; that is, they satisfy
p(z) = p(y)-

In fact, when the algorithm terminates, both £ and y must be
labelled SCANNED. Consider the step when o(z) or o(y) changed for
the final time. Then o(z) must have been labelled SCANNED and o(y)
must have changed from UNSCANNED to SCANNED (say). Before this
step, both z and y had been blossom points with p(z) = p(y) (by the
rule for changing a label to SCANNED). Since no augmentation step
can follow this step, we must have p(z) = p(y) throughout the rest of the
algorithm.

Claim 2. When the algorithm terminates, no blossom point is ad-
jacent to any out-of-forest point.

The argument here is quite similar to that for Claim 1.

The proof of Theorem 9.1.8 is now easy. Let M be the matching
defined by p when the algorithm terminates. Let X denote the set of
inner points and let Y be the set of base points. Then every unmatched
point belongs to Y and the matched points in Y are, in fact, matched
with the points in X by M. Hence

Y] = |X]|+p—2/M]| > X +def(G).

On the other hand, the blossoms in the final blossom tree are odd
connected components of G — X, by Claims 1 and 2. Hence

V1< co(G— X) < [X] + def(G),

by the “trivial” half of the Berge Formula. Hence equality must hold
throughout and, in particular, M must be a maximum matching. [ |

REMARK 1. Note that the data structure is redundant in the sense
that the pointer p(z) is easily computable from the pointers u(z) and
#(z). In fact, p(z) is the last point z* in S(z) such that z°,...,z* are
all blossom points. Recall that the main use of p(z) has been to tell
whether or not two blossom points z and y belong to the sagme blossom.
However, recomputing p(z) every time we need it would add a factor of
p to the running time. It is more economical to store it along with the
other information.
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Reference Total Time Bound
1. Edmonds (1965a)* p*
2. Witzgall and Zahn (1965)* p3
3. Balinski (1969)* p3
4. Gabow (1973, 1976), Lawler (1976) p3
5. Kameda and Munro (1974) pq
6. Even and Kariv (1975), Kariv (1976) p>/?
7. Bartnik (1978) p°/?
8. Micali and Vazirani (1980) qp'/?

*(Bound stated for algorithm not established in reference cited.)

TABLE 9.1.1. Cardinality Matching Algorithms

REMARK 2. It is possible to streamline this algorithm. The most
obvious way to save time is by modifying the augmentation step. As
we have presented the algorithm, after each augmentation it starts again
“from scratch”. Why not save all the components of the blossom forest
built so far (except those two which contain z and y)? Of course this
savings is significant only if these two trees are not too large. If they
contain the majority of points then the savings is not significant. This
savings can be achieved by special rules for selecting the next blossom
point to be scanned. The above idea leads to an improved running
time of O(p®/2). (For a brief history of cardinality matching algorithms,
see Table 9.1.1. For much additional information on implementation of
these algorithms, see Bartnik (1978), Gondran and Minoux (1979 or 1984,
Chapter 7), Burkard and Derigs (1980), Galil (1983) or Vazirani (1984).)

9.2. Weighted Matching

In Chapter 7 we treated a generalization of the matching problem
by considering weights on the lines of the graph and by asking for a
matching of maximum weight. We obtained a good characterization of
this maximum by describing the facets of the matching polytope and
then applying linear programming duality.
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We now describe a polynomial time algorithm to find a matching
with maximum weight. We might expect that since a good characteriza-
tion was obtained from the duality theorem, this algorithm would arise
from the application of a linear programming algorithm to the matching
polytope. The situation, however, is not this simple because the descrip-
tion of the matching polytope as the solution set of a system of linear
inequalities involves exponentially many constraints.

In Section 9.4 we shall discuss how a general method to solve linear
programs, the so-called Ellipsoid Method, can also be used to obtain a
polynomial-time weighted matching algorithm. This is far from being
practical, however, and therefore we first describe a more efficient and
more combinatorial weighted matching algorithm, which is essentially
due to Edmonds (1965b). This algorithm will also make use of the linear
programming dual of the maximum weight matching problem viewed as
a linear program, but we shall not need Edmonds’ description of the
matching polytope. In fact, an analysis of this algorithm will yield a new
proof of the matching polytope theorem. On the other hand, however, we
shall need an algorithm for the maximum cardinality matching problem
as a subroutine.

We start with some obvious reductions and transformations of the
problem. Let G be a graph and w: E(G) — € a weighting of its lines.
First, we may assume that w > 0 since the lines with negative weight do
not occur in any maximum weight matching. Second, we may assume
that |V(G)| is even, since if not, we may add an isolated point. Third,
we may assume that G is a complete graph, since we may join all pairs of
non-adjacent points by lines having weight zero. But then every matching
can be extended to a perfect matching without decreasing.its weight, and
so it suffices to look for a mazimum weight perfect matching in a complete
graph with weights on its lines.

Finally, by replacing each weight by its negative, it suffices to solve
the problem of finding a minimum weight perfect matching in a complete
graph with weights on its lines.

The algorithm which we describe below yields the following result.

9.2.1. THEOREM. The minimum weight perfect matching problem can
be solved in polynomial time.

PROOF. By Theorem 7.3.4, this problem can be formulated as a linear
program:
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minimize w7
subject to ze >0  (for each e € E(G))
z(C)=1 (for each trivial odd cut C)

z(C)>1 (for each non-trivial odd cut C).

i 7

Now consider the dual program. We have a variable yc for each odd
cut C and the following objective and constraints:

maximize Y c¥c
subject to yc >0 (for each non-trivial odd cut C)
> c, ye < w(e) (for every e € E(G))).
ec

Any vector y satisfying the constraints in this dual program will be
called, briefly, a dual solution. We may view such a dual solution as a
packing of odd cuts, where each line e has capacity w(e) and each odd
cut C occurs yc times. Note, however, that yc may be fractional and
we may even have yo < 0 for the trivial odd cuts.

For any dual solution y, define

By={c€ B(G)| T yo=u(d)
eeC

So E, is the set of lines whose capacity is already “used up”. Now set
Gy = (V(G), By).

Our strategy will be to find an optimum dual solution first, and then
use this to obtain a minimum weight perfect matching.

To motivate some of the considerations to follow, let us consider the
so-called “complementary slackness” conditions. In our case, these can
be derived as follows. Let M be any perfect matching and y any dual

solution. Then wM)= 3 w(e)> T ; Yo

eEM eM
€ eeC

=Y IMClyc 2)_ye,
C C

since obviously (M NC| > 1 for each odd cut and |[M NC| =1 for each
trivial odd cut. If M is a minimum weight perfect matching and y is an
optimum dual solution then we have equality here. So in particular,

w(e)= 3 yo
C

eecC
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holds for each e € M, that is, M is a perfect matching in Gy. Moreover,
we must have (M N Cl = 1 whenever C is an odd cut with yc > 0.
Conversely, if M is a perfect matching in G, and |MNC| = 1 for each odd
cut C with yo > 0, then w(M) =3, yc. Hence M must be a minimum
weight perfect matching and y must be an optimum dual solution.

We shall restrict ourselves to dual solutions of a rather special form.
Recalling the “uncrossing” technique from several proofs in Chapters 6
and 7, it is quite natural to consider only those dual solutions y for which
Yc, > 0 and yc, > 0 imply that Cy and C; are non-crossing. In fact we
shall need slightly more, which can be formulated as follows. We assume
that there exists a family ¥ of odd subsets of V(G) such that

(P-1) ¥ is nested; i.e., if S,T € ¥, then either SCT or T C S or
SNT =0;

(P-2) ¥ contains all singletons from V(G);

(P-3) if C is a non-trivial odd cut, then yc > 0 if and only if C =
V(S) for some S € ¥;

(P—4) if S € X, and if Uy,...,Us are the maximal members of ¥
properly contained in S, then contracting each U; to a single
point in Gy[S], we obtain a factor-critical graph.

Note that the existence of a family ¥ with properties (P-1) - (P-3) is
equivalent to the property of y that cuts C' with yo > 0 are non-crossing.
Property (P-1) implies that |¥| < 3p/2 (we leave the proof of this to the
reader). So in a dual solution with such a structure, at most 3p/2 dual
variables are non-zero. It would not be too difficult to see that among
the optimal dual solutions, there is always one with this structure. But
we shall not need this fact, which follows, incidently, as a by-product of
the algorithm.

The algorithm, as we describe it, has two main phases.

Phase 1. Set yc =0 for all C and let ¥ be the collection {{v} |
v € V(G)}. Suppose that we have some dual solution y and a family
of odd sets ¥ satisfying conditions (P-1) — (P-4). Let S),...,Sx be
the (inclusionwise) maximal members of ¥. It follows from (P-1) that
S1,...,Sk are mutually disjoint and by (P-2) they partition V(G). Let
G, denote the graph obtained from Gy by contracting each S; to a single
point s;. Since [V(G)| is even, but |S;| is odd, it follows that k = [V(G,)|
is even.

Case 1. Suppose G’v has no perfect matching. Let us find the sets
of the Gallai-Edmonds decomposition for G: A(G,), C(G,) and D(G,).
Let, say, A(G’,) ={s1,...,9m} and let Hy,..., Hy, 4 be the components
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of G,[D(Gy)], where d = def(Gy) > 0. Also let T; = Usjev(H‘_)Sj.
Obviously, |T;| is odd.
Now modify the dual solution y as follows. Let

Yo(s,) =yvs,) —t (1<ji<m),
ytvm) =yvm)+t (1<i<m+d),
yh =yc,  otherwise.
For a small — but positive — ¢, the vector y! is also a dual solution.
In fact, y% > yo > 0 for every non-trivial odd cut C, except perhaps if

C =V(S;) for some 1 < j < m. But then S; € ¥ and hence either |S;| =1
or else yy(s,) > 0 and so y‘v( s)20 for a small t. Furthermore, we claim

that
Y Yk <wle)
C
ecC

also holds for each e € E(G). This is clear if e ¢ E,, so consider any
e€Ey. If e¢ V(T1)U+++ UV(Triq) then

so suppose that e € V(T;) for some 1 <7 < m+d. Then e corresponds
to a line ¢’ of G, such that e’ connects H; to a point outside H;. By
the definition of H; and by the basic properties of the Gallai-Edmonds
decomposition, e’ must connect H; to one of sy,...,5,. So e€ V(S;) for
some 1 < 7 <m, and hence

Y v = (yw(m) +1) + (yues,) —t)+ > ¥
eGCC eECC
C#V(T:),V(S;)
= Z yo = w(e).
C
eeC
This shows that y* is indeed a dual solution. If we set

)'{t ={T11"')Tm+d}U{S EX | |S' =1lor ytV(S) >O})
then it is straightforward to check that ¥* satisfies conditions (P-1) -

(P-4) with respect to the dual solution y*. So y* is a dual solution of the
required form.
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Also note that
Syb=3yc+td>> yc,
C C C

so ¢ is “better” than y.

Choose t as large as possible so that y* is still a dual solution. From
the proof of the fact that this holds for small values of ¢, we see that the
value of this largest ¢ is

t = min{t,,ts,t3}, (9.2.1)
where
t1 =min{yv(s,) |1 <j <m, |S;| >1},
t2 = min{w(e)— Z Yo ‘ e€V(T1)U:+ UV (Trsd) = V(S1)—-++ =V (Sm)},
. eeCC
ts=3imin{w(e)— Y yc |e€V(T)NV(Ty), 1<i<j<m+d}.
C

eeC

Now replace y by y* and repeat.

Case 2. Suppose G’ has a perfect matching. Then Phase 1 of the
algorithm is completed.

Phase 2. Let Mj be the matching in Gy corresponding to a perfect
matching M’ in G'v. We extend M, to a perfect matching M of Gy as
follows. Consider any S;, say Si, such that |S;| > 1. (If |S;| =1, for
each 7, then My = M’ is already a perfect matching.) Let Uy,...,U,
be the maximal members of ¥ properly contained in S;. Obviously
Sy has exactly one point matched by M. Let v; be this point and
assume without loss of generality that v; € U;. Contract each U; to a
single point u; and delete all points of V(G)— 81 from Gy to obtain a
graph G”. By hypothesis (P-4), G” is factor-critical, so G" —u; has a
perfect matching M, which corresponds to a matching M, in G,. Then
My U M, is a matching in Gy which matches exactly one point of each
of the sets Uy,...,U,,Sa,...,Sk. Continuing in this way, we obtain a
perfect matching M of G.

By the construction above, this perfect matching M satisfies the two
conditions: M C Ey and |[M nC| =1 for each C with yc > 0. Hence
by the remark made at the beginning of this proof, M is necessarily a
minimum weight perfect matching and we are done.

It remains to estimate the running time of this algorithm. In par-
ticular, this will show that it terminates in finite time. (This is not
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entirely obvious from the preceding discussion!) We shall estimate the

running times of Phase 1 and Phase 2 separately.

The first of these two tasks is the more difficult. Let us investigate
how the graph G, changes when y is replaced by the “better” dual
solution 2 = y*. Let us start with £ = 0 (when 2 = y), and let us increase ¢
to its largest possible value. Obviously, as soon as ¢t becomes positive, all
lines connecting a point of A(G,) to a point of A(G;)UC(G,) drop out of
G’, and each connected component H; spanned by D(G,) is contracted
to a single point h;. When ¢ reaches its maximum value as given by
equation (9.2.1), one or more of the following things happen:

(1) aset S;, 1 <j<m, drops out of ¥. Accordingly, the point s; of
G, is “inflated” to become a factor-critical subgraph (by property
(P-4) of X),

(2) a line connecting some point A; to C(G,) is added, or

(3) a line connecting two points h; and h; is added.

From this we see that def(G,) < def(G}). Moreover, if def(G;) =
def (G;), then the number of those points of G which correspond to points
in D(G}) is larger than the number of those points which correspond to
points in D(G,). Hence after at most p changes of the dual solution,
def(G, ) must decrease, and so the total number of times the dual solution
is changed is at most p?. To change a dual solution we must solve
an unweighted maximum matching problem, which can be done by the
algorithm of Section 9.1 in O(p?) time. So the total time used in Phase

1is O(p®).
- Phase 2 can be carried out by solving at most |¥| unweighted match-
ing problems and hence can be accomplished in O(p*) time. [

9.2.2. EXERCISE. Show that with some care, Phase 1 of the weighted
matching algorithm can be implemented in O(p*) time and Phase 2 can
be implemented in O(p®) time.

9.2.3. EXERCISE. Prove that the dual solution y obtained in Phase
1 has values which are half-integral, provided the given weights w(e) are
integral. :

9.2.4. EXERCISE. Notice that the theorem describing the perfect
matching polytope (Theorem 7.3.4) was only used as motivation for the
idea of the algorithm. Derive Theorem 7.3.4 from this algorithm.

9.2.5. EXERCISE. Formulate the algorithm for the special case of bi-
partite graphs, and show that it can be implemented in O(p3) time.
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The original polynomial weighted matching algorithm of Edmonds
(1965b) was of O(p*) complexity. Subsequently, Gabow (1973), Lawler
(1976) and Cunningham and Marsh (1978) developed algorithms each of
O(p3) complexity. The fastest weighted matching algorithms to date are
O(gplogp) and are due to Galil, Micali and Gabow (1982) and to Ball
and Derigs (1983).

9.3. An Algorithm Based Upon the Gallai-Edmonds Theorem

By far the largest number of known matching algorithms — certainly
the most efficient ones — are based upon the idea of building alternating
forests and upon Edmonds’ idea of shrinking odd cycles. In the next two
sections we describe two more matching algorithms based upon different
ideas. They do not seem to be as efficient as the algorithms discussed in
the preceding section, but they do have some interesting features of their
own.

The Edmonds Matching Algorithm gives, as a by-product, the im-
portant Gallai-Edmonds Structure Theorem. The algorithm presented
next turns this relationship around and shows that the Gallai-Edmonds
result may serve as a starting point for a matching algorithm.

Let G be a graph in which we seek a maximum matching. Assume
that we have already found a matching of size k¥ and we wish to find
a larger one, or to conclude that the matching at hand is maximum.
Assume further that we have already found not only one k-element
matching, but a non-empty sequence L = (Mj,..., M;) of such match-
ings. (It will turn out that the number ¢ will never be larger than p.)

Associated with this sequence, we define the sets

D(L)={zeV(G)|z ¢ V(M) for somel <t <t},

A(L)={z € V(G)-D(L)|zis adjacent to some point in D(L)},

and

C(L)=V(G)=D(L)- A(L).
Of course, if k = v(G) and L consists of all maximum matchings of G,
then D(L) = D(G),A(L) = A(G) and C(L) = C(G).
The following simple lemma may be viewed as a converse (in a sense)
to the Gallai-Edmonds Structure Theorem.
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9.3.1. LEMMA. Let [ be a list of k-element matchings of a graph G and
suppose M € L. Assume that M contains no line joining any point of A(L)
to any point of A(L)UC(L) and that M contains a near-perfect matching of
every connected component of G[D(L)]. Then M is a mazimum matching.

PROOF. The hypothesis implies that every connected component of
D(L) is odd, and that each of these components contains exactly one
point which is either unmatched or matched to a point in A(L). It also
follows that the lines of M between A(L) and D(L) cover A(L). Hence
D(L) has exactly |A(L)| +|V(G)— V(M)| connected components and so

def(G) 2 co(G - A(L)) - |A(L)] = [V(G) - V(M)

Hence M is maximum as claimed. ]

Now we can describe the new algorithm. At the beginning, set k=0
and L = {J}. In a general step, select any M; € L and check to see if
M, satisfies the conditions in Lemma 9.3.1. If it does, then stop; Mj is
already a maximum matching and we have also found the sets A(G), C(G)
and D(G). (See Exercise 9.3.2.)

So suppose that M; violates the conditions of Lemma 9.3.1. We
are going to show how to find a matching which either has cardinality
greater than k or which misses a point not in D(L). There are two cases
to consider.

Case 1. Assume that M; contains a line zy with z € A(L) and
y € A(L)Uu C(L). By the definition of A(L), point z is adjacent to some
point z in D(L). By the definition of D(L), there is a matching M, € L
missing z. If M; itself misses 2, then replacing the line zy by the line zz
in M), we create a new matching of size k£ which misses y. So if we add
this matching to the list L, set D(L) will increase in size. If M, does not
miss 2 then consider the M; — M; alternating path P which starts at 2.
If this path P ends with a line of M; then “switching” on P, we obtain
from M, a matching of size k+ 1. If P ends with a line of M, and does
not go through the line zy, then switching on P + 2z + zy, we obtain
from M; a k-element matching which misses y and so we can increase
D(L) as before. Finally, if P passes through zy then switching on an
appropriate portion of P, we obtain from M, a k-element matching, M},
which misses one of z or y. Again, if we add M to the list L, D(L) will
increase.

Case 2. Assume next that G[D(L)] has a connected component T
such that M; n E(T) is not a near-perfect matching of M;. There are
now some subcases to distinguish:
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Case 2a. Suppose M; N E(T) misses (at least) two points z,y of
T, and z is missed by M; as well. (Point y may be missed by M; or
matched by M; with a point in A(L).) If z and y are adjacent, then
add the line zy to M; and delete the line incident with y from M; (if
M, contains such a line). In this way, we obtain either a k + 1-element
matching or a k-element matching missing a point in A(L), and in both
cases we are done.

So suppose that = and y are non-adjacent. Let P be a shortest path
in T connecting z to y, and let z be the immediate successor to =z on
P. By the definition of D(L), there exists a matching M; in L which
misses z. Let @ denote the alternating M; — M; path which starts at
z. If @ does not end at z, then, depending on the parity of @, either @
or @+ zz is an augmenting path with respect to M; or M;, and so we
obtain a larger matching. If @ ends at z and also passes through y, then
clearly it contains at least one point of A(L). But then we can rearrange
the lines of M; in the odd cycle @ + zy so as to miss this point of A(L),
and so we can add a k-element matching to the list L such that D(L)
increases in size.

Finally, if @ ends at z, but does not go through y, then switching
on @, we obtain a new k-element matching M such that z is missed by
M) and y is missed by M} N E(T). Since the distance between 2z and
y in T is smaller than the distance between = and y, if we repeat this
last procedure at most |V(T')| times, we must arrive at a case previously
treated.

Case 2b. Suppose M; N E(T) misses at least two points z,y of T,
but M; misses no point of T. Thus z and y are matched with two
points v and v in A(L). Let M; € L miss z, and let @ denote the
alternating M; — M; path which starts at z. If Q ends with an M;-line,
then switching on @), we obtain a (k + 1)-element matching. So suppose
that @ ends with an M;-line. If @ does not go through y, then switching
on @, we obtain from M; a k-element matching M) which misses z and
M N E(T) misses y. Thus we are back in Case 2a. If @ goes through y
and y is at an even distance from its endpoints on @, then switching on
the appropriate portion of ¢, we obtain from M; a k-element matching
M which misses y and for which M NE(T) misses z. Thus we are back
to Case 2a once again.

Finally, if y is at an odd distance from the endpoints on ¢, then
switching on an appropriate portion of ¢, we obtain a k-element match-
ing M| which misses some v in A(L). But then upon adding M to L,
the set D(L) increases.
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Case 2¢. Suppose M; NE(T) is a perfect matching of 7. Then |T|
is even. Suppose M; € L misses a point of 7. Since T is even, M; N E(T)
must miss another point of T as well, and so yet again we are back in
Case 2a.

This completes the description of the algorithm. It is not as efficient
as the algorithm of Edmonds. The main reason we have described it here
is that it shows how a structural result like that of Gallai and Edmonds
can motivate an algorithm.

9.3.2. EXERCISE. Prove that for the final list { in the preceding
algorithm, we have

A(L) = A(G), C(L) = C(G) and D(L) = D(G).

9.3.3. EXERCISE. Prove that during the algorithm, one always has
Ll <p.

9.3.4. EXERCISE. Derive the Gallai-Edmonds Structure Theorem from
an analysis of this algorithm.

9.3.5. EXERCISE. Show that the algorithm described in this section
can be implemented in O(p*) time.

9.4. A Linear Programming Algorithm for Matching

One possible motivation for the study of the facets of the matching
polytope is its possible application to matching algorithms. The matching
polytope is given to us as the convex hull of a certain set. If we can find
a description of it as the solution set of a system of linear inequalities,
then we can apply the techniques of linear programming to maximize
an arbitrary linear objective function over this polytope; that is, we can
solve the weighted matching problem. Now Theorem 7.3.1 tells us the
list of inequalities needed to solve this problem, so it is tempting to try
to use this theorem to design a matching algorithm.

Until 1978, there were two main obstacles to accomplishing this
task and to designing a polynomial time matching algorithm using this
approach. First, there was no polynomial time algorithm known for
linear programming. Second, even if we dismiss this obstacle as irrelevant
from the practical point of view — after all, the simplex method is very
efficient in practice — the difficulty remains that the list of inequalities
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given in Theorem 7.3.1 is exponentially long for general graphs. Recall
from Box 7B, however, that the Ellipsoid Method is not only polynomial
even in the worst case, but in addition, it does not need an explicit list
of all the constraints!

Using the latter observation, Karp and Papadimitriou (1980, 1982),
Padberg and Rao (1981) and Grotschel, Lovész and Schrijver (1981)
showed that the Ellipsoid Method also helps to overcome the second
difficulty mentioned above, and does indeed lead to a polynomial time
matching algorithm based on Edmonds’ description of the matching
polytope.

We shall see that one more result will be needed. This is an algorithm
due to Padberg and Rao (1982) for finding a minimum weight odd cut in
a graph, a problem we have discussed previously in Section 6.6.

We shall describe the geometric idea behind this application of the
Ellipsoid Method. It seems that at the present time no practical im-
plementation is known and so we do not go into any details concerning
the problems of rounding, storage, numerical instability, etc. This algo-
rithm is interesting from a theoretical point of view, because it is based
on very general ideas and it is not surprising that it cannot compete with
special-purpose algorithms like that of Edmonds.

Let G be a graph and w : E(G) — Z,, a weighting of its lines.
We want to find a matching in G having maximum weight. We may
assume that G is a complete graph with an even number of points,
for if necessary, we can add a new point and all lines missing from G
with weight 0 and we clearly get an equivalent problem in this way.
Furthermore, we may restrict ourselves to perfect matchings, since in a
complete graph having non-negative weights every matching M extends
to a perfect matching F' the weight of which is at least the weight of M.

Let PM(G) denote the perfect matching polytope of G. Our task is
to maximize a linear objective function w-z over all z € PM(G). Recall
from Theorem 7.3.4 that PM(G) can be described by the constraints

z>0 (9.4.1)
Z(V(v))=1 (for allv € V(G)) (9.4.2)
z(V(8))>1 (foralloddS CV(G)). (9.4.3)

Also recall from Box 7B that in order to apply the Ellipsoid Method,
all we need is a subroutine to check whether or not a given point z €
RE(G) belongs to this polytope.
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Let us try to determine just how difficult this task is! If z € PM(G),
this means that z satisfies constraints (9.4.1), (9.4.2) and (9.4.3). The
first two groups of inequalities are only p+ ¢ in number, so we can check
whether or not z satisfies them by direct substitution. It is more difficult,
however, to check whether constraints (9.4.3) are satisfied, since there
are exponentially many of them. Observe, however, that if we view the
vector z as a (non-negative) weighting of the lines of G, then (9.4.3) says
that the weight of every V(G)-cut is at least 1. So the task of checking
whether or not z € PM(G) could be solved if we had a procedure to
find a minimum weight V(G)-cut. As we have already mentioned, this
last problem was solved by Padberg and Rao (1982). The solution they
obtain is based on their theorem (see Theorem 6.6.11 of this book), which
says that if F' is any cut-equivalent tree with respect to the capacities
z(e) (e € E(G)), then the minimum weight of a V(G)-cut (i.e., a cut
with an odd number of points on both shores) is equal to the minimum
weight of the V(G)-cuts determined by F'. Since there are only p—1
cuts determined by F, it is trivial to find a minimum weight V(G)-cut
among them. Of course, we need a cut-equivalent tree, but this can be
found by the algorithm of Gomory and Hu (see Section 2.3). So whether
or not £ € PM(G) can be checked in polynomial time.

Thus the Ellipsoid Method can be applied to maximize an arbitrary
linear objective function over the perfect matching polytope of a graph
in polynomial time.

Another way to state the above argument is to observe that the
Ellipsoid Method reduces the Maximum Weight Perfect Matching Pro-
blem to the Minimum Weight V(G)-Cut Problem in polynomial time.
An argument very similar to the above can be presented to show that the
Minimum Weight V(G)-Cut Problem can be reduced to the Maximum
Weight Perfect Matching Problem. So the Ellipsoid Method establishes
the equivalence of these two problems from the perspective of polynomial-
time algorithms. We know combinatorial algorithms which solve these
problems directly, namely the algorithms of Edmonds and of Padberg
and Rao respectively. It is quite surprising that a general geometric
method like the Ellipsoid Method tells us that the solution of either one
of these problems automatically implies a solution of the other, at least
in so far as we are only concerned with the polynomiality of the running
time. Above, we used the Padberg-Rao algorithm to find a maximum
weight perfect matching because this appeared to us to be simpler than
using the Edmonds Algorithm. Moreover, this reduction leads to more
general algorithms (see Box 11B).
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Let us point out, however, that Padberg and Rao have proposed
another way to apply their Minimum Weight V(G)-Cut Algorithm to ob-
tain maximum weight matchings, and while this does not yield an algo-
rithm which is polynomial, it does yield one which is practically efficient.
They propose to start with the polytope described by constraints (9.4.1)
and (9.4.2) (the so-called Fractional Perfect Matching Polytope) and op-
timize the given linear objective function over this polytope using, say,
the Simplex Method. (We can even use a commercial LP-code for this.)
If the optimum point z; is in PM(G), then we were lucky and can stop!
If not, then find an inequality in (9.4.3) which is violated by z,, add this
as a new constraint and solve the new linear program. We may repeat
this until a maximum matching is found, or stop after a time and use
the fractional matching found as an upper bound in a branch-and-bound
procedure for finding a maximum matching. For a general reference for
branch-and-bound methods, see Gondran and Minoux (1979, 1984).

This algorithm is not polynomial, but in practice it appears com-
petitive with implementations of the Edmonds Algorithm. Furthermore,
it has the advantage that an algorithm based on similar ideas can even
be used to solve NP-complete problems, like the Travelling Salesman
Problem, in non-polynomial — but still reasonable — time. For details
of this method see Grétschel (1982).
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The f-factor Problem

10.0. Introduction

A natural generalization of the matching problem can be formulated
as follows. It is known as the f-factor problem. Assume that we assign
an integer f(v) to each point v € V(G). Does there exist an f-factor,
that is, a spanning subgraph H of G such that deg(v) = f(v) for each
point v? If not, how well can f be approximated by the degrees of a
spanning subgraph? The latter — more nebulous — problem has come
to be called the degree-constrained subgraph problem. The aim of this
chapter is to answer these questions, by introducing a decomposition of
V(G) analogous to the Gallai-Edmonds decomposition defined in Chapter
3.

There is a problem closely related to this which is, in fact, equivalent
in the case when f(v) =1 for all v, but which should be distinguished
carefully in the general case. We shall call this the f-matching problem.
Given, as before, an integer-valued function f defined on V(G), can we
assign a non-negative integer z(e) to every line e such that

{e‘vee}

holds for each point v? Such an assignment of values z(e) will be called
a perfect f-matching. Clearly, f-factors can be identified with those
perfect f-matchings which satisfy the additional constraint z(e) <1. On
the other hand, a perfect f-matching may be viewed as a graph G’ such
that V(G') = V(G), each line of G’ is parallel to some line of G, and
degq:(v) = f(v) holds for each point v.

The problem of the existence of a perfect f-matching is a special
case of the problem of the existence of an f-factor: if we replace each
line of G by a very large number of parallel lines, then the f-factors of
the resulting graph may be viewed as perfect f-matchings of the original
and vice versa. But considering f-matchings separately is sometimes a
useful intermediate step toward the study of f-factors.
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Obviously, in the case when f(v) =1 for all v, 1-factors and perfect
1-matchings are the same.

If we want to investigate f-factors, then we may try to make use of
information we might already have about 1-factors, i.e., perfect match-
ings. There are several ways to do this. First, we may try to reduce the
f-factor problem to the 1-factor problem, by constructing from the given
graph G another graph G’ such that G’ has a perfect matching if and
only if G has an f-factor. That such a construction is possible, was first
observed by Tutte (1954). This leads to a rather straightforward, but
somewhat tedious, treatment of the f-factor problem. We shall sketch
this approach in Section 10.1.

Second, we may generalize the methods developed to solve the 1-
factor problem. The original solution of the f-factor problem, due to
Tutte (1952), the work of Ore (1957), and in a sense the treatment
of Graver and Jurkat (1980) all have this flavor. Third, there is the
possibility of obtaining more general results which have no meaning in
the special case of 1-factors. To illustrate this idea, let us remark only
that G has an f-factor if and only if it has an f-factor, where

F(v) = degg(v) — f(v).

This “complementarity” relation is not present if we restrict ourselves to
the case of 1-factors.

The main body of our discussion will be the development of a
structure theory, analogous to the Gallai-Edmonds decomposition. The
methods which yield the decomposition are based upon a further gener-
alization of the problem and upon the freedom gained from this greater
generality (Lovész (1970a, 1970b, 1972¢)). It is also possible to generalize
some of the structure theory of Chapter 5 to the case of graphs having
an f-factor. Since this extension is somewhat lengthy we do not repeat
it here but refer the reader to another paper of Lovész (1972b).

In the last section of this chapter we treat the problem of realization
of degree sequences. This problem is & special instance of the f-factor
problem, corresponding to the case when the given graph is complete.
There are, however, several more direct approaches for obtaining the
fundamental result of Erdés and Gallai (1960) characterizing realizable
degree sequences, as well as various extensions of their result. We also
discuss the problem of realizing a degree sequence by a graph with a
perfect matching.
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10.1. Reduction Principles

We begin by sketching a method for reducing the f-factor problem to
the 1-factor (or perfect matching) problem. The construction we present
is due to Tutte (1954). It can be used to derive a necessary and sufficient
condition for the existence of an f-factor, but we postpone this to a later
section where a direct proof will be given, and omit the straightforward
but tedious derivation from the simple construction that follows.

To begin with, let us show how the f-matching problem can be
reduced to the matching problem. Let G be a graph and f an integer-
valued function defined on V(G). To exclude trivial cases, let us assume
that f > 0.

Construct a graph G’ as follows. For each v € V(G) let U, be a set
of f(v) elements so that U, and U, are disjoint if v # w. Let

Vi) = U U

veV(G)

Connect, each element of U, to each element of U,,, whenever v and w
are adjacent in G.

10.1.1. THEOREM. The graph G' has a perfect matching if and only if
G has a perfect f-matching.

PROOF. We may assume without loss of generality that G has no
multiple lines. Suppose now that G’ has a perfect matching F'. For each
line vw € E(G), let z(vw) denote the number of lines of F' connecting
U, and U,. Then the number of lines of F' incident with U, is exactly
Y-, z{vw). But since F' is a perfect matching of G, this number is also
|Uyl = f(v). This shows that the g-vector z is a perfect f-matching.
Conversely, every perfect f-matching of G yields a perfect matching
of G’ by a similar construction. [ |

Let us now regard the existence problem of perfect f-matchings
as solved. Assume that we are given a graph G and an integer-valued
function f on V(G), and suppose we want to decide whether or not G
has an f-factor. Let us construct a new graph G" by subdividing each
line of G with two new points. Extend the domain of f to V(G”) by
letting f(v) =1 on each new point.

10.1.2. THEOREM. The greph G" has a perfect f-matching if and only
if G has an f-factor.
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VIR

f'(@)=2, ' (O)=1

(a) Is there an f-factor? (b} Is there an f'-matching?

(c) Is there a perfect matching? No. See Tutte-set D

FIGURE 10.1.1. Reduction of the f-factor problem to the 1-factor problem
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PROOF. The key to this equivalence is the observation that every
perfect f-matching of G" is automatically an f-factor. Hence it suffices
to show that G” has an f-factor if and only if G has one.

Suppose that F' is an f-factor of G. Then we can construct an f-
factor F'' of G" as follows. For each line ¢ € F, take the two endlines
of the 3-path in G" corresponding to e; for each ¢ € E(G) — F, take
the middle line of the corresponding 3-path. The set F" of lines of G”
obtained in this way is clearly an f-factor of G".

Conversely, we can construct an f-factor of G from any f-factor of
G" by reversing this procedure. [ ]

On the basis of the two preceding theorems, we can reduce the
problem of the existence of an f-factor to the problem of the existence
of a perfect matching.

It is possible at this point to translate Tutte’s 1-factor criterion
into Tutte’s f-factor criterion. But this is somewhat tedious and yields
little insight into the structure of f-factors. Another shortcoming of
this translation is that the matching algorithms are translated into f-
matching algorithms which are polynomial only if the function f is given
in the unary sense (cf. Box 2B). We shall not enter into the study of f-
matching and f-factor algorithms here, but instead refer the interested
reader to the following exercises. In addition, the reader is referred to
Pulleyblank (1973), Marsh (1979) and Anstee (1983). A good up-to-date
survey of the f-matching problem may be found in Schrijver (1983a).

10.1.3. EXERCISE. (For this exercise only, we allow loops!) Show that
the f-factor problem for graphs with loops can be reduced to the f-factor
problem for graphs without loops.

10.1.4. EXERCISE. Let G be a graph and f:V(G) — Z,. Show that
the following two problems: “Find a maximal subgraph H with deg; <
f” and “Find a minimal subgraph H' with deg; > f” are equivalent
(in a sense) for every G and f. Also show that these problems can be
reduced to the f-factor problem.

L)
10.1.5. EXERCISE. Show that one can reduce the following to the

f-factor problem: “Find a subgraph H with max{|f(v) —degy(v)| | v €
V(G)} as small as possible.”
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10.2. A Structure Theory for f-factors

We start by further generalizing the f-factor problem. Assume that
we are given two functions f; > f; on V(G), and suppose we are looking
for a spanning subgraph H such that

f1(v) 2 degg(v) 2 f2(v)

for each point v. (The hypothesis that H is spanning means only that
V(H) = V(G), and does not mean that the lines of H span G. Thus
degy;(v) = 0 is allowed.) To get a more symmetric formulation of this
problem, set f = f;, g= }’2 = deg; —f2, and for any spanning subgraph
H of G, denote by H the spanning subgraph (V(G), E(G)—E(H)). Then
the conditions on H can be written as follows:

degy < f and degz <g. (10.2.1)
To exclude trivial cases, we shall always assume that,
f,g>0 and f+g>degs. (10.2.2)

Let H be an arbitrary spanning subgraph of G and define the following
quantities:

6(v; H; f, ) = max{0, deg 4 (v) — f(v), deg(v) — 9(v)},
§(H; f,9)= Y 6(v;H;f,g),

veV(G)
and

5(f,g)=rr;}n5(H;f,g)-

Trivially, a spanning subgraph H satisfying inequalities (10.2.1) ex-
ists if and only if 6(f,g)=0. Such a spanning subgraph will be called an
(f,g)-factor. In particular, an f-factor exists if and only if 6(f, }') = 0.
A further trivial observation is that

and hence

8(f,9)5 69, f)-
We call a spanning subgraph H (f,g)-optimal, if 6(H; f,g) = é(f,g). Our
goal is to derive a minimax formula for the value of §(f, g) and to describe
the structure of (f, g)-optimal subgraphs.
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10.2.1. EXERCISE. Suppose f+g = deg,. Prove that §(f,g) = f(V(G))
(mod 2).

In the case when f(v) =1 and g(v) = deg,(v)—1 for all v € V(G) (i.e,,
in the 1-matching case) every maximum matching is (f, g)-optimal as is
every minimum line cover. Moreover, if we extend a maximum matching
to a minimum line cover (see Exercise 1.0.3), then every intermediate
subgraph is also (f,g)-optimal. Furthermore, §(f,g) = def(G). These
assertions can be verified easily using Theorem 10.2.5 below.

It should be emphasized also that the apparent greater generality
gained by having upper and lower bounds on the degree, rather than one
prescribed value, is really only technical. If fact, the (f,g) problem can
be reduced to the f-factor problem (see the next exercise) and hence to
the 1-matching problem. This reduction shows also that §(f,g) can be
computed in polynomial time.

10.2.2. EXERCISE. Given graph G, two functions f and g on V(G)
as above and a k > 0, construct a graph G and a function f; on V(G,)
such that 6(f,g) < k if and only if G; has an f,-factor.

Let us make a few additional remarks about the generalization of the
f-factor problem we are considering. Instead of prescribing a single value,
we have allowed the degree of the subgraph to belong to an arbitrarily
prescribed interval. We can further generalize the problem by prescribing
an arbitrary set I(v) of integers for every point v, and then look for an
I-factor, that is, a subgraph H such that deg (v) € I(v) for all v € V(G).
Lovssz (1972¢) showed that 3-line-colorability is reducible to the case
when I(v) = {1} or {0,3} at each point, and so by the result of Holyer
(1981) it follows that this problem for arbitrary sets I(v) is NP-complete.
But in the special case when I(v) is allowed to have only one-element
gaps, most of the discussion presented in this section can be carried over.

Let us mention a few special cases of the problem. If I(v) is a set of
consecutive odd integers for v € T and a set of consecutive even integers
for v € V(G)—T, then an I-factor is a T-join, the degrees of which are
bounded from above and below. The reader may verify that the question
as to whether such a T-join exists can easily be reduced to the f-factor
problem.

A second special case arises when I(v) contains all integers ezcept
ezactly one integer h(v) for each v € V(G). In this case we are looking
for a subgraph the degree of which is different from a prescribed value at
each point. This problem is quite easily solved in polynomial time (see
Lovisz (1973)).
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On the other hand, the following quite similar problem is not known
to be polynomially solvable. Let G = (A, B) be a bipartite graph. Does
G have a spanning subgraph H such that degg(v) =1 for v € A and
degg(v) #1 for v € B?

We do know the following polynomially solvable special case of this
problem, however. Let Gq be any graph, A =V(G,) and let B be the set
of all lines and triangles of Gy. Let G be the bigraph with bipartition
(A, B) and all lines of the form ab with a € V(b). Then G has a subgraph
H as above, if and only if Gy contains a set of point-disjoint lines and
triangles covering V(Gy). The latter problem was solved in polynomial
time by Cornuéjols, Hartvigsen and Pulleyblank (1982). (See Exercise
6.4.4.)

At this point, it is an easy matter to define a partition of the point
set of G into four classes, analogous in a way to the Gallai-Edmonds
partition. But it turns out to be a lot more work to derive the important
properties of this partition! However, the definition of the partition is
easy enough. In the 1-matching case, we based our decomposition upon
whether or not a given point is covered by all maximum matchings. In
the present case an (f, g)-optimal subgraph may violate either one of the
inequalities in (10.2.1). Accordingly we have four natural possibilities.

C=C(G; f,9)={veV(G)|degy(v) < f(v) and degg(v) < g(v)
for every (f, g)-optimal subgraph H},

A=AG; f,9)={veV(G) - C | degg(v) < g(v)
for every (f, g)-optimal subgraph H},

B=B(G; f,9)={veV(G)—C|degy(v) < f(v)
for every (f,g)-optimal subgraph H},

D=D(G;f,9)=V(@)-A-B-C.

When graph G is understood, we shall write C(f,g), A(f,9), B(f,g) and
D(f,g) for these four sets respectively. This partition of the points will
play an important role throughout the discussion to follow. Note that
C =V(G) if and only if G has an (f, g)-factor.

In the 1-matching case the structure introduced above is related
to the Gallai-Edmonds decomposition as follows: C(G; f,g) = C(G),
A(G; f,9) = A(G), B(G;f,g) is the union of all singleton components
of D(G) and D(G; f,g) is the union of the point sets of the non-singleton
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components of D(G). (Recall that this distinction between singleton and
non-singleton components of D(G) arose earlier, for example, in the proof
of Theorem 6.3.1.)

10.2.3. EXERCISE. Show that if the graph shown in Figure 10.2.1 has
f(v) = 2 and g(v) = degg(v) — 2 for each v € V(G), then G has the
(4, B,C, D) decomposition shown.

10.2.4. EXERCISE. If sets A, B, C and D are as defined above, then
these sets can be determined in polynomial time.

Before we can develop the properties of the partition {4, B,C,D}
we need a bit more preparation. Let H be any spanning subgraph of G

&y

D

FIGURE 10.2.1.

and let v be a point such that degy(v) > f(v). Delete from H any line
vw incident with v. The resulting subgraph H' has

6(v; H'; f,9) =6(v; H; f,9) -1,
6(w; H'; f,9) < §(w; H, f,9) + 1, and
S(u; H'; f,9) = 6(u; H; f,g) for all u # v,w.
Hence
§(H'; f,9) <6(H; f,9)-

If, in particular, H is (f, g)-optimal, then so is H' and it follows that we
must have equality in the preceding inequalities; that is, degz(w) > g(w).

Similarly, if degz(v) > g(v), then we may add to H any line of H
incident with v and obtain a subgraph H' with §(H’; f,9) < 6(H; f,9).
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The addition or deletion of a line so that §(v; H'; f,g) strictly decreases
for at least one point v will be called a local augmentation at v (with
respect to (f,g)).

Let us make several immediate observations. If H is (f, g)-optimal,
and H' is obtained from H by a local augmentation, then it is also true
that H can be obtained from H' by a local augmentation. If H is (f, g)-
optimal, then no local augmentation can change any line incident with
the set C. The remarks just prior to the definition of local augmentation
above imply that, using local augmentations, we can construct from any
spanning subgraph one which satisfies degy; < f. Consequently, we have
the next result.

10.2.5. THEOREM. For agraph G and two functions f and g satisfying
conditions (10.2.2), there ezists an (f,g)-optimal subgraph H satisfying

Local augmentations turn out to play a role analogous to that of
augmenting paths in the 1-matching case. The power of this technique
is a consequence of the following lemma.

10.2.6. LEMMA. LetJ be an(f,g)-optimal subgraph and H any span-
ning subgraph. Then H can be transformed by local augmentations into
an (f, 9)-optimal subgraph Hy such that E(J)® E(Hy) contains only lines
spanned by C.

PROOF. Consider two subgraphs H' and J' with the following three
properties:

(a) H' can be obtained from H by local augmentations;

(b) J' can be obtained from J by local augmentations;

(¢) |E(H)®E(J')| is minimal.
We derive several additional properties of the pair (H’,J').

(1) For each point v, we have

§(v;H'; f,9) <6(v;J'; £, 9).

For suppose, to the contrary, that §(v;H'; f,g) > é6(v; J'; f,¢) holds
for some point v. Suppose, for example, degy; (v) > f(v). Then obviously
deg;.(v) < degy.(v). Therefore E(H’)~ E(J’) has a line e incident with
v. The removal of e from H' is a local augmentation and decreases
|E(G")® E(J")|. This contradicts (c).

(2) The subgraph H' is (f, g)-optimal and

6(v;H'; f,9)=6(v;J'; f,9)
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holds for each point v.

This follows immediately from (1) and from the fact that by (b), J’
is (f, g)-optimal.

(3) K é(v;J';f,9) >0, then degy (v) = deg ,(v).

Suppose, for example, that degy.(v) > deg, (v). Property (2) can
hold then only if the interval [§(v), f(v)] lies between the degrees deg; (v)
and deg;.(v). Thus if we delete any line of E(H')—E(J') incident with v
from H', we carry out a local augmentation, and so we get a contradiction
of (c) as before.

(4) If 8(v;H'; f,g) > 0, then no line of E(H')® E(J’) is incident
with v.

Suppose, to the contrary, that e is such a line and suppose, say, that
e€ E(H')—E(J'). We know by (3) that deg.(v) = deg;.(v). Moreover,
either degy (v) > f(v) or degz(v) > g(v). In the first case the removal of
from H' and in the second, the addition of e to J' is a local augmentation
which decreases |E(H')® E(J')|. In both cases we get a contradiction of
(c).

(5) If v¢ C then no line of E(H')® E(J') is incident with v.

To prove this claim choose an (f,g)-optimal subgraph K such that
8(v;K; f,g) > 0. If there are other ways to choose H' and J' subject
to (a), (b) and (c), but contradicting (5), choose this pair so that the
following condition is also fulfilled:

(d) |E(H')® E(K)| is minimal.

Then no local augmentation can be carried out on H' which would
decrease E(H')® E(K). For such a local augmentation at some point
w could also be carried out on J' as a local augmentation by (4), and
so it would yield a pair (H”,J") of spanning subgraphs satisfying (a),
(b) and (c), but still violating (5) (since E(H")®E(J") = E(H")® E(J")),
thus yielding a contradiction of (d).

By the arguments for (1) and (2) this implies that é(v;H'; f,g) =
8(v; K; f,g) > 0. But then we have a contradiction of (4). This completes
the proof of (5).

Thus we know that H' and J' are (f,g)-optimal and E(H")® E(J")
is spanned by C. As remarked before, we can go back from J' to J by
local augmentations. But by (5), the same local augmentations can be
carried out on H' as well, thus yielding a spanning subgraph Hy. Hence
Hy is (f, g)-optimal and E(Ho)® E(J)= E(H')® E(J) is spanned by C.m

10.2.7. COROLLARY. Every subgraph can be transformed into an(f,g)-
optimal subgraph by local augmentations. |
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10.2.8. COROLLARY. Two (f,g)-optimal subgraphs can be trans-
formed into each other by local augmentations if and only if any line
spanned by C belongs either to both or to neither of the two subgraphs. m

10.2.9. EXERCISE. Let G be a factor-critical graph and let M and M’
be two near-perfect matchings in G. Then there exists a sequence M; =
M, M,, ..., My = M’ of near-perfect matchings such that |M,;®M; 1| =2
fori=0,...,k-1.

As a further application of Lemma 10.2.6, we prove the following
theorem which will be used later, but which is of interest in its own right.

10.2.10. THEOREM. Let G be a graph and let f; < fa <+ < fr and
g1 < g2 < -+ < gi be integer-valued functions defined on V(G) such that
fi+g1 >degg, f120, g1 >0. Then G has a spanning subgraph which is
stmultaneously (£, g:)-optimal for every 1 <i<k.

PROOF. We proceed by induction on k. For k = 1 the assertion is
trivial. Let H' be a subgraph of G which is (f;,g:)-optimal for 1 <
t < k—1. By Corollary 10.2.7 we can transform H' into an (f, gx)-
optimal subgraph H by local augmentations with respect to (fx,gk)-
But obviously any local augmentation with respect to (fx,gx) is also a
local augmentation with respect to (f;,¢;) for 1 <7< k—1, and so it
preserves the (f;, g;)-optimality of H'. Hence H is (f;,gi)-optimal for
every 1<:<k—-1. [ ]

The following simple, but important, observation is also an im-
mediate consequence of Lemma 10.2.6.

10.2.11. THEOREM. For any point v ¢ C, the degrees of v in (f,9)-
optimal subgraphs form a sequence of consecutive integers.

PROOF. Suppose that both a and b occur as the degrees of v in two
(f,9)-optimal subgraphs H and J, with, say, degy(v) = a, deg(v) =
b. By Lemma 10.2.6, we can transform H by local augmentations into
another (f, g)-optimal subgraph H' such that deg,.(v) = deg,(v). Since
local augmentations change the degree of v by at most 1, the degrees of
v in the “intermediate” subgraphs will cover every integer in the interval
[a,b]. "

Let us remark that the assertion of the above theorem is not valid
for the points in C. In Figure 10.2.2 we show two functions f,g defined
on the points of the triangle, so that the degree of the dark point in
(f,9)-optimal subgraphs is either 0 or 2.
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We are now prepared for the study of the partition {A,B,C,D}.
We start with some simple properties which follow easily from Theorem
10.2.10.

It will be convenient to introduce the following idea. Given the
integer-valued function f defined on V(G) and a point v € V(G), define
a new function f* also on V(G) as follows:

v f( )+1’ ifv=
f(@:{ﬂ% , §Z¢Z

Note that we can compose such functions and leb us denote f%? =
(f“)* where u and v are arbitrary points in V(G). More specifically, we
shall make use of the function f”¥ which clearly amounts to the following:

v f( )+2’ ifv=w
f W°={ﬂ3) | fvrw.
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FIGURE 10.2.2.

10.2.12. TBEOREM. Let G be a graph and let f and g be two functions
satisfying tnequalities (10.2.2). Then:

(8) IfveA, then degg(v) > f(v) for every (f,g)-optimal subgraph H .
(b) Ifv e B, then degg{v) > g(v) for every (f,g)-optimal subgraph H .
(¢) Ifve D, then f(v)=g(v) and the set of degrees of v in (f,g)-optimal

Subgraphs 13 {f(’U) -1, f('U), f(v) + 1} .

PROOF. (a) Suppose, to the contrary, that there exists an (f,g)-
optimal subgraph H with degg(v) < f(v). Since degg(v) > §(v) by the
definition of A, this implies that f(v)> §(v). By Theorem 10.2.5 we can
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transform H by local augmentations into an (f,g)-optimal subgraph J
such that 6(v;J; f,g) > 0, and so by the definition of A, deg;(v)> f(v).
At some step during this sequence of local augmentations the degree of
v changes from f(v)—1 to f(v). But this cannot happen for a local
augmentation of an (f, g)-optimal subgraph.

The proof of (b), as well as the proof of the first assertion of (c),
is analogous. Tt is also clear, by the definition of D and by Theorem
10.2.11, that f(v)—1, f(v) and f(v)+1 must occur as the degrees of v in
some three (f, g)-optimal subgraphs. Thus it suffices to prove (in view of
Theorem 10.2.11) that f(v)+2 and f(v)— 2 are not degrees of v in any
(f, g)-optimal subgraph.

Assume, to the contrary, that degy(v) = f(v)+ 2 for some (f,g)-
optimal subgraph H. Then

8(H; f**,g")=6(H; f,9)-2

and hence
8(f°%,¢%) < 8(f,9) -2 (10.2.3)
It follows by a similar argument that
§(1,9°)<6(f,9)-1. (10.2.4)

By Theorem 10.2.10, there exists a spanning subgraph J which is simul-
taneously (f, g)-optimal, (f,g%)-optimal and (f?,g")-optimal. But then
inequality (10.2.3) implies that

6(J; f,9°) < 6(J; f,9) -2, (10.2.5)
while inequality (10.2.4) implies that
6(J;£,9")<8(J; f,9)- 1. (10.2.6)

But inequality (10.2.6) implies that deg;(v) < f(v) and, moreover, we
clearly have equality in (10.2.6). However, then

6(J;f™,¢%)=6(J;f,¢")=6(J;f,9)—1,

which contradicts inequality (10.2.5). ]

QOur next theorem describes the status of lines incident with C with
regard to being in optimal subgraphs.
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10.2.13. THEOREM. Let G be a graph, let f, g be two functions satis-

fying inequalities (10.2.2) and let { A, B,C, D} be the partition of the point

set V(G) defined above. Then:

(a) No line connecting A to C or spanned by A belongs to any (f,9)-
optimal subgraph.

(b) Ewvery line connecting B to C or spanned by B belongs to every (f,g)-
optimal subgraph.

(¢) No line connects C to D.

PROOF. (a) Let uv be any line with u € A and v € AUC, and
suppose, to the contrary, that there exists an (f,g)-optimal subgraph
H containing uv. By the definition of A and by Lemma 10.2.6, H can
be transformed by local augmentations into an (f,g)-optimal subgraph
J such that deg;(u) > f(u). Note that by the definition of A and C,
the deletion of uv from any (f,g)-optimal subgraph K cannot increase
8(K;u; f,g) or 6(K;v;f,g) and so it cannot be a local augmentation.
Thus uv must belong to J. But then the deletion of uv from J is a local
augmentation, which contradicts the observation just made.

Parts (b) and (c) follow by similar arguments. [ |

The following two lemmas are analogues of the Stability LLemma
3.2.2, but they deal with the more general case of f-factors.

10.2.14. LEMMA. Suppose G is a graph with integer-valued functions
f1, f2, g1 and g2 defined on V(G). Furthermore, suppose f1 < f2, 91 < g2
and f1 + g1 > degg. Then

A(f1,91) 2 A(f2,92),

B(fl; gl) 2 B(fZ; g2))
and

D(f1,91) 2 D(f2,92).

PROOF. We will show that if v ¢ C(f2, g2), then there exists an (f1,91)-
optimal subgraph H; with degy, (v) > fi(v) if and only if there exists
an (f2,g2)-optimal subgraph Hy with degy, (v) > f2(v). This will clearly
imply the lemma.

I. Assume first that there exists an (f5,g2)-optimal subgraph H,
with degy, (v) > f2(v). Then clearly

6(f3,92) < 6(f2,92)— 1.
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Since fi < f% and ¢ < g3, Theorem 10.2.10 implies that there ex-
ists a subgraph H which is simultaneously (fy,g:1)-optimal and (f%, g2)-
optimal. But then

6(H; f3,92) = 6(f3,92) < 6(f2,92) — 1 < 6(H; f2,92) —
This implies that degy(v) > fa(v) > fi(v).

II. Second, assume that there exists an (f;,g1)-optimal subgraph
H; such that degy (v) > f1(v). Then

§(f3,91) <6(f1,q1) -

Furthermore, we have by hypothesis that v € C(f;,¢2) and so

6(f3,95) < 6(f2,92) —

Consider now a spanning subgraph H which is simultaneously (f3,g1)-
optimal and (f%, g3)-optimal. (Such a subgraph exists again by Theorem
10.2.10). Then we have :

6(H; f1,91) =6(f1,91) < 8(f1,91) =1 <6(H; f1,91) —

and so degy(v) > f1(v). Similarly,

8(H; f3,93)=6(f3,93) < 8(f2,2) — 1S 6(H; f2,02) -1, (10.2.7)

and so degy(v) ¢ [g2(v), f2(v)]. But since degy(v) > fi(v), this means
that degy(v) > fa(v).

To conclude, it suffices to show that H is (f3,g2)-optimal. But this
is clear since trivially

6(J;f2,92)2 6(J; f2,92) —
for any spanning subgraph J, and so we must have equality in (10.2.7).m

To formulate our second “stability lemma”, let us define, using a
given pair of functions (f,g), two further pairs as follows.
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2+ _ [ degg(v), if ve BUC,
i) "{ f), if ve AUD,

3(v) _{ degg(v), if ve AUC,
L g(v), if ve BUD,

degs(v), if ve BUC,

f(w)y=<¢0, ifve A,
f(v), ifveD,
degg(v), ifve AUC,

g'(w) =<0, if ve B,
g(v), if ve D.

10.2.15. LEMMA. IfG is any graph and if all symbols_ are as defined
above, then A(f',q) = A(},3) = A(f,9), B(f',q) = B(},9) = B(f,0),
C(f',¢') = C(1,9) = C(f,9) and D(f',g) = D(J,5) = D(f,g). Further-
more, the following equation holds:

6(f’g) = 6(.7:.(7) = 6(f':g’)" f(A)_g(B)

PROOF. Considering any spanning subgraph H which is simultane-
ously (f, g)-optimal and (f,g)-optimal (and such must exist by Theorem
10.2.10), we see that
6(f,9) =6(f,9)-

By Lemma 10.2.14 we have A(f,3) C A(f,9), B(f,3) € B(f,9), and
D(f,3) € D(f,g). We now claim, moreover, that C(f,3) C C(f,g). To
prove this, suppose v ¢ C(f,g). Then there exists an (f,g)-optimal
subgraph H such that, e.g., deg;(v) > f(v). But then f(v) = f(v) by
definition. Clearly H is also (f,3)-optimal, and this proves that v ¢
C_‘(]—’, g). Thus we have proved all the statments in the lemma involving
(f,9)-

Now we turn to (f’,¢’). Again, considering a subgraph H which is
simultaneously (f,3)-optimal and (f’,¢')-optimal (and such must exist
by Theorem 10.2.10), we see that

6(f,9)=06(f",9") - 9(A) - £(B).
By Lemma 10.2.14 we have
A(f,5) CA(S,9"), B(7,9) € B(f',¢")and D(f,3) € D(f,9).
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Furthermore, if v € C(f,3), then f'(v) = ¢'(v) = ( v) and hence by
definition of C, we have v € C(f’,¢'). So C(f,9) g ( g'). But then we
must have equality and the lemma follows. ]

Our last task is to describe the structure of D. As preparation
for this, we introduce and study the f-factor analogues of factor-critical
graphs.

Let G be a graph and suppose f and g are integer-valued functions
defined on V(G). We say that G is (f, g)-critical, if it is connected and
has A= B=C = @. By Theorem 10.2.12(c), in this case we must have
f=§. It is easy to show that a graph G is (f, g)-critical if and only if
it is connected and 6(f%,g), 6(f,9Y) < 8(f,g) for all v € V(G). (In fact,
this property suggested the name.)

The following result is a generalization of Gallai’s Lemma 3.1.13.
Note that in our presentation, it is a straightforward consequence of the
preceding results.

10.2.16. THEOREM. Let G be (f,g)-critical. Then 6(f,g)=1

PROOF. Choose any v € V(G) and consider the pair (f,g). By the
Stability Lemma 10.2.14, we have

V(G)=D(f,9) = D(f*,g) uC(f*,9).

But by Theorem 10.2.13(c), no line connects D(f¥,g) to C(f¥,g). So
since G is connected, we have either D(f?,g) = V(G) or C(f",9) = V(G).
The first of these two possibilities cannot occur as f¥(v) = f(v)+1 > §(v).
Thus C(f*,g) = V(G); that is, 6(f*,g) =0. But then

6(f,9)<6(f",9)+1=1

Since 6(f,g) # 0, the theorem follows. n

10.2.17. COROLLARY. If G s (f,qg)-critical then f(V(G)) is odd. w

We are now prepared to prove the main structure theorem, which
— together with Theorem 10.2.13 — describes the structure of (f,g)-
optimal subgraphs and is the basis of the good characterization of 6(f,g)
provided by the minimax result of Theorem 10.2.19. Define the functions
/8,94 by fB(v) = f(v) - |V(v,B)|, ga(v) = g(v) - [V(v,A]|. Note that
fB+94 = deggicup)-
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10.2.18. THEOREM. Let G be any graph and f and g, non-negative
integer-valued functions defined on V(G) such that f + g > deg,. Let A,
B, C and D be as defined throughout this section and let Ds,...,Dy be
the connected components of G[D]. Then every D; is (fB,ga)-critical and
G|C] has an (fB,94)-factor. Furthermore, we have

6(f,9)=t+|V(A,B)| - f(A) - g(B).

PROOF. We may assume that f(v) =0 for v € A and g(v) = 0 for
v € B, since otherwise we may consider f' and g’ as previously defined
instead of f and g, by Lemma 10.2.15.

Let H be any (f, g)-optimal subgraph. We know by Theorem 10.2.13
that H contains no line connecting A to C or spanned by A, but it
contains all lines connecting B to C or spanned by B. Since the deletion
of lines incident with A is a local augmentation by the hypothesis that
f(v) =0 for v € A, we may assume that H contains no line incident with
A. Similarly, we may assume that H contains all lines between B and
D. A simple computation then shows that

6(H; f,9) = 6(H[D); fB,94) +|V(A, B)|. (10.2.8)
Conversely, let Jy be any (fg, ga)-optimal subgraph of G[D], and let
J=JoUG[BJuV(B,D)uV(B,C)u H[C],

where H is any (f,g)-optimal subgraph. Then the same computation
again shows that

6(J; f,9)=6(Jo; f,9) +|V(A, B)|. (10.2.9)
From equations (10.2.8) and (10.2.9) we see that
6(f,9)=6(fB,94) +|V(4,B)|. (10.2.10)

It follows from (10.2.8) and (10.2.10) that if H is an (f, g)-optimal sub-
graph, then H[D] is an (fp,g4)-optimal subgraph.

Next we show that every v € D belongs to D(G[D); fg,94). To this
end, let H be any (f,g)-optimal subgraph such that degz(v) > f(v).
Add to H all lines of V(B, D). These are local augmentations, so we get
another (f, g)-optimal subgraph H' and clearly we still have deg.(v) >
f(v). Delete all lines incident with A from H'. These are again local
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augmentations, and since the “deficiency” decreases at the points of A,
it must increase at the other endpoints of these lines. Hence degy.(v) >
f(v). But then

degyr(p)(v) = degy-(v) = |V(v, B)| > f(v) - [V(v, B)| = fB(v).

Furthermore, H"[D] is (fg, g4)-optimal by the above observation. Simi-
larly, we can construct an (fp,ga)-optimal subgraph in which the de-
gree of v is less than f(v). This proves that D(G[D]; fg,ga) = D.
Consequently, every connected component of G[D] is (fs,g4)-critical.
Thus 6(fB,94) = t, and using equation (10.2.10) the proof of the theorem
is complete. [ ]

Thus we have proved a result generalizing the Gallai-Edmonds Struc-
ture Theorem. Just as in the case of perfect matchings, this theorem
has many consequences and applications. In this book we do not treat
all of these, but some of them are formulated as exercises. The single
most important consequence of this structure theorem is the following
minimax theorem characterizing 6(f,g) (Lovész (1970b)), which implies
a necessary an? sufficient condition for the existence of an f-factor due
to Tutte (1952).

To formulate this result, we introduce some notation. Let G be
a graph, let f and g be non-negative integer-valued functions defined
on V(G), and let X and Y be disjoint subsets of V(G). We say that
a connected component K of G ~X —Y is (X,Y)-odd (with respect to
(f, 9)3, if (a) f(v) = §(v) for all v € V(K), and (b) f(V(K))+|V(V(K),Y)|
is odd.

The reader may verify without difficulty that K is (X,Y)-odd with
respect to (f,g) if and only if it is (Y, X)-odd with respect to (g, f). We
denote by 7(X,Y) the number of (X,Y)-odd components of G- X —-Y.
Note that every connected component of D[G] is (A,B)-odd. Hence
7(A, B) is the number of connected components of D[G].

10.2.19. THEOREM. Let G be a graph and let f and g be two non-
negative integer-valued functions on V(G) such that f + g > degg. Then

6(fag) = ma.x{T(X,Y) + 'V(X,Y)l - f(X) _g(Y)},

where (X,Y) ranges over all pairs of disjoint subsets of V(G).

PROOF. Consider any spanning subgraph H and any two disjoint sub-
sets X,Y of V(G). We show that

§(H; f,9) 2 7(X,Y)+ |V(X,Y)| - f(X)—g(Y). (10.2.11)
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Setting Z = V(G)— X —Y, we then have
§(H; f,9) 2 ) (degy(v) — f(v) + }_ (degg(v) — g(v))

veX veyY
+ Y 6(v;H; f,9).
veZ
If K is any (X,Y)-odd component of G —X —Y, then either K contains
a point v with 6(v; H; f,g) # 0, or H has a line connecting K to X or
H has a line connecting K to Y, by a simple parity argument. Hence

Z 6(U;H;f,g) 2 T(X:Y) - 'VH(Z)X)' - |VF(Z:Y)|’

veZ

20480 S(H, £,) > degg(X) + deg(Y) — F(X) — g(Y)

+7(X,Y) = |VH(2,X)| - V{2, Y).
But clearly

degy(X) +degg(Y) 2 [Vo(X,Y)| +|VH(Z, X)| +|V#(Z,Y),

and hence inequality (10.2.11) follows. Since by Theorem 10.2.18 any
(f,g9)-optimal subgraph H, together with X = A and Y = B, gives
equality in (10.2.11), the theorem is proved. [ ]

Taking g = f in Theorem 10.2.19, we obtain the following important
theorem due to Tutte (1952).

10.2.20. THEOREM. (The f-Factor Theorem). A graph G has an f-
factor if and only if for every two disjoint subsets X and Y of V(G),
the number of those connected components K of G— X =Y for which
FV(K)+|V(V(K),Y)| is odd, does not ezceed f(X)+ f(Y)—|V(X,Y)|.m

From Theorems 10.2.19 and 10.2.20 several sufficient conditions for
the existence of (f,g)-factors can be derived as special cases. Some of
these are stated below as exercises.

10.2.21. EXERCISE. Use Theorem 10.2.5 to derive Gallai’s Identity
1.0.2.

10.2.22. EXERCISE. Let G be a factor-critical graph. Construct a
new graph M whose points are the near-perfect matchings of GG, any two
of which are adjacent if and only if they have all but one of their lines
in common. Prove that M is connected.
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10.2.23. EXERCISE. Show that Theorem 10.2.10 contains Lemma 3.1.5
as a special case.

10.2.24. EXERCISE. Prove that every factor-critical graph is also (1, deg
—1)-critical.

10.2.25. EXERCISE. Prove that a bipartite graph is never (f, g)-critical.
Derive the necessary and sufficient condition for the existence of an f-
factor in a bipartite graph (Theorem 2.4.2) from the f-factor Theorem.

10.2.26. EXERCISE. Let G be a graph and let a and b be integers
such that a+b> A(G)+1. Prove that G has an (a, b)-factor.

10.2.27. EXERCISE. Let G be a graph such that any two odd cycles in
G either have a point in common or are connected by a line. Prove that G
has an f-factor if and only if 3, f(v) iseven and |V(X,Y")| < f(X)+(Y)
holds for any two disjoint subsets X, Y of V(G).

10.2.28. EXERCISE. Suppose that f + g > degg. Prove that G has
an (f, g)-factor if and only if |V(X,Y)| < f(X) +¢(Y) holds for any two
disjoint subsets X,Y of V(G).

10.2.29. EXERCISE. Deduce from the f-factor Theorem the following
results of Petersen (1891): If G is a (2d)-regular graph then G has a 2-
factor. If, in addition, G is connected and |E(G)| is even, then G has a
d-factor.

10.3. Realization of Degree Sequences

When is a given sequence of integers realizable as the degree sequence
of some graph? It is not difficult to see that this question is a special case
of the f-factor problem. In fact, it is just the f-factor problem for com-
plete graphs. However, more transparent conditions can be formulated
in this special case. Furthermore, solutions are known for the realization
problem where the realizing graph is required to have certain additional
properties (like being k-connected, or having a perfect matching). Such
versions of the general f-factor problem are not well-solved; in fact they
are often NP-complete.

We give only a sampling of realizability results; more examples can
be found, for example, in Berge (1973). We shall restrict ourselves to
realizability by simple graphs. (Realizability problems tend to be simpler
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if multiple lines are allowed. Some results of this type occur in the
exercises.)

The principal result concerning realizability is due to Erdés and
Gallai (1960).

10.3.1. THEOREM. Letd; >dy>--- >dy, >0 be integers. Then there
ezists a simple graph with degrees di,...,d, if and only if

(a) i, d; is even, and
(b) i,di< 2t keamin{di, k} + k(k - 1)
holds for each 1< k< n.

PROOF. The necessity of (a) is trivial. The necessity of (b) follows by
counting the lines incident with the first k£ points in two different ways.

We prove the sufficiency of conditions (a) and (b) using Tutte’s f-
factor Theorem 10.2.20. Of course this is an example of “overkill”, since
the sufficiency could be proved by a fairly simple induction argument, as
will be sketched later. But we want to use this proof also to illustrate
the power of the f-factor Theorem.

So suppose now that (a) and (b) hold. Let K,, denote the complete
graph on points {1,...,n}. Then a graph with degrees d,...,d, exists
if and only if K, has a d-factor (where, to be precise, d denotes the
function defined by d(¢) = d; for 1 < < k). By the f-factor Theorem it
suffices to show that for every X,Y C V(G), such that X nY = O, we

have
7(X,Y) <d(X) +d(Y) - |V(X,Y)|

d
dX)-dY)+(n-1)Y|-|X]|-|Y|, (10.3.1)

where d(X) = 5_d; and this sum is over all points in set X.

If X =Y = O, then the right hand side of inequality (10.3.1) is
0, but so is the left hand side by condition (a). Consider now the case
when X UY # . Note that 7(X,Y) <1 since K, is a complete graph.
Furthermore, if we fix |X| =r and |Y| = k then the minimum of the
right hand side is attained when X is the set of those r points with
smallest prescribed degrees and Y is the set of those k points with largest
prescribed degrees. Thus it suffices to prove that

k n
e+ di< ) di+(n—-1-r)k, (10.3.2)
=1

1=n—r+1

where e =1, if > 777  di + (n—r—k)k is odd and ¢ = 0, otherwise.
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To verify this inequality, let us write it in the form
k n n—r
e+S di< Y di+ Y k+k(k—1).
i=1 i=n—r+l i=k+1

This inequality follows from (b) immediately unless e =1, and d,_, > k,
but d,,_r,1 < k. However, in this latter case we must have

k n
d1;= Z d¢+(n—1—'r)k,
1=1 i=n—-r+1
and hence
n-—r n k
S odit(n—r—kk=3di-2Y di+2n—r)k—k(k +1),
i=k+1 i=1 i=1

which is even and so € = 0. This contradiction proves the theorem. ®

This theorem provides an easy procedure to check whether or not a
sequence is the degree sequence of a simple graph. But there is an even
simpler algorithm to do this due to V. Havel (1955) and to Hakimi (1962).
It is based on the following lemma.

10.3.2. LEMMA. Letd; 2 dy > --- > d, > 0 be integers. Then this
sequence 13 realizable as the degrees of a simple graph if and only +f the
numbersd; —1,...,dqg, —1,dg, +1,...,dn—1 are realizable.

PROOF. The sufficiency of the condition is clear: if d; —1,...,dq, —
1,d4 +1,-..,dn—1 are the degrees of a simple graph G', then introducing
a new point and connecting it to the first d,, points of G’ we obtain a
simple graph with degrees d;,...,d,. '

To prove the necessity, it suffices to show that if dy,...,d, is the
degree sequence of some simple graph, then it is, in fact, the degree
sequence of one in which the point n is adjacent to the points 1,...,d,. To
show this, let G be a simple graph with degrees dy,...,d,. Furthermore,
suppose that there are points ¢ and j in G such that 1 <i<j7<n—-1,
and n is adjacent to j but not to :. Since d; < d;, there must be a point
k # ¢, 7,n which is adjacent to ¢ but not to 5. Replacing the lines k7 and
nj by the lines ni and k7, we obtain another simple graph with the same
degrees, but such that in the neighborhood of n, point j is replaced by
1. Repeating this procedure if necessary, we end up with a graph with
the given degrees in which the point # is adjacent to the first d, points.
This completes the proof of the lemma. [
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The preceding lemma provides a very simple way to check for the
realizability of a sequence as the degree sequence of a simple graph. In the
case when the answer is affirmative, it also constructs the graph. It could
also be used to obtain a direct proof of Theorem 10.3.1 by induction. The
details of this are left to the reader as an exercise.

As we remarked at the beginning of this section, we may ask if
the given degree sequence is realizable by a graph with certain special
properties. Here we prove one result of this nature; further results of this
kind are included as exercises.

The following theorem was conjectured by Griinbaum (1970a) and
proved independently by Kundu (1973) and Lovész (1974).

10.3.3. THEOREM. Letd,,ds,...,d, be integers. Then dy,...,d, are
the degrees of a simple graph with a perfect matching if and only if n 1s even
and both sequences dy,...,d, and dy —1,...,d, — 1 are degree sequences
of simple graphs.

PROOF. The necessity of the condition is trivial. Suppose, on the
other hand, that d,,...,d, is the degree sequence of a simple graph G on
points {1,...,n} and d; —1,...,d, —1 is the degree sequence of another
simple graph G’ on the same set of points. We choose G and G’ so that
the symmetric difference of E(G) and E(G’) is minimal, and show that
G' C G. This will clearly imply the theorem.

Suppose that G’ ¢ G, and let v be the point of V(G) which is
incident with the largest number r of lines of G’ not in G. Obviously,
there are r + 1 lines in E(G) — E(G’) incident with v. Choose any z €
V(G) such that zv € E(G’) — E(G), and then any w € V(G) such that
2w € E(G)— E(G’). (Such a w exists since deg, = degg +1).

We claim that for any y € V(G)—v—w for which vy € E(G)—-E(G'),
we also have wy € E(G) — E(G'). For, suppose first that wy ¢ E(G).
Then replace the lines vy and wz with the lines vz and wy in G. This
results in a graph with the same degrees, but with smaller symmetric
difference with respect to G', contrary to the minimality assumption.
Second, assume wy € E(G"). Then replacing the lines vz and wy by the
lines vy and wz in G’, we get a contradiction as before.

But then we see that the number of lines in E(G)— E(G’) incident
with w is strictly larger than the number of lines in E(G)—E(G’) incident
with v. In fact, for every line yv € E(G)— E(G’), we have the line
yw € E(G) - E(G') (y # v,w). Moreover, in addition, we also have the
line wz. (The line vw may or may not be a line in E(G)— E(G’), but it
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contributes the same number to deg;(v) and deg(w) in any case.) This
is a contradiction of the choice of v. ]

The above proof also provides a simple algorithm for constructing a
graph with a perfect matching and having given degrees.

10.3.4. EXERCISE. Prove that integers d; >dy > --- > d, >0 are the
degrees of a graph with multiple lines, but no loops, if and only if > d;
iseven and d; <dg+ -+ +d.

10.3.5. EXERCISE. Prove that integers d; > --- > d,, > 0 are the
degrees of a tree if and only if d, >0 and dy +:-- +dp, =2n—2.

10.3.6. EXERCISE. Prove that integers d; > -+ > d,, > 0 are the
degrees of a connected simple graph if and only if they are the degrees
of a simple graph, d, >0 and d; ++-- +d, > 2n—2.

10.3.7. EXERCISE. Show that the problem as to whether or not a
graph G has a connected f-factor is NP-complete.

10.3.8. EXERCISE. Prove that if f,g : § — Z, are two functions
defined on the same finite set S, and g takes its values from a set {k, k+1}
for some k, then there exists a simple graph on S with degrees f having
a g-factor if and only if all three of f, g and f — g are degree sequences
of simple graphs (Kundu (1973)).
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Matroid Matching

11.0. Introduction

We have remarked -before that matching theory is a central part of
graph theory, not only because of its applications, but also because it is
the source of many important ideas developed during the rapid growth of
combinatorics during the last several decades. Matching theory serves as
an archetypal example of how a “well-solvable” problem can be studied.
It also seems to be very near the limits of well-solvability in a sense. Most
reasonable generalizations of the matching problem have turned out to
be difficult — usually NP-hard — problems.

This is not quite the case with the bipartite matching problem,
which has several non-trivial, but well-solved, generalizations. Besides
the non-bipartite matching problem, we have also discussed the Matroid
Intersection Problem along these lines. (See Section 1.3.) Is there a
common extension of these two generalizations? Such a problem was
proposed by Edmonds under the name “Matchoid Problem”, and by
Lawler in a different — but equivalent — form under the name “Matroid
Parity Problem”. There are other equivalent versions of the same prob-
lem which we shall call collectively the “Matroid Matching Problem”.
Unfortunately, this problem turns out to have no polynomial-time algo-
rithmic solution. (Interestingly, this negative result does not depend on
the “P#NP” hypothesis.) Also no good characterization of the “matroid
matching number” can be found in a precisely defined sense. But in
Section 11.2 we shall prove a result about the matching number of ma-
troids which will imply good characterizations of this number, if the
matroids in question are presented in certain special ways. In particular,
we shall solve the problem for linear matroids. Several applications of
matroid matching results will be discussed in Section 11.3.

11.1. Formulations of the Matroid Matching Problem

Recall that if S is a finite set and if f is a real-valued function
defined on the subsets of S, then f is called submodular if the inequality
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FXNY)+ f(XVY) < fX)+f(Y)

holds for every pair of sets X,Y C S. A submodular, integer-valued,
monotone increasing set function which is 0 on the empty set is called
a polymatroid function. A set S endowed with a polymatroid function
f is called a polymatroid and is denoted by (S, f). The function f will
be called the rank funetion of the polymatroid. A k-polymatreid is a
polymatroid in which every singleton set has rank at most k. Thus 1-
polymatroids are just matroids.

Let 7y,...,7x be the rank functions of k arbitrary matroids on the
same set S. Then (S,r; +--- +7,) is a k-polymatroid. However, not
all k-polymatroids arise in this way. There is another construction to
obtain polymatroids from matroids which will prove more general. Given
a matroid (8,7), we can construct a polymatroid as follows. Let {A; |7 €
T} be a set of subsets of S. Define a set function f on the subsets X of
T by the formula

FX)=r(U 4). (11.1.1)
1eX
It is a straightforward matter to verify that this set function is a poly-
matroid function and so (T, f) is a polymatroid.

It can be shown (Helgason (1974), McDiarmid (1975) and Lovész
(1977)) that, conversely, every polymatroid can be represented by this
construction. Thus, polymatroids do not really lead to problems fun-
damentally more general than do matroids. However, often the poly-
matroid formulation is more compact and therefore easier to handle.

A special case of the above construction occurs when the matroid
(S,r) is a linear space. We then obtain the following construction of
polymatroids. Let T be a set of subspaces of a linear space. For X C
T, let f(X) denote the dimension of the linear span of the union of
subspaces in X. Then (T, f) is a polymatroid. Polymatroids arising by
this construction are called linear. Let us note that if the members of T
are 2-dimensional subspaces, then we obtain a 2-polymatroid and it will
be these 2-polymatroids for which the Matroid Matching Problem will
be solved in this chapter.

When we speak about a linear polymatroid we shall tacitly assume
that it is given to us as a set of linear subspaces of a linear space over
some field, where each subspace is specified by one of its bases. Thus, in
fact, what we are given is a matrix whose columns are partitioned into
classes. The linear subspaces spanned by the columns in these classes
will then define our linear polymatroid.
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Another special case of the general construction described above
arises when the underlying matroid is free. In this case the structure
we start with is a hypergraph; that is, a collection {A4; |7 € T} of subsets
of a finite set S, where we define a polymatroid function f on T by

100 =1U A (11.1.2)
eX
In the special case when the given hypergraph is a graph, the polymatroid
defined this way will be a 2-polymatroid. This is the most straightfor-
ward way to apply results on 2-polymatroids to graphs. For further con-
structions leading to polymatroids, the reader is referred to Lovasz (1977,
1983a).

What does all this have to do with matchings? Let (S, f) be a 2-
polymatroid. A set X C S is called a matehing if f(X) = 2|X|. In the
special case of 2-polymatroids defined on the set of lines of a graph as in
(11.1.2), the matchings in the 2-polymatroid will be just the matchings
of the graph. More generally, let G be a graph and b: V(G) — Z+ any
mapping. Define a function f:2E(%) — Z, by

f(X)= 3 min{b(v),degx(v)}.

veV(G)

Then (E(G), f) is a 2-polymatroid and a matching in (E(G), f) is just a
b-matching in G. (See Section 6.1.)

As a further example, consider two matroids (S,r;1) and (S,r2) on
the same underlying set. As previously remarked, (S,ry + 73) is a 2-
polymatroid. The matchings of (S,7; +72) are just the common inde-
pendent sets in (S,7y) and (S, 72).

It is easy to see that every subset of a matching is itself a matching.
The maximum size of a matching in (S, f) will be denoted by (S, f).

Let X be a subset of the polymatroid (S, f). We define the span
of X, SpanX, to be the largest subset of S which includes X and has
the same rank as X. (It follows from the submodularity of f that every
set has a unique span.) We say that X is spanning if its span is the
whole set S, that is, if f(X)= f(S). We denote by p(S, f) the minimum
cardinality of a spanning set.

There are a number of simple facts concerning matchings in graphs
which can be generalized in a rather straightforward way to matchings
in 2-polymatroids. We shall need the following fact, which generalizes
Gallai’s Identity (1.0.2). (See Lovasz (1981).)
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11.1.1. LEMMA. Forany 2-polymatroid (S, f), v(S, )+po(S, ) = f(8S).

PROOF. Let M be a maximum matching in (S, f). Consider the
submodular set function fy(X) = f(M U X)— f(M), defined on the
subsets X of S — M. It is clear that fus is a polymatroid function, and
for every z€ S—- M,

fm(z) = f(Mu{z})- f(M) <1,

since otherwise M U {z} would be a matching, contradicting the maxi-
mality of M. Hence fps is a matroid rank function. Now let B be a
basis for the matroid (S — M, fas). Then

f(MuB)= f(M)+ fm(B) = f(M)+ fm(S — M) = f(8),

and hence M U B is a spanning set. Furthermore, |M UB| = |M|+|B| =
M|+ Fad(S — M) = |M| + £(S) - f(M) = £(S) — M| = £(S) - (S, /).
This proves that p(S, f) < |M U B| = f(8)—v(S, f). To show the reverse
inequality, let T be any spanning set. Delete elements from T as long
as each deletion lowers the rank by at most 1. Suppose we are forced to
stop after k deletions with a set N. Then, deleting any element from N
lowers its rank by at least 2. It is easy to see that this implies that NV is
a matching. So

IN| =T~k
<IT|~(f(T) - F(N))
= ||~ £(T) +2IN],

and hence |N| > f(T)—|T|. But then
U8, f) 2 |N| 2 f(T) - |T| = £(S) - p(S, f)-

This proves the lemma. [

Note that since S is spanning, this lemma implies the inequality
Y(S, 1) £(S)-18]. (11.1.3)

We have given the proof of this lemma to illustrate the idea that
graph-theoretic facts can sometimes be generalized to 2-polymatroids,
and to illustrate how we may actually work with polymatroids. Some
similar arguments in the material to follow will be left to the reader.

We can now state the main problem of this section.

THE POLYMATROID MATCHING PROBLEM.
Given a 2-polymatroid (S, f), determine the mazimum size of a matching.
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REMARK 1. Much of the problem is hidden in the slick phrase “given
a 2-polymatroid”! How is a 2-polymatroid “given”? It cannot mean that
the value of f is given explicitly for each subset separately, since then
it would take more than 2!5! units of time just to read the data, and to
look at each subset to find a maximum matching would double this time!
The usual way to circumvent this difficulty is to assume that there is a
subroutine (or “oracle”) to compute f(X) for any given subset X C S,
and that the running time of this subroutine is polynomial in |S|. If our
polymatroid is linear, or if it is determined by a graph as in equation
(11.1.2), then such a subroutine is easily constructed. (See Box 11A for
more remarks on such “oracle algorithms”.)

REMARK 2. It would be easy to extend the notion of a matching to
k-polymatroids, and ask for the maximum size of a matching in a k-
polymatroid. It turns out, however, that even for very nice polymatroids,
say for those defined by hypergraphs via equation (11.1.2), the matching
problem is NP-hard. (See Karp (1972).)

REMARK 3. In view of the approach used mainly in Chapter 7, it
would be natural to try to obtain a description of the convex hull of
matchings in a (say, linear) 2-polymatroid. Equivalently, we would like
to assign weights to the elements of S and then find a matching having
maximum weight. This problem, however, is completely unsettled.

/BOX 11A. Oracles N

How can we handle the Polymatroid Matching Problem from an
algorithmic point of view? How is a polymatroid “given”? Answers to
such questions are not at all obvious, and the answers we give influence
the direction we should take toward improving our algorithms.

These questions already arise in dealing with much simpler problems.
Suppose that we are given a matroid with weights on its points and we
have to find an independent set having maximum weight. But precisely
how is this matroid “given”? If it is given as a list of its independent sets
(which is perhaps the most natural way if we look at the definition of a
matroid), then the problem is trivial; just scan the list of independent
subsets, compute the weight of each and pick a largest one. Essentially,
this takes no more time than merely reading the input data. But we saw
earlier that a maximum weight independent set can also be found by the
Greedy Algorithm. What then was the point to this latter result?

A way to make the maximum weight independent set problem more
meaningful by excluding the trivial solution formulated above is to assume
that the matroid is not really fully given in advance, but only in the
\\ following sense. Suppose we are given the set S of its points (together J/
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7 with their weights), and an “oracle” or “subroutine” to check whether or \
not a given subset X of S is independent. We shall not be concerned with
the details of this subroutine; therefore an oracle is often described as a
little black box, the function of which has certain specifications: its input
is restricted to subsets of a given set S, its output is “yes” or “no”, and
it is guaranteed by the manufacturer that the sets to which it answers
“yes” form the independent sets of a fixed matroid on S. We shall also
agree that one call on the oracle counts only as one step in the algorithm
with which we are dealing. Of course in practice, we substitute some
realization of the oracle for the black box and then we also have to take
into account the running time of this subroutine. But as long as we find
polynomial time realizations, the polynomiality of the total running time
will not be affected.

In the model for matroid algorithms sketched above, the Greedy
Algorithm for computing the maximum weight independent set can be
implemented in nlogn time, where n is the number of points in the
matroid. More difficult problems, such as that of finding a largest com-
mon independent set in two matroids, can also be solved in time polyno-
mial in the number of elements in the two matroids.

The oracle model for matroid algorithms is not only a necessary bur-
den to make certain procedures precise; it also allows us to obtain non-
trivial lower bounds on the computational complexity of certain problems.
It is surprising that by using this oracle model, we can prove the polyno-
mial time unsolvability of certain problems, whereas previously all such
negative results depended on the hypothesis that P#NP.

To illustrate these remarks, we now show that the 2-polymatroid
matching problem cannot be solved in polynomial time. This result was
obtained independently by Jensen and Korte (1982) and Lovész (1981).
A thorough study of matroid oracles was made by Hausmann and Korte
(1981).

Suppose a 2-polymatroid (9, f) is given by an oracle which accepts
as input any subset of S and outputs the value of f on this subset. Let
us say that the oracle is realized by that famous Delphic seer, Pythia,
and our favorite Greek hero, Algorithmos, thinks he has a polynomial-
time algorithm to find the matching number of any 2-polymatroid. The
difference between Merlin (see Box 1A) and Pythia is that she never lies
and so Algorithmos does not have to require a proof of the truth of her
answer. {Of course we do know that her favorite pastime is to lure mortal
Greek heroes into deep trouble by telling the truth!)

So let us suppose that Algorithmos is busily performing his com-
putations, every now and then asking Pythia about the value of f(X)
for certain sets X. Pythia pretends that she has in mind the following

. 2-polymatroid: J/
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( 21X, if |X|<k, N
f(X) ={

2k—1, if | X|{=k, and
2k, if | X|>k.

It is clear that this 2-polymatroid has matching number k —1. But how
fast can Algorithmos arrive at this conclusion? Suppose that he announces
that the matching number of this 2-polymatroid is k — 1, without first
asking for all values of f(X) when |X|= k. Suppose Xj is a k-element
subset of S for which he has not checked f(Xo). Then Pythia (or fate!)
triumphs over him by claiming that the 2-polymatroid she had in mind
was in fact the following:

21X, if|X|<k,
f(x) ={ 2k -1, if | X|=k,X # Xo, and
2k, if X =X, or | X|>k.
The matching number of this 2-polymatroid is k, and Algorithmos will
suffer all the consequences known from mythology for misinterpreting
Pythia!

This argument shows that to decide whether or not v/(S, f) = k takes
— in the worst case — at least (":') calls on the oracle. Choosing {S| = 2k,
this number of calls is exponentially large in |S|, and this proves that no
polynomial-time algorithm exists for finding the matching number of a
2-polymatroid given by an oracle which computes f(X).

One might think that it is the oracle model which is responsible for
this negative result and whenever we have a “decent” (i.e., polynomial-
time) realization of the oracle, we can always design a polynomial-time
algorithm to compute the matching number. But this is not so. Let G
be a graph, suppose k£ > 1 and consider the following 2-polymatroid on
V(G):

AX], if|X|<k
f(X);-= 2k—1, if |X|=Fk and X is not a clique in G,
2k, if |X| =k and X is a clique in G, or if | X| > k.

Then for every X C V(G), f(X) is easily computed. But »(V(G), f) =k
if and only if G contains a clique of size k and so to determine v(V(G), f)
k is NP-hard.

/

Let us now formulate some equivalent versions of the Polymatroid
Matching Problem.

THE MATROID PARITY PROBLEM.

Let (S,r) be matroid and let S = A} U--- UA,, be a partition of S into
pairs. Find a mazimum size collection {A,,,...,A;.} of these pairs such
that A;, U..- UA,, i3 independent in (S,r).
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This problem can be reduced to the polymatroid matching problem
by simply considering the polymatroid induced on the set {1,...,m} by
the function (11.1.1). Conversely, the polymatroid matching problem can
also be reduced to the matroid parity problem, even though this reduction
involves as a subroutine the problem of minimizing a submodular set
function (see Box 11B).

THE MATCHOID PROBLEM.

Let G be a graph and assume that for each point v € V(G), a matroid M,
18 given on the star of v. Call a set M of lines o matchoid 1f the set of lines
in M incident with any point v is independent in M,,. Find a matchoid
of mazimum size.

It is rather straightforward to verify that the matchoid and matroid
parity problems are equivalent.

A slightly different formulation of this same problem can be stated
as follows. A graph together with a matroid structure on its points is
called a matroid graph. A set of lines in a matroid graph is called a
matching if it is a matching in the underlying graph and, in addition,
the set of points it covers is independent in the matroid.

THE MATCHING PROBLEM FOR MATROID GRAPHS.
Find a mazimum matching in a matroid graph.

The equivalence of the next problem to those above is less obvious.

THE MAXIMIZATION OF SMOOTH SUBMODULAR FUNCTIONS.
Given a submodular set function f which satisfies the “smoothness” con-
dition: |f(X)— f(Y)| < | X @Y for any two subsets X and Y, mazimize
f.

To show that this problem also reduces to polymatroid matching,
let f be a smooth submodular set function on S and define f; by:

[X) = fX)+ X[ - £(9).

It is then easy to verify that f; is a 2-polymatroid function (by the
smoothness of f), and that

%astf(X) = f(@)+ v(8, f1)-

We remark that the maximization problem of a general submodular
function is NP-hard even for some very nice submodular functions. For
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example, the problem of maximizing the submodular set function |X|—

|E

(G[X])| over all X C V(G), where G is a graph, is equivalent to finding

a maximum independent set of points in G!

Finally, in view of Lemma 11.1.1, the polymatroid matching problem

is also equivalent to the following.

THE MINIMUM SPANNING SET PROBLEM IN 2-POLYMATROIDS.
Gwen a 2-polymatroid (S, f), find a mintmum spanning subset.

y

\

BOX 11B. Minimizing Submodular Set Functions )

Let S be a finite set and f: 25 — R, a submodular set function
(see Section 1.3). The task of finding a minimum for f is a very general
combinatorial optimization problem, which includes quite a few of the
combinatorial optimization problems discussed in this book. Let us look
at some examples.

11B.1. EXAMPLE. Let (D,c,s,t) be a network. That is, let D be a
directed graph, c¢: E(G) — R, a capacity function, and s and ¢ specified
points called the “source” and “sink” respectively. For each subset X C
V(G)—s—t, let f(X) = c(X us) denote the capacity of the s —¢ cut
determined by X us. Then f is a submodular set function and the
problem of minimizing f is equivalent to finding a minimum s —¢ cut.

11B.2. EXAMPLE. Let (S,71) and (S,72) be two matroids on the same
underlying set. Then, by Theorem 1.3.19, the maximum size of a common
independent set is equal to the minimum of 7;(X) +72(S — X)) taken over
all subsets X of S. Now this sum, as a function of X, is submodular
and minimizing it is equivalent to finding the maximum size of a common
independent set of two matroids.

11B.3. EXAMPLE. Suppose G is a bipartite graph with bipartition
(A, B) and for all X C A, let

F(X) = I(X)| - 1X].

Then f(X) is submodular and minimizing it is equivalent to finding the
deficiency of G. In particular, G has a matching from A into B if and
only if the minimum of f is 0.

A polynomial-time algorithm to minimize a general submodular set
function is known (see Grotschel, Lovasz and Schrijver (1981)). We will
not go into the details of this algorithm, but let us at least remark
that it uses the Ellipsoid Method in a way quite similar to the solution
of the matching problem sketched above. This reduces the problem /
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/ of minimizing a submodular set function f to a linear program of the\
following type:

maximize w-zT
z

subject to 0

>
z(T) < f(T) (forallTCS9).

A polytope of this kind is often called a polymatroid polytope or briefly, a
polymatroid. To optimize a linear objective function over such a polytope
is quite easy using the Greedy Algorithm (see Edmonds (1970)).

Unfortunately, this approach to submodular function minimization
is impractical since it uses the Ellipsoid Method. Another disadvantage
is that it does not give any combinatorial insight into the structure of
submodular set functions. To find an algorithm to minimize a submodular
set function based on combinatorial ideas is an important open problem.

Often one would like to minimize a submodular set function over
some special family of subsets of S (rather than over all subsets). Let us
look at some more examples.

11B.4. EXAMPLE. To determine the line connectivity of a graph, we
must find the minimum of the submodular set function |V(X)| over the
non-empty proper subsets of V(G). .

11B.5. EXAMPLE. Let G be a graph and suppose = € !Rf(c). To
determine whether or not z € PM(G), we must find the minimum of
the submodular set function z(V(X)) over the odd subsets of V(G).

To find the minimum of a submodular set function over the non-
empty proper (or non-empty, or proper) subsets of a set is easily reduced
to the unconstrained case, and this reduction is left to the reader as an
exercise.

It is also possible to minimize a submodular set function, defined
on all subsets of a set S, over just the odd subsets of S. This is more
difficult, and a rather involved extension of the ideas of the Padberg and
Rao method for finding a minimum T-cut (see Theorem 6.6.11) is needed.
For details we refer the reader to Grotschel, Lovész and Schrijver (1984b).

What does all this have to do with matching algorithms? We saw
in Section 9.4 that the Ellipsoid Method reduces the Maximum Weight
Matching Problem to the problem of finding the minimum of a sub-
modular set function over the odd subsets of V(G) (cf. Example 11B.5).
This problem, in turn, can be reduced to the unconstrained minimiza-
tion of a submodular set function by a greedy-type algorithm. Then
again the Ellipsoid Method can be used to reduce this problem to the
problem of optimizing over polymatroid polyhedra. Finally the Greedy
Algorithm can be used yet again to solve this last problem. The strength
of the combination of these two very general algorithms — the Ellipsoid
\Method and the Greedy Algorithm (see Box 1C) — is indeed surprising. /
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Of course the algorithms obtained by such general methods are useless
in practice; we dare not even estimate their running time! But such
polynomial algorithms, just by virtue of their existence, serve as signals
that for certain problems it seems worth-while to look for taylor-made
polynomial-time algorithms which, of course, have to make much more
use of the peculiarities of the particular problem at hand.

We will now describe a solution of the Matroid Matching Problem in
which we attempt to deal with general 2-polymatroids as long as we can,
and then use the linearity or other special hypotheses only in one final
crucial step. Also, we shall be concerned only with a good characteriza-
tion of the matching number and not with any algorithmic aspects. Based
on these ideas, a polynomial-time algorithm can be developed to deter-
mine the matching number of a linear polymatroid (Lovasz (1981)). This
algorithm is polynomial, but very slow. (A rough estimate of its running
time is O(n17), but even after much additional work, no implementation
faster than O(n'%) is known at present.)

Before discussing these results, let us take a closer look at the match-
ing problem for linear 2-polymatroids. We are going to show that the
approach used in Section 8.2, that is, the use of linear algebra and al-
gebraically independent variables, generalizes easily to the matroid case.
We consider the Matroid Parity Problem formulation, where the matroid
is given by an r X 2n matrix A. (For sake of simplicity, assume that we
are working over the rational field.) Let the 2n columns of A be split
into pairs (a1,b1),...,(Gn,bn).

What is the maximum size of an independent set of columns which
is the union of some of these pairs? Of course this is a special case of
the Matroid Matching Problem. For every 1 < < n, consider the wedge
product a; A b;, that is, the r X  matrix defined by

(@; A bi)uu = (ai)#(bi)u - (ai)u(bi)u'

Clearly a; A b; is skew symmetric. Now the following theorem can be
proved.

11.1.2. THEOREM. The mazimum number of columns of A which are
linearly independent and which consist of some of the pairs (@i, b;) s equal
to the mazimum rank of the matriz ¥ | ;(@:Ab;), where the mazimum is
taken over all reals z,,...,z,. This maztmum i3 attained when z;,...,Z,
are algebraically independent. [
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The proof of this result is not difficult and is omitted. (See Lovész
(1979b) where a proof for a special case is given. The proof in the general
case is the same, however.) Just as in Section 8.2, this theorem can be
used to obtain a Monte Carlo algorithm to solve the matching problem
for matroids linear over the rational field. This, however, cannot be
regarded as a full solution to the problem. First, it does not yield a good
characterization of the matching number, and second, this algorithm runs
into the same numerical difficulties which we sometimes try to avoid by
using matroid matching formulations of certain problems, as we shall see
below.

We conclude this section with two examples of models taken from
engineering disciplines which lead to combinatorial problems reducible to
matroid matching.

Let H be a planar bar and joint structure, that is, a set of rigid bars
interconnected by flexible joints in which all motions of the structure
are assumed to be restricted to the plane. There are many beautiful
mathematical problems which arise from the study of rigidity of such
structures and quite a few of these concern matroids. Here we only treat
one of these, and refer the interested reader to Crapo (1979) and Lovész
and Yemini (1982). A forthcoming book by A. Recski on matroids will
treat several of these in detail.

A planar bar and joint structure can be represented by a graph G
whose points are points of the euclidean plane. An infinitesimal motion
of such a structure is an assignment of a velocity v(z) € ®? to each point
z € V(G) so that no line is “stretched” or “compressed”, that is, for every
line zy € E(G), the vector £—y is perpendicular to the vector v(z)—v(y),
or equivalently, (z —y) - (v(z) —v(y)) =0.

A finite or physical motion of G consists of an “orbit” z(t), (t; <t <
t2), of each point z € V(G) such that the distance |y(t) — z(t)| remains
constant for each bar zy € E(G). Under appropriate differentiability
conditions, the velocities D;z(tg) = v(z) form an infinitesimal motion
of the structure at time ty;. The converse, however, is not true and
a structure may have non-trivial infinitesimal motions which do not
correspond to any physical motion. In what follows we shall be concerned
with infinitesimal motions only.

We shall also consider structures in which some of the points are
“pinned down”. If a set P C'V(G) is pinned down then the infinitesimal
motions of the resulting pinned planar structure (G, P) are those infini-
tesimal motions v of G for which ¥(z) =0 for each z € P. We say that
a pinned structure is rigid if it has no infinitesimal motion other than 0.
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We now ask: given a planar structure G, what is the minimum num-
ber of pins needed to “fix” it, that is, what is the minimum cardinality
of a set P C V(G) such that if (G, P) denotes a graph G pinned at the
points of P, then (G, P) is rigid? This-question was suggested by Crapo
and discussed in Lovasz (1980). Here we only show how to reduce it to
the Matroid Matching Problem.

The infinitesimal motions of a (pinned) planar structure (G, P) form
a linear space. We denote the dimension of this space by #(G,P) and
call it the degree of freedom of the structure (G, P). Given an (unpinned)
planar structure G, let us define a set function on V(G) by

f(X)=e(G,0)- ¢(G, X). (11.1.4)

Then f(X) reflects how many degrees of freedom are removed by pinning
down the set X. It is not difficult to show, using the definition of
infinitesimal motions and linear algebra, that f is submodular, monotone,
f(D) =0 and f({z}) =2 for every z € V(G). So (S, f) is a 2-polymatroid.
(In fact, this 2-polymatroid is even linear!) Furthermore, pinning down
X makes the structure rigid if and only if X is a spanning set. So the
pinning problem can be reduced to the Minimum Spanning Set Problem
for a 2-polymatroid.

Our second example comes from electrical engineering. Consider an
electrical network consisting of resistors as well as voltage and current
generators. This may be described by a graph G, having three kinds of
lines: “resistors”, “voltage sources” and “current sources”. Every line e
of G has a certain current, i, and a certain voltage, u., assigned to it.
To make this precise, we must specify an arbitrary orientation of G and
define the sign of the current ¢, to be positive if it goes from the tail
to the head of e and negative, otherwise. Similarly, the voltage u. has
a positive sign if the head of e has higher potential than its tail, and a
negative sign, otherwise. We must emphasize that this orientation of the
lines is purely for reasons of reference and has no physical significance.
We shall assume also that G is connected throughout.

The voltages and currents satisfy the so-called Kirchhoff Laws. The
first set of these, called “node laws”, one for-each point (“node”) v of G,
says that the currents ¢, form a “circulation”. That is

Y ia—) ig=0. (11.1.5)
a 2

Here o ranges over all lines having their tail at v and 3 ranges over those
lines having their head at v. The second set of laws, one for each routed
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cycle (“loop”) C in G, are called “loop laws” and read:
duy—d us=0. (11.1.6)
ol )

Here ~ ranges over all forward lines of C and § over all backward lines
of C. These laws reflect the fact that «, is the difference of potentials of
the endpoints of e.

The Kirchhoff Laws do not determine the currents and voltages
uniquely. In fact, it is well known (see Bollobds (1979) or Seshu and Reed
(1961)) that they provide exactly q linearly independent linear equations
among the 2g variables i, and u.. Further relations are provided by
Ohm’s Law:

Ue = Rete (11.1.7)

for every line e containing a resistor, and by lines e containing given
voltage sources:
Ue = U (11.1.8)

and containing given current sources:
Te = le, (11.1.9)

where 7. and 7. are given values. These relations yield q further equa-
tions for the variables 7. and u.. Thus the correct total number of these
equations is obtained and we ask the question: do these equations deter-
mine the currents and voltages uniquely? There is, of course, a general
answer to this question. Pick ¢ independent Kirchhoff equations together
with ¢ further equations of the form (11.1.7) - (11.1.9) and evaluate the
determinant of the resulting system. If this determinant is non-zero then
there is a unique solution; otherwise, the solution is not unique. But
there is a simpler approach to this question. It is not difficult to prove
that the system (11.1.5) - (11.1.9) has a unique solution +f and only if G
has a spanning tree which contains all voltage sources, but none of the
current sources. Not only is this condition more appealing to a graph
theorist, but it is easier to verify and we do not run into difficulties with
numerical calculations (rounding errors, etc.) which may arise if we must
evaluate a determinant.

In the spanning tree condition for unique solvability of (11.1.5) -
(11.1.9) formulated above, we have tacitly assumed that the resistances
R, are positive. This is too restrictive, however, since in modelling some
of the more advanced electronic devices, we must use negative resistances!
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If R, is allowed to be negative then the condition given above for the
unique solvability of the system of equations (11.1.5) - (11.1.9) is no
longer sufficient.

Consider the very simple network in Figure 11.1.1. Here we have the
equations u; —ug =0, 1, +12 =0, vy = Ri; and uz = —Ri%,. This system
has no unique solution, in spite of the obvious fact that either one of the

Ry=R
Ry=-R

FIGURE 11.1.1.

two lines forms a spanning tree which contains all voltage sources, but
no current source.

There is, however, a way to save something of this nice combinatorial
condition involving a spanning tree. One may argue that the situation in
Figure 11.1.1 will never occur in a real-life situation since the two lines of
the graph represent two different devices and if R and —R are physical
parameters associated with these devices, the two will never be precisely
equal! If they are even infinitesimally different, the system will indeed
have a unique solution.

We can generalize this remark by proving the following: if an electri-
cal network consists of voltage and current generators and (positive and
negative) resistances, and the resistances are algebraically independent
over the rationals, then the system (11.1.5)—(11.1.9) has a unique solution
if and only if the graph G has a spanning tree which contains all voltage
generators, but none of the current generators.

When modelling even more complicated electrical networks, we must
sometimes consider devices having more than two “outlets”. A traditional
way to do this is to consider certain pairs of lines of the graph G and
assume that the two currents and the two voltages of these lines satisfy
two independent linear relations. Such a pair of lines is called a 2-port.
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The most common example of a 2-port is an (ideal) transformer, where
the two voltages u;, us and the two currents 7;, t2 of the two lines
satisfy ug = ku; and i = —1;/k. Here we shall treat in detail networks
containing a less well-known, but still fairly simple device, a so-called
gyrator. {The case of general 2-ports can be handled by similar means;
see Recski (1980).) A gyrator is a pair of lines e and f whose currents
and voltages are required to satisfy the following two equations:

Ue=Ryis  us=Ree, (11.1.10)

where R.+ Ry = 0. (Note the difference between a gyrator and the pair of
lines in Figure 11.1.1. In a gyrator, the two R’s are physical parameters
of the same device and so may be precisely equal in absolute value for
physical reasons.)

We now sketch the proof of the following theorem (Milié (1974)).

11.1.3. THEOREM. Let G be a network consisting of voltage and cur-
rent sources, resistances, and gyrators. Suppose that the resistances and
the parameters of the gyrators are algebraically independent over the ra-
tionals. Then the system (11.1.5)-(11.1.10) has a unique solution if and
only if G has a spanning tree which contains all voltage sources, no current
source, and either both or none of the lines of any gyrator.

PROOF. (sketch): For the sake of simplicity, suppose that the network
contains only gyrators. Then the lines of the network may be divided
into pairs (z;y;,u;v;), for ¢ = 1,...,n, in such a way that the voltages
and currents of each pair satisfy the equations

Uiy = Rkiukvk; Uypvy = -Rkizky;‘- (11.1‘11)

From the Kirchhoff voltage equations we know that the voltages can be
expressed in the form:

Uzy = Py — Py,

where @ is the potential. From (11.1.11), the currents i;, can also be
expressed in terms of the potential ¢,, and then, upon substituting
these values into the second set of Kirchhoff voltage equations, we get
p equations for the p variables @,. Of course these equations are not
independent, since the translation @, — @, + t leaves them invariant.
The original system then has a unique solution if and only if this new
system has rank p—1.
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Now the crucial point to be made is that working through these
computations, we see that this new system has the form C® =0, where

a; is the incidence vector of the directed line z,y;, and b; is the in-
cidence vector of the directed line u;v;. Theorem 11.1.3 now follows from
Theorem 11.1.2. [}

Of course, (11.1.5)-(11.1.10) is a system of linear equations and
thus its unique solvability can be checked by evaluating its determinant.
However, for the same reasons as before, a combinatorial solution is often
preferable.

Theorem 11.1.3 can actually be interpreted as saying that under the
hypothesis that the physical parameters are “independent”, the problem
is equivalent to a parity problem for a graphic matroid.

Let G be a graph and suppose A C V(G). A path in G is called
an A-path if its endpoints belong to A, but no inner point of it belongs
to A. Gallai (1961) solved the problem of finding the maximum number
of point-disjoint A-paths by reducing it to a matching problem. He
also raised the problem for openly disjoint A-paths. This latter problem
was solved (in the sense of a minimax result) by Mader (1978b). This
problem can be reduced to a matroid matching problem as described in
the exercises below. For a derivation of the minimax formula via this
reduction, see Lovasz (1980).

11.1.4. EXERCISE. Show that the problem of finding the maximum
number of point-disjoint A-paths can be reduced to a maximum matching
problem.

11.1.5. EXERCISE. Let G be a graph and suppose A C V(G). For
each X C V(G), define

r(X)=1X — Al + min{2, | X n Aj}.
Now let Y C E(G) and suppose Y3,...,Y; are the connected components
of the graph formed by the lines in Y. Let
k

fY) =3 (r(V(Y:) +]Yi] - 2).

=1

(a) Verify that (E(G), f) is a 2-polymatroid.
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(b) Show that the maximum number of openly disjoint A-paths is
given by ¥(E(G), f)+|Al —p.

(c) Determine the double circuits in the 2-polymatroid (E(G), f).

(d) Find a minimax formula for the maximum number of openly
disjoint A-paths.

11.2. The Main Theorem of Polymatroid Matching

We now try in some sense to determine the number (S, f), that
is, the size of a maximum matching for a 2-polymatroid (S, f). We
shall need some preliminaries which may be viewed as a basic study of
2-polymatroids. Analogous results are commonplace for graphs and well-
known for matroids, but we must include some of them here since they
are not formulated for 2-polymatroids elsewhere.

Let (S, f) be a polymatroid, and S = S;US; a partition of S. We say
that (S, f) is a direet sum of (Sy, f) and (Sz, f) if f(S1) + f(S2) = f(85).
It then follows that for any X3 C S; and X, C Sy,

f(X1) + f(X2) = f(X1 U Xa).

(This fact is well-known for matroids and it follows for polymatroids in
precisely the same way).

Let (S, f) and (S, g) be two polymatroids on the same set. We say
that (S, g) is a projection of (S, f) if the set function f —g is monotone
increasing. Since f(J) = g(J) =.0, it follows that f(X) > g(X) for
every X C §. The name “projection” comes from the most important
example thereof in which (S, f) is linear and (S,g) is represented by
the orthogonal projections of the subspaces representing (S, f) into some
subspace. Another example of a projection is the following. Let (S, f)
be an arbitrary polymatroid and suppose a € S. Define a set function f,

on S by
falX) = {f(X)- 1, if f(X{a})=f(X)
f(X), otherwise.

It is easy to check that (S, f;) is a polymatroid and, in fact, a projection
of (S, f). In the special case when (9, f) is linear, (S, f,) may be viewed
as the projection of (S, f) to a hyperplane perpendicular to a “general”
vector in the subspace representing a. Such a vector v is contained in
the linear span of X C § if and only if the whole subspace representing
a is contained in the same span; this fact is reflected in the definition
of f,. But let us emphasize that this construction works for non-linear
polymatroids as well.
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11.2.1. EXERCISE. In Section 1.2, a similar set function was derived
from a submodular set function (S, f) by the formula

_[fE) -1, if f(X —a) + f(a) = f(X),
h(X)= { f(X), otherwise.

Show that if (S, f) is 8 polymatroid and if f(a) > 0, then (S, f;) is also
a polymatroid, but not necessarily a projection of (S, f).

We shall also need to identify some special configurations in 2-
polymatroids. A 2-polymatroid (Z, f) is called a cireuit if f(Z) = 2|Z|-1,
but f(X) = 2|X| for every proper subset X of Z. Thus, circuits are
“almost” matchings in the sense that deleting any element from them
leaves a matching, and the rank of the whole set is only one less than
it would be for a matching. (A set Z such that Z is not a matching,
but every proper subset of Z is a matching, is not necessarily a circuit.
As a counterexample consider a linear space of dimension 4 and three
subspaces of dimension 2 such that the intersection of any two is the 0
subspace.)

A 2-polymatroid (Z, f) is called a flower if f(Z) =2|Z|-1. A k-
flower is a flower with |Z| = k + 1. Thus, every circuit is a flower, but
not conversely. In fact, flowers are characterized by the following simple
lemma.

11.2.2. LEMMA. A 2-polymatroid s a flower if and only if it is the
direct sum of a circuit and a matching.
PROOF. 1t is trivial to see that the direct sum of a.circuit and a

matching is a flower. To prove the converse, assume that (Z, f) is a
flower. Let T be a minimal subset of Z such that f(T) < 2|T|. Then

f(2Y<fM)+f(Z-T)<2AT|-1+2|Z2 -T| <2|Z| -1 = f(2).

Thus we must have equality throughout; in particular we have that
f(T)=2|T|-1 and f(Z-T) = 2|Z—T|. Since every proper subset
of T is a matching by definition, we see that T is a circuit and Z - T
is a matching. Furthermore, the fact that the first inequality holds with
equality means that (Z, f) is the direct sum of Z —T and T. [

11.2.3. LEMMA. Every flower contains a unique circuit.

PROOQF. We know by the preceding lemma that every flower contains
at least one circuit. Suppose that a flower (Z, f) contains two circuits,
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say Cy and C,. Then, C; NC; is a matching, but C2 U(Z —C}) is not.
So, applying submodularity, we obtain

f(Z) < f(C)+ F(C20(Z - C1)) - f(CinC)
< 2|Cll—1+2|CgU(Z—Cl)|—1—2|ClnC2|
=2|Z|—2,

a contradiction. [ ]

A 2-polymatroid (Z, f) is called a double circuit if f(Z) =2|Z| -2,
and f(Z —z)=f(Z)-1=2|Z—2z|—1 for every z € Z. In a sense similar
to the case of circuits we can point out that double circuits have the
property that they are neither matchings nor flowers, but every proper
subset of them is either a matching or a flower. Again this minimality
property does not characterize double circuits. The structure of double
circuits is described by the following lemma, the proof of which is left to
the reader.

11.2.4. LEMMA. A 2-polymatroid (Z, f) is a double circuit if and only
if Z has a partition Z = Z,U--- U Z (k > 2) such that

21X|-2, fX=2,
f(X)=<2|X|—1, tf X contains ezactly k—1 of the sets Zy,...,Zy,
21X, otherwise.

The sets Z — Z; for i = 1,...,k are circuits and these are all the cir-
cuits contained in the double flower. Consequently, the above partition is
uniquely determined. |

In the case when k = 2, the double circuit is simply the direct sum
of two circuits. Such a double circuit will be called trivial.

The direct sum of a double circuit and a matching is called a double
flower. A k-double flower is a double flower with |Z| = k + 2. It follows
that a double flower (Z, f) has rank f(Z) = 2{Z| — 2. The description
of double flowers is slightly more complicated than that given in Lemma
11.2.1, but it can be derived in an analogous way.

11.2.5. LEMMA. If a 2-polymatroid (Z, f) has rank f(Z) = 2|Z| -2,
then it 1s etther a double flower or Z has an element x such that Z —x 1s
a matching. |

With these definitions and lemmas in hand, we can turn our atten-
tion once again to matchings. It is clear that for any partition § = S;US,,

v(S, f) <v(S1, f)+v(Sa, f). (11.2.1)
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Of course, we do not have equality here in general. One instance of
equality certainly occurs if (S, f) is the direct sum of (S;, f) and (Sy, f),
but equality may hold in other cases as well.

Let (S, f) be a 2-polymatroid and let (S,g) be a projection of it.
Then we can prove that

u(S, f)<v(S,9)+ f(S)—g(S). (11.2.2)
In fact, let X be a maximum matching in (S, f). Then
9(X) 2 f(X) - f(S)+g(S)
by the definition of projection, and so by (11.1.3)
v(S,9) 2 v(X,g)
2 9(X) - |X]|
2 f(X) - f(8)+9(S) - IX]
= |X| - F(S)+9(S)
=u(8, f)— f(8)+g(8).

Also note that trivially, (S, f) < | f(S)/2]. Combining these three
observations, we obtain the following.

11.2.6. LEMMA. Let(S, f) be a 2-polymatroid, let (S, g) be a projection
of it and let S = {S),..., Sk} be a partition of S. Then

k .
US, /)< F(S)-al(8)+ Y [9_(5_) J (11.2.3)

The authors do not know of any counterexample to the conjecture
that the minimum of the right hand side of inequality (11.2.3), taken over
all partitions of S and all projections of (S, f), is equal to v(S, f). As
we shall see below, this is certainly true for linear 2-polymatroids. The
reason why an appropriate projection is easier to construct for linear
2-polymatroids is that these polymatroids have linear projections which
can be easily described. In the general case, even if the above-mentioned
conjecture were true, the projection (S, g) giving equality in (11.2.3) could
not be constructively described. More precisely, even if the existence of
g and {S),...,Sk} could be proved, the numbers g(S) and ¢(S;) could
not be computed in polynomial time from an oracle evaluating f on any
given subset (see Box 11A).

However, it turns out that the following general theorem can be
proved for every 2-polymatroid. While it does not provide a good charac-
terization of the matching number in general, it does circumvent most
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of the difficulties in the sense that in special cases only relatively simple
arguments need be added to obtain a minimax formula. The proof is
constructive in the sense that it can be turned into a polynomial-time
algorithm. We shall not describe the algorithm here, but only refer the
interested reader to Lovasz (1981).

11.2.7. THEOREM. Let (S, f) be a 2-polymatroid and set (S, f)=v.

Then at least one of the following assertions holds:

(i) f(S)=2w+1.

(i) S has a partition {S1, S2} into non-empty subsets so that (S, f) +
V(Szy f) =v.

(iii) S has an element a which is contained in the span of every mazimum
matching.

(iv) (S, f) contains a non-trivial v-double flower.

Before proceeding to the proof of this theorem let us make a few
observations. In fact, let us discuss the theorem from the point of view
of our old friends King Arthur and Merlin (see Box 1A). The King sets
Merlin the task of finding v(S, f) for a 2-polymatroid (S, f). The 2-
polymatroid is supplied by Pythia (see Box 11A), if we may be forgiven
for mixing our historical metaphors. Again, Merlin of course knows the
correct answer that (S, f) = 100 immediately. (In fact, he can learn
all values of f from Pythia; transferring data in such quantities is no
problem between supernatural beings!) But how does Merlin convince
King Arthur of this?

First he picks a set X C § with {X| =100 and f(X)=200. (Pythia
readily testifies to this latter value.) So the King is convinced that
v(8, f) > 100, but it remains to convince him that (S, f) < 100.

Let us consider the four cases in Theorem 11.2.7. If (i) holds, then
Merlin asks Pythia (in the presence of Arthur) for the value of f(S). As
f(8) =201, even King Arthur has to agree that no matching larger than
100 occurs in (S, f).

Now suppose (ii) holds. That is, suppose there exists a partition
S =8,US; with ¥(Sy, f) =72 and v(S3, f) = 28. Then Merlin can break
up his task into the two smaller tasks of exhibiting that v(S;, f) < 72 and
V(S2, f) < 28. This will of course convince King Arthur that v(S, f) <
72 +28 =100.

If (iii) holds then he considers the projection (S, f,) as defined at the
beginning of this section. Then (S, f;) = 99. In fact, v(S, f,) > v(S, f)—
1 by inequality (11.2.2). However, if M is any maximum matching in
(S,f), then f(M U {a}) = f(M) by the hypothesis on element a and
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so fo(M) = f(M)-1=2|M|—1. But then M is not a matching in
(S, fa)- Hence v(S, fo) =v(S, f)—1=99. So it suffices to convince King
Arthur that (S, f,) <99, for then he will have to accept the fact that
v(S, f) <u(S, fo)+1 < 100.

No general advice can be given to Merlin if case {iv) occurs, but in
the case of various special classes of 2-polymatroids simple reductions to
smaller cases can be found using the existence of a v-double flower. Some
examples will be discussed in the next section.

PROOF (of Theorem 11.2.7). Let us suppose that (S, f) does not satisfy
(i), (i) or (iii). We shall prove that it satisfies (iv).

Observe first that if (S, f) contains an element with rank 0 or 1 then
(ii) is satisfied by the partition of S into this element and its complement
in S. Hence every element has rank 2.

Let us construct a hypergraph H whose points are the elements of S
and whose lines are those circuits of (S, f) which are contained in some
v-flower. We proceed to derive some properties of this hypergraph.

Claim 1. H contains no isolated points.

In fact, suppose a € S. Since (iii) does not hold, there exists a
maximum matching B in (S, f) such that a is not contained in the span
of B, that is,

f(Bua)> f(B) = 2|B|.

But Bua cannot be a matching by the maximality of B, and so we must

have
f(Bua)=2|B|+1.

Thus Bua is a v-flower. Let C be the unique circuit in Bua (see Lemma
11.2.3). Since B is a matching, it cannot contain C and so a € C. Since
C is a line of the hypergraph H, this proves the claim.

Claim 2. H is connected.

Suppose not. Then let S = §; U S, be a partition of S into two
non-empty parts so that every line of H is contained in either S; or S;.
Let M; be a maximum matching in (S;, f) and let M be a maximum
matching in (8, f). Furthermore, choose M;, M, and M in such a way
that

|[M N M|+ |Mn M| (11.2.4)

is maximum. We will show that M; C M and M, C M. This will clearly
imply that M = M; U M; and so v(S, f) = v(S1, f) + v(Sa, f), which will
in turn contradict the hypothesis that (ii) does not hold.

So suppose, by way of contradiction, that M; € M (say). Suppose
first now that M; ¢ Span M. Then we can choose an element a € M; —
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Span M. As in the proof of Claim 1, we see that M Ua is a v-flower.
Let C be the unique circuit contained in M Ua. Then C C S; by the
definition of Sy. Since M; is a matching, C Q M, and so we can choose
an element o' € C — M;. But then M' = M —a' Uaq is a maximum
matching of (S, f), |IM'NM;| > |MnM;| and M'Nn Mz =M nM,. This
contradicts the maximality of (11.2.4).

Thus we may assume that M, C Span M. By our hypothesis, M1 ¢
M. Let ce M; — M. Then by Claim 1, we can find a v-flower Z whose
circuit contains ¢. Then N = Z — ¢ is a maximum matching of (5, f)
such that M; — M Q Span N. Among all choices of M, M;, M; and N
satisfying these hypotheses, select a set for which

IMAN| (11.2.5)

is maximal. Note that N ¢ Span M, since otherwise we would have
Span N = Span M and this would contradict the facts that M; C Span M,
but M; ¢ SpanN. Thus we may choose an element b € N — Span M.
Let C be the unique circuit in M Ub. Again by the definition of S;, we
have that C C S;.

Let us again distinguish two cases. If C —b ¢ M, then let b' €
C—-b—-M;. Then M'= M Ub-b'is a maximum matching of (S, f).
Furthermore, M'NM; = M N My, M'n My =M nM,, but |[M'nN|>
|[M N N|. This contradicts property (11.2.5).

If, on the other hand, C —b C M; thenlet '€ C—b, M'= M ub-b'
and M] = M;ub—b'. Then clearly M’ is a maximum matching of (S, f),
M) is a maximum matching of (S, f) and furthermore, |M' N M;| =
|MﬁM1l, IM’ﬁM2| = |MﬁM2|, M’l -M=M-M g SpanN, but
|[M'nN|>|Mn N|, which again contradicts the maximality of quantity
(11.2.5). This proves Claim 2.

Claim 3. (S, f) contains a non-trivial v-double flower.

To show this, let F be any v-flower in (S, f). If SpanFy = S then
(i) is trivially fulfilled, so we may assume that Span Fg # S. Define two
subsets of E(H) as follows: A is the set of those circuits of (S, f) which
are contained in a v-flower F' with Span F' = Span Fy, and B = E(H)— 4.
Then neither 4 nor B is empty for A contains the circuit of Fp, while 8
contains any line of H containing any element of S — Span Fj, and such
a line exists by Claim 1. Thus by the connectivity of H, there exist two
circuits C € £ and D € B such that CnD # @. Choose v-flowers F' and G
containing C and D, respectively, such that Span F' = Span Fj and |FNG]|
is maximum. By the definition of B, we know that SpanG # SpanF,
and so there exists an element b € F' ~ SpanG.
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We claim that GUb is a non-trivial v-double flower. Since b ¢ SpanG,
we have that f(GUb) > f(G)=2v+1. If f(GUb)=2v+4 then GUbisa
(v +2)-element matching; if f(GUb) =2v +3 then GUb is a (v +1)-flower.
But both of these situations are impossible since the maximum size of a
matching is v. Thus f(GUb) = 2v+ 2. By Lemma 11.2.5, this implies
that G Ub is either a v-double flower or it has an element z such that
GuUb—rz is a (v+1)-element matching. But this second situation is again
ruled out by the same argument as above. Thus GUb is a v-double
flower.

It remains to show that this v-double flower is non-trivial. Suppose
that it is trivial. Then by Lemma 11.2.4, it contains exactly two circuits,
one of which is clearly D. Let D’ be the other circuit in GUb. Since
DnD’'=¢, it must be the case that D’ # C and since C is the unique
circuit in F', we have D ¢ F'. Suppose d€ D—F. Then Gub—d=G"is
a v-flower containing D such that |G'nF| > |G nF|. This contradiction
proves Claim 3 and the proof of the theorem is complete. u

11.3. Matching in S;}ecial Polymatroids

In this section we show how Theorem 11.2.7 can be applied if the
polymatroids in question have some special structure. As a first example
we show that (with a few additional tricks) the Matroid Intersection
Theorem can be obtained from Theorem 11.2.7. (Recall that the common
independent sets of two matroids are the matchings of the 2-polymatroid
obtained by adding their rank functions.) This will depend on the
following lemma, which will rule out the unpleasant alternative (iv) of
Theorem 11.2.7.

11.3.1. LEMMA. Let (S,71) and (S,r2) be two matroids on the same
set with both r1(S) and ro(S) < k+1, where k 1is any non-negative integer.
Then the 2-polymatroid (S,r1+73) contains no non-trivial k-double flower.

PROOF. Suppose that D is a k-double flower in this 2-polymatroid.
Let D be the direct sum of the non-trivial double circuit C and a
matching M. Then ry(D)+ ro(D) = 2k + 2. Since r,(D) < k+ 1 by
hypothesis, this implies that

r(D)=ry(D)=k+1. (11.3.1)

Furthermore, for every z € M we have r1(D — z) + ro(D — z) = 2k. Since
r4(D — ) > ri(D) — 1 = k, this implies that r{(D —z) = ro(D —z) = k.
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Finally, for every z € C we have ry(D —z) +ry(D—z) = 2k +1, and
hence it follows that either (D —z) =k and ro(D—z)=k+ 1 or vice
versa. Thus we have a partition C = C1 U Cy, such that r{(D—z) =k
and r3_;(D—z)=k+1 if z € C;. Neither C; nor C, can be empty, for
if C; = @, for example, then ro(D — z) = k = ro(D) —1 for every z € D,
which implies that D is independent in the matroid (S,72) and hence
ro(D) = |D| = k + 2, contradicting equation (11.3.1). It follows by the
same argument that C; is a circuit in the matroid (S,73_;). But then
C; is a circuit in the 2-polymatroid (S,71 + r2) as well, and thus D is a
trivial double flower. |

Now recall the Matroid Intersection Theorem from Section 1.3.

1.3.19. THEOREM. Let(S,r;) and(S,r2) be two matroids with a com-
mon underlying set. Then the mazimum size of a common independent
set equals the minimum of r1(X) +ro(S — X)) over all subsets X of S.

PROOF. We will show how to derive the non-trivial part of this result
from Theorem 11.2.7 and Lemma 11.3.1.

Let k denote the maximum size of a common independent set of
the two matroids. We want to show that S has a subset X such that
r1(X)+ ro(S — X) = k. We may assume without loss of generality that
r1(S) £ k+1 and ry(S) < k +1, since otherwise we could “truncate”
the two matroids (that is, consider the rank function r; = min{r;, k +1}
instead of 7;). Set f =r;+r5 and note that v(S, f) = k. Let us now apply
Theorem 11.2.7. Alternative (iv) is ruled out by Lemma 11.3.1, so one of
(i), (ii) and (iii) must hold. If (i) occurs then f(S) =ri(S)+7r2(S) =2k+1,
and hence one of r;(S) and ro(S), say r1(S), is equal to k. But then we
can take X = S.

Suppose that (ii) holds; that is, suppose S has a partition S; U S,
such that (S, f) + ¥(Sz, f) = k. Using induction on S, we may assume
that each S; has a subset X; such that r1(X;)+r2(S: — X3) = v(S;, f). If
we set X = X; UX,, then

ri(X) +72(8S = X) < (X)) + r1(Xa) + r2(S1 — X1) + r2(S2 — X2)
= US4, )+ USa, f) = k.

This proves the theorem in this case.

Finally, if (iii) holds, then S has an element a which is contained
in the span of every maximum matching. We may assume, for example,
that r1(a) = 1, since if r1(a) = ro(a) =0, then a could be deleted from
both matroids without changing anything. Now let (S —a,r]) be the
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matroid obtained from (S,r;) by contracting the element a. But then
the 2-polymatroid (S — a,r] +73) contains no k-element matching, for
such a matching M would be a maximum matching in (S, f) as well, and
a would not be contained in its span. So we may assume (by induction
on k), that S —a has a subset X such that

r(S—a—-X)+r(X)<k-1.
But then
S -X)+r(X)=ri(S—a-X)+1+7r(X)<k

and the theorem is proved again. ]

This proof of the Matroid Intersection Theorem is not very elegant,
especially if we consider that we have used Theorem 11.2.7, the proof
of which was quite involved. But it is important to see that at least
in a sense, general polymatroid matching results can be used to solve
the Matroid Intersection Problem. (The reader who has solved Exercise
3.1.4 will remember that to obtain the Marriage Theorem from Tutte’s
Theorem is not completely straightforward either; it is instructive to
compare the arguments needed there with our proof.) On the other hand,
the next two applications of the polymatroid matching theorem are such
that no other proofs of the results are known (although in the case of the
second, a direct proof would be desirable.)

11.3.2. THEOREM. Let (S, f) be a linear 2-polymatroid. Then

(S, f) = min{f($ +EL¢J )/21},

where the minimum is taken over all partitions {S,,..., Sk} of S and over
all linear projections (S, g) of (S, f).

Before proving this theorem it is worth-while to consider some special
cases. For 1/(S, f) =1, the theorem says that if we have a set of lines in
a projective space such that any two such lines have a point in common,
then either the lines all lie in a 2-dimensional subspace or they all pass
through the same point. In the case when v(S, f) = 2, the above theorem
says that if a set of lines in a projective space contains no three lines such
that each of them is disjoint from the span of the others (i.e., no 3 lines
span a 5-dimensional subspace), then one of the following possibilities
occurs: (a) all the lines lie in a 4-dimensional subspace; (b) all the
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FIGURE 11.3.1. Linear polymatroids with v =1

lines lie in two 2-dimensional subspaces; (c) there are two 3-dimensional
subspaces, intersecting in a point p, such that every given line is either
contained in one of the two subspaces or goes through p; (d) all the given
lines meet a fixed line (see Figure 11.3.1). It is quite instructive to derive
these configurations from Theorem 11.3.2.

11.3.3. LEMMA. Let (D,f) be a non-trivial double circuit and let
{D1,...,Di} be the partition of D such that D — D; 1s a circuit. Suppose
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that (D, f) 1s represented by 2-dimensional subspaces of a linear space and
let K; denote the linear subspace spanned by D~ D;. Then K1N--- N Ky
18 not the null subspace.

PROOF. First we prove the inequality

dim(Kyn---nK;) > Y dimK; - (:—1)dim(K, U--- UK;). (11.3.2)

=1

This follows easily by induction on ¢. For 7z =1 it is trivial. Suppose,
then, that ¢ > 1. Then
dim(K;n---nKj;)
=dim(K;N--- NK;_1)+dim K; —dim((K; n-++ N K;_1)VKj).

Using the induction hypothesis, we obtain

d1m(K1 Ne-- ﬁKi)

> Y dimK; — (i —2)dim(K; U+ UK;_;) — dim((K1 N+ N K;_1)UK,)
7j=1

> Z dimK, — (1—1)dim(K, U--- UK}).
j=1
This proves inequality (11.3.2).
Since D—D; is a circuit, we have dim K; = f(D—D,) =2|D—-D;|-1,
and since D is a double circuit, we have dim(KX; U--- U K)) = f(D) =
2|D| — 2. Substituting these values into (11.3.2) with ¢ =k, we obtain

dim(K;n--- N Ke) > i(zw—m— 1)— (k- 1)(2|D| - 2)

k
=2|D|-2) |Di| +k-2
7j=1

=k-2.

Now since k > 3 by the hypothesis that (D, f) is a non-trivial double
circuit, the proof is complete. [

Our next lemma describes a way to eliminate v-double flowers in
the case of linear 2-polymatroids. For a double flower D C S, let K(D)
denote the intersection of linear spans of all circuits contained in D. By
Lemmas 11.2.4 and 11.3.3, K(D) is not the null space.
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11.3.4. LEMMA. Let (S,f) be a linear 2-polymatroid with v(S, f) =
v, and let D be a non-trivial v-double flower in (S, f). Then K(D) is
contained in the linear span of every mazimum matching of (S, f).

PROOF. Assume, to the contrary, that (.S, f) has a maximum matching
M such that K(D) ¢ M, where M is the linear span of M. Choose M
so that M N D is maximum. Let p be any non-zero vector in K(D)— M.
Then dim(M Up) = 2v +2. Since dimD = f(D) = 2v + 1, there exists a
line d € D not contained in M Up. But then dim(M upud) >2v+2. On
the other hand, M Ud is not a matching (since M is already a maximum
matching), and so dim(M ud) < 2v +1. Hence it follows that p ¢ M Ud,
and also that dimM Ud = 2v + 1; that is, M Ud is a flower in (S, f).
Let C be the circuit in M Ud. Then p ¢ C and so K(D) ¢ C. But this
implies that C ¢ D, since K (D) is the intersection of the linear spans
of all circuits in D by definition. Thus there exists a ¢ € C — D. But
then M’ = M Ud —c is another maximum matching in (S, f) such that
K(D)¢ M’ (since M’ CM Ud, and p ¢ M Ud), but |[M'nD|>|[MnD|.
This contradiction proves the lemma. [ ]

We are prepared now to prove Theorem 11.3.2.

PROOF (of Theorem 11.3.2). By Lemma 11.2.6, it suffices to prove
there exists a linear projection (S, g) of (S, f) and a partition {Sy,..., Sk}
of S such that equality holds in the inequality (11.2.3). To this end, let
(8, 9) be a linear projection of (3, f), such that v(S,g) = v(S, f)— f(S)+
g(S) and ¢(S) is minimum. Furthermore, let {Si,..., Sk} be a finest
partition of S such that v(S,g) = Ei;l v(8S;,9). We claim that

v(Si,9) = (9(8:) —1)/2, (11.3.3)

which will prove the theorem.

Consider any S; and apply Theorem 11.2.7 to the 2-polymatroid
(Ss,9). Then (ii) is ruled out, for if S; could be split into two non-empty
sets S; and S such that v(S;,g) = (S}, g)+ v(S;,g), then replacing S;
by S;US; in the partition we would get a contradiction of the hypothesis
that {Si,..., Sk} is non-refinable. Furthermore, (iii) is ruled out since if
S; has an element a contained in the span of every maximum matching of
(Si,9), then a is also contained in the span of every maximum matching
of (S8,9) (because for any maximum matching M of (S,g), MNS; is a
maximum matching of (S;,g)). Choose any non-zero vector v from a
(which is a non-zero subspace in the linear representation of (S,g)) and
project (S,g) onto the hyperplane orthogonal to v. Then the resulting
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2-polymatroid (S, h) has v(S,h) = ¥(S,g) — 1 (since by the choice of v,
the projection destroys every maximum matching of (S,g)). But this
contradicts the choice of (S, g).

Finally, we can rule out (iv) as well. For let (D, g) be any v(S;, g)-
double flower in (S;,g). Then K(D) is not the null space by Lemma

APPSR

FIGURE 11.3.2. A triangular cactus

11.3.3. If we choose any v € K(D), v # 0, then v is contained in the linear

span of every maximum matching of (S;, g), by Lemma 11.3.4. From this
point we proceed to get a contradiction just as in the preceding case.

Thus (i) must occur, which is just the content of equation (11.3.3).

|

The last application of Theorem 11.2.7 we give is purely graph-
theoretical. A triangular cactus is a graph whose blocks are triangles
(see Figure 11.3.2). We study the following question: When does a graph
contain a spanning connected triangular cactus? More generally, what
is the maximum number of blocks (triangles) in any triangular cactus
contained in G as a subgraph? We denote this maximum number of
blocks by ((G), and shall derive a minimax formula for 3(G).

Let us point out that this problem includes the matching problem
in the following sense. Let G be any graph. Construct a new graph G’
by adding a new point v to G and connecting v to all points of G. Then
it is easy to verify that G’ has a spanning triangular cactus if and only if
G has a perfect matching. In fact, if G has a perfect matching then this
yields a spanning triangular cactus of G’ in a trivial way: just add all
lines incident with the new point to this perfect matching. Conversely,
if G’ has a spanning triangular cactus H then deleting the new point
from this triangular cactus, the remainder contains a perfect matching
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(since a triangular cactus is clearly a factor-critical graph). In sharp
contrast, however, we do not know any way to reduce the Triangular
Cactus Problem to the Matching Problem, although such a reduction is
not inconceivable.

We can, however, formulate the Triangular Cactus Problem as a
Matroid Matching Problem. Let G be a graph and let (E(G),r) be its
polygon matroid. Every triangle in G is a line (i.e., rank 2 subset) of
this matroid. Thus the triangles in G can be viewed as the elements of
a 2-polymatroid (S, f), in which f({Th,...,Tk}) = r(T1 U--- UT) for any
subset {T},...,Tx} C S and S is the set of all triangles. The connection
between matchings in (S, f) and cacti in G is described in the following
lemma.

11.3.5. LEMMA. Tke triangles of a triangular cactus of G form a match-
ing in (S, f) and vice versa.

PROOF. Let H be a triangular cactus with ¢ connected components
and let H' be the set of its triangles. Then r(E(H)) = [V(H)| —¢, and
hence f(H') = |V(H)|—c. Since H' = (|[V(H)| - ¢)/2 by an obvious
calculation, this implies that H' is a matching in (S, f). The reverse
implication follows similarly. ]

The maximum number of blocks in a triangular cactus of a graph G
is characterized in the following minimax theorem. Let P = {V4,...,Vi}
be a partition of V(G) and Q ={E),...,En}, a partition of E(G). For
1 <1< m, let u; denote the number of classes V; met by E; and set

m

(P, Q)= (ui—1)/2+p—k.

=1

11.3.6. THEOREM. The mazimum number of blocks in a triangular
cactus in a graph G s equal to the minimum of ¢(P, Q), taken over all
partitions P of V(G) and Q of E(G) with the property that every triangle
of G has either at least two points in the same class of P or all three lines
in the same class of Q. |

As suggested by Lemma 11.3.5, this theorem can be proved by
using the theorem on matroid matching (Theorem 11.2.7) in a fashion
analogous to the proof of Theorem 11.3.2. One has to work out what
the circuits and double circuits of (S, f) are. The main observation to be
made is that for every non-trivial double circuit in (S, f) there are two
points in G such that the identification of these two points destroys all
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circuits contained in this double circuit. The details are left to the reader
as a series of Exercises (11.3.7 - 11.3.9).

11.3.7. EXERCISE. Let G be a simple graph.

(a) Show that two triangles of G with a line in common form a circuit
in (S, f).

(b) Let C be a cycle in G and let C’ be a set of triangles in G such
that each triangle in C’ contains exactly one line of C, each line of C is
contained in exactly one triangle of C’ and the points of the triangles in
C’ opposite to their lines in C are distinet points in V(G) —V(C). Then
C' is a circuit in (S, f).

(¢) All circuits in (S, f) are as described in (a) or (b).

11.3.8. EXERCISE. (a) Show that three triangles of G with a line in
common form a non-trivial double circuit in (S, f).

(b) Let C’ arise from a cycle C of G as in part (b) of the previous
exercise. Add to C' a triangle spanned by a line of C and a point not
contained in any triangle of C’'. Then the resulting set C" of triangles is
a non-trivial double circuit.

(c) Let D be a subgraph of G consisting of three openly disjoint
paths joining the same pair of points in G (i.e., a so-called “§-subgraph”
of G) and let D’ be a set of triangles in G such that each triangle in D’
contains exactly one line of D, each line of D is contained in exactly one
triangle of D' and the points of the triangles in D’ opposite to their lines
in D are distinet points in V(G)—V(D). Then D’ is a non-trivial double
circuit in (S, f).

(d) All non-trivial double circuits in (S, f) are as described in (a),
(b) and (c).

11.3.9. EXERCISE. Using Theorem 11.2.7, Lemma 11.3.5, and the
previous exercises, prove Theorem 11.3.6.
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Vertex Packing and Covering

12.0. Introduction

The notion of independent points in a graph is formally dual to the
notion of independent lines and, in this sense, the maximum number o(G)
of independent points in G (called variously the independence number of
G, the stability number of G or the vertex packing number of G) is dual
to the notion v(G) for independent lines. But there is a deeper relation
between these two graphical invariants.

First, let us recall Gallai’s Identity (Lemma 1.0.2):

oG)+7(G) = V(G-

This tells us that the problem of determining a maximum set of indepen-
dent points in a graph is equivalent to the problem of determining the
minimum number of points covering all lines. The problem of point covers
has already occurred in this book as the linear programming dual of the
matching problem for bipartite graphs as well as for certain other classes
of graphs (see Sections 6.3 and 7.1). Moreover, we saw that the bipartite
matching algorithm presented in Section 1.2 produces, as a bonus for us,
a minimum cover as well. So we know that vertex packing is polynomial
for bipartite graphs.

But we also know that the problem of minimum point covers for
non-bipartite graphs is NP-complete. (See Karp (1972) or Garey and
Johnson (1979).) In fact, the problem remains NP-complete even in the
special case of triangle-free graphs (Poljak (1974)) and in the case of
cubic planar graphs (Garey, Johnson and Stockmeyer (1976)). Should
this mean that it is useless to concern ourselves with point covers (or,
equivalently, with independent sets of points) in the general case? We
believe that NP-completeness of a problem only means that no answers
of the strength and generality of, say, Tutte’s Theorem can be expected,
but the study of such problems may still prove quite fruitful.

Since deletion of a line does not decrease the maximum number of
independent points, it is natural to ask which are the minimal graphs
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(with respect to deleting lines) with a given value of a(G) (or equivalently,
7(G)). Such graphs are called a-critical (respectively, 7-critical) and turn
out to have quite interesting properties. Of course, a complete description
of r-critical graphs would yield a good characterization of 7(G). More
precisely, if the class of 7-critical graphs were in NP (that is, if there
were a polynomial length way to exhibit that a given graph is 7-critical),
then a good characterization of 7(G) could be easily obtained. (Can you
see how to do this?)

Because of the NP-completeness of 7(G) we cannot hope that 7-
critical graphs have a really simple structure, but several interesting
and deep structural properties can be verified and a certain classification
theorem proved. We shall present these results while sketching the theory
of T-critical graphs in Section 12.1.

We next turn to the problem of describing the vertex packing poly-
tope, that is, the convex hull of incidence vectors of independent points
in a graph. Again, we cannot hope to obtain a complete description of
the facets or even a list of the inequalities describing the vertex packing
polytope (as, for example, Edmonds’ Theorem 7.3.1 provides in the case
of line graphs). But we shall be able to describe several nice classes
of facets. Given a class of facets, we may ask: for what graphs is
this subclass already sufficient to describe the vertex packing polytope?
Interesting classes of graphs can be obtained in this way, most notably
the class of perfect graphs. (See Section 12.2.) In view of the remarks
above, this also yields information about PC(G) as promised in Section
7.2.

Yet another way to view the vertex packing problem is to observe
that it is equivalent to the matching problem for hypergraphs. In fact,
given a hypergraph, a matching (that is, a set of disjoint lines) in this
hypergraph corresponds to a set of independent points in its intersection
graph. Since every graph is the intersection graph of a hypergraph (more
specifically, of the hypergraph formed by using the lines of the graph as
points and the stars of the points of the graph as lines), in this sense the
matching problem for hypergraphs™is equivalent to the vertex packing
problem. But viewing hypergraphs as generalizations' of graphs suggests
not only some new approaches, but some new difficulties as well, and
these are surveyed in Section 12.3.

Independent lines of a graph G correspond to independent points
in its line graph L(G) and vice versa. Hence the matching problem for
G is equivalent to the vertex packing problem in L(G). In this sense,
all results on matchings discussed in this book could be rephrased as
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results concerning vertex packing in a special class of graphs, namely
line graphs. This suggests the following method of attack on the vertex
packing problem: find classes of graphs more general than line graphs
for which the vertex packing problem is still polynomially solvable. It
turns out that there is a very natural superclass of line graphs of this
kind, namely the so-called claw-free graphs, for which the vertex packing
problem can be solved in polynomial time. (A graph G is said to be
claw-free if it contains no induced subgraph isomorphic to K 3.) This
important result of Minty (1980) and Sbihi (1980) will be the main topic
of Section 12.4.

12.1. Critical Graphs

An often-used approach to graph-theoretic problems is to study
those graphs which have a given property, but for which no proper sub-
graph has the property. Often these subgraphs can be characterized and
this provides a powerful tool for the study of the property at hand. For
example, the graphs minimal with respect to having chromatic number
3 are just the odd cycles.

Let us call a graph G 7-eritical if 7(G’) < 7(G) for every proper
subgraph G’ of G. Note that this implies that G has no isolated points.
(Most, results in this section are somewhat easier to state if they are for-
mulated in terms of the point covering number 7(G). By the discussion
in the introduction to this chapter, this is clearly equivalent to stating
these results in terms of the vertex packing number (i.e., the indepen-
dence number) a(G).) We shall also say that a line e or a point v of the
graph G is eritical if 7(G —¢€) < 7(G) or 7(G —v) < 7(G), respectively. It
is clear that a graph G is 7-critical if and only if ‘every point and line of
it is critical.

As discussed in the introduction to this chapter, there is no complete
description of the structure of r-critical graphs. However, these graphs do
have a number of important structural properties, which have interesting
consequences for the point covering number in general.

A few small r-critical graphs are shown in Figure 12.1.1.

Let us start with some trivial observations.

12.1.1. LEMMA. A graph is 7-critical if and only if it contains no iso-
lated points and all lines are critical. [ ]
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FIGURE 12.1.1. Some 7-critical graphs

12.1.2. LEMMA. Letzy be a line of a 7-critical graph G. Then G has
a minimum point cover containing z, but not y, and also one containing
y, but not z. If, in addition, zy 1s not a connected component of G, then
G has o minsmum point cover containing both = and y. [ |

The proofs of these results are straightforward and left to the reader.
Note that Lemma 12.1.2 implies that the intersection of all minimum
point covers and the intersection of all maximuin independent sets in a
T-critical graph are each empty. The first lemma shows that a 7-critical
graph has no points of degree 0. Our next statement describes points of
degree 1.
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12.1.3. LEMMA. If a point z of a T-critical graph G has degree 1, then
T and its neighbor y form a connected component of G.

PROOF. Suppose not. Then by Lemma 12.1.2, there is a minimum
point cover T containing both z and y. But then T — z is still a point
cover, which is a contradiction. [ |

Next we discuss points of degree 2. This is more complicated, but
in a sense even these points can be eliminated from consideration.

12.1.4. LEMMA. Let G be a T-critical graph and z, a point of degree
2 G. Let y and z be the nerghbors of . If y and z are adjacent, then
{z,y, 2z} induces a connected component of G. If y and z are not adjacent,
then no pont different from  1s adjacent to both of them and furthermore,
if we contract the lines ty and xz, the resulting graph G' 1s 7-critical.
Conversely, suppose G' is a T-critical graph and w any point of G'.
Split w into two points y and z, each of degree at least 1, create a new point
z and connect it to both y and z. Then the resulting graph is 7-critical.

PROOF. 1. Suppose that G is T-critical, z is the point of degree 2 and y
and z are the two neighbors of z. Also suppose that yz € E(G), and that
{z,y,2} does not induce a connected component; that is, suppose there
is a fourth point u adjacent to, say, y. Then G —uy has a (1(G) —1)-
element point cover T. Clearly y,u ¢ T and therefore z,z € T. But then
(T —z)uy is a (1(G) — 1)-element point cover of G, a contradiction.

A similar argument shows that if y and 2 are non-adjacent, then no
point other than z is adjacent to both of them.

We show next that 7(G") > 7(G)—1. Let T be any point cover of G'.
Let w denote the image of z (and y and 2)in G'. f w¢ T, then TUz
is a point cover of G. If w € T, then (T —w)Uy Uz is a point cover in G.
In both cases we see that |T|+1 > 7(G), and hence 7(G') > 7(G)— 1.

Consider now any line e of G'. Then e may be viewed also as a
line of G. By definition, G — e has a point cover S with |S| < 7(G). If
z € S then S —z is a point cover of G'. If £ ¢ S we must have y,z € S,
and then S —y— 2zUw is a point cover of G'. In both cases we see that
(G —¢e) <|S| -1 <7(G)—1<7(G’). Thus G’ ig T-critical as claimed.

II. The converse half of the proof follows by essentially the same
arguments, which we omit. [ |

It is worth-while to consider the special case when z and y are both
of degree 2 in G. Then the above lemma implies that either they belong
to a component which is a triangle, or we can replace this path of length
3 by a single line and preserve T-criticality. Conversely, the second half
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of the above lemma implies, in particular, that subdivision of a line by
two points preserves 7-criticality.

This construction is a special case of a more general one, which
splices two 7-critical graphs together or, conversely, describes those 7-
critical graphs which are not 3-connected. This construction was dis-
covered independently by Gallai, Plummer and Wessel (see Wessel (1970)).
We shall state this result without proof, because we shall not need it in
the sequel, and the proof is somewhat tedious.

12.1.5. LEMMA. Let G, and Gy be point-disjoint T-critical graphs,
suppose y121 € E(G1), and suppose w € V(Gz). Let us split w into two
points yo and 22 of degree at least 1. Identify y1 with yo and z; with
z2. Then the resulting graph is 7-critical. Conversely, let G be a 7-critical
graph and suppose {z,y} C V(G) is a cutset of G. Then G can be obtained
by the above construction from two smaller 7-critical graphs so that = and
y are the two points arising by tdentification. [ ]

Now we come to another very useful result on the structure of 7-
critical graphs. Andrasfai (1967) proved that any two adjacent lines of a
7-critical graph are contained in an odd cycle and Beineke, Harary and
Plummer (1967) proved that every two adjacent lines of a 7-critical graph
are contained in a chordless cycle. The following theorem of Berge (1972)
gives the natural common generalization of these two results.

12.1.6. THEOREM. Every two adjacent lines of a T-critical graph are
contained in a chordless odd cycle.

PROOF. Let zy; and zy, be two adjacent lines. Let T; be a minimum
point cover of the graph G —zy; (1=1,2). Clearly |T;|=7(G)—~1, ¢ T,
and y; € Ts_; — T;. Let G’ denote the subgraph induced by the set
(T1 ~T2)V (T2 —T1). Evidently G’ is bipartite with color-classes T} — T
and Tp —T). It is also clear that the only neighbors of z in G’ are y; and
Ya-

We claim that y; and y; must belong to the same connected com-
ponent of G'. If they did not, then V(G')uU z would induce a bipar-
tite subgraph G" with [T} — To|+ |2 = T1|+1 =2(7(G) - [Ty n T2}) — 1
points. So the smaller color-class of G”, say A, would contain at most
7(G)—|T1 nTz| — 1 points. But then Au(T; N T;) would be a point cover
of G of size at most 7(G)— 1, a contradiction.

So y; and y; belong to the same connected component of G’. Let
P be a shortest path in G’ connecting y; and y;. Then PUzy, U zys is
a chordless odd cycle. ]
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REMARK. The reader may have noticed the similarity between the
above proof and the proof of Koénig’s Minimax Theorem 1.1.1. In fact,
Theorem 12.1.6 easily implies Konig’s Theorem (see Corollary 12.1.7
below).

Also note that in the proof we have used the criticality of lines zy;
and zys only. So the conclusion of Theorem 12.1.6 holds true for any
two adjacent critical lines in any graph.

12.1.7. COROLLARY. FEvery bipartite 7-critical graph consists of a set
of independent lines. ]

12.1.8. COROLLARY. A 7-critical graph has no cutpoint. [ ]

12.1.9. COROLLARY. LetG be a connected 7-critical graph. Then no
(inclusionwise) minimal cutset of points in G induces a complete graph.

PROOF. Suppose that a minimal cutset A C V(G) induces a complete
graph. If z € A, then by the minimality of A, z has two neighbors y;
and y; separated by A. Consider a chordless cycle C through zy; and
zys. (Such exists by Theorem 12.1.6, although the parity of this cycle
is irrelevant here.) The cycle C must meet A in a point z # z, since A
separates y; and y2. But then zz € E(G) since A induces a complete
graph, and this contradicts the fact that C is chordless. [ |

In the next part of this section the following simple — but powerful
— lemma will play an important role. This lemma is a slight extension of
a result of Hajnal (1965). Note that it concerns arbitrary graphs (not only
7-critical ones). Recall that I'(X) = {y € V(G) | y is adjacent to z} and
that in general, I'(X)NX # . We defined and investigated the surplus,
o(X), of a set X of points in a bipartite graph in Chapter 1. We now
extend this definition to general graphs by letting o(X) = |I'(X)| - |X]|,
for all X C V(G). The set function ¢(X) is then submodular; this follows
just as in the case of bipartite graphs.

12.1.10. LEMMA. Let A be a mazimum independent set of points and
X any independent set of points in the graph G. Then

o(XUA)>0(A) and o(X nA)<o(X).

PROOF. Substituting for ¢ and rearranging terms, the first inequality
can be written equivalently as follows:

[F(X U A)—T(A)] > X - Al (12.1.1)
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To prove this, note that (X UA)-T'(A) 2 ANI'(X). The set A—(AN
I'(X))u(X —A) is independent, and so by the maximality of A, we must
have |[A—(AnI(X))u(X — A)| < |A] and so |[ANT'(X)| > |X —Al. Thus
INX VA)-T(A)| > |[AnI(X)| 2 |X — Al, which proves (12.1.1) and
thereby the first inequality of the lemma. The second inequality follows
from the first and from the submodular inequality:

d(X VA)+0(X nA) <o(X)+0o(A). .

As a first application of this inequality, let us prove the following
result of Hajnal (1965).

12.1.11. THEOREM. Each 7-critical graph has a perfect 2-matching.

PROOF. By Corollary 6.1.5, it suffices to show that o(X) > 0 for
every independent set X. By applying Lemma 12.1.10 repeatedly for
all maximum independent sets A,,...,An, we obtain

o(X)>o(X NAN---NAN)=0(Z)=0

by Lemma 12.1.2. [ ]

12.1.12. COROLLARY. IfG ts r-critical then 7(G) > p/2.

PROOF. In fact, we need only observe that if X is a maximum inde-
pendent set of points in G then 0 < o(X) = 7(G) — (p—7(G)). [

This corollary was proved first by Erdés and Gallai (1961). Its
significance is that it suggests a measure of “complexity” for 7-critical
graphs. More precisely, let us define the Gallai class number of G, §(G),
by

8(G)=21(G)—p=1(G)— aG) = p—- 20(G).

Then 6(G) > 0 and by Theorem 12.1.11, we also have §(G) = 27(G) -
T z(G)

The results that follow will show that the number §(G) has a very
close connection with the structure of a r-critical graph G. In fact, it
turns out that for every fixed value of §, the class of all 7-critical graphs
with 6(G) = 6 has, in a sense, a “finite basis”. But before dealing with
that, we obtain a number of other applications of the parameter §(G).
The following inequality is due to Suranyi (1975) and to Lovész (1977).
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12.1.13. THEOREM. Let G be a T-critical graph, X an independent
set of points in G and suppose z € X. Then

degg(z) <1+0(X).

PROOF. Let Ay,...,Aps be all maximum independent sets in G con-
taining z, and set X' = X N A;N--- N Ap;. Then by Lemma 12.1.10,
0(X') <o(X). We now claim that

NX'—-z)nr'(z)=92. (12.1.2)

For suppose there is a point u such that zu € E(G) and also yu € E(G)
for some y € X' —z. Let T be a point cover of G — zu of size 7(G) —1.
Then T Uw is a minimum point cover of G and so A=V(G)—T-uisa
maximum independent set of G. But clearly, x € A, whereas y ¢ A, and
this contradicts the definition of X'. This verifies equation (12.1.2).
Now (12.1.2) implies that 0(X ") = o(z)+0(X '—z), and so by Theorem
12.1.11, o(X’) > o(z) = degg(z) — 1. This proves the theorem. =

We obtain another important result of Hajnal (1965) as an easy
corollary.

12.1.14. COROLLARY. In a7-critical graph G, every point has degree
at most 6(G) +1.

PROOF. Let z be any point of G. By Lemma 12.1.2, we can find a
maximum independent set A containing x. But then by Theorem 12.1.13,

deggs(z) <1+0(A4) =1+7(G) —a(G) =1+ 6(G). .

12.1.15. EXERCISE. Determine all 7-critical graphs ( which are
(6(G) + 1)-regular.

12.1.16. EXERCISE. Prove that every 7-critical graph G in which
6(G) = 6 > 2 contains at most § + 2 points with degree 6§ + 1. (Surényi
(1975)).

12.1.17. EXERCISE. Prove that every connected 7-critical graph G
with 8(G) > 2 has a spanning 7-critical subgraph H with 6(H) = 6(G)-2.
(Suranyi (1975)).
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12.1.18. EXERCISE. Let G be a r-critical graph and X C V(G), an
independent set of points in G which contains a point of degree o(X)+1.
Then X is contained in some maximum independent set.

As an application of Corollary 12.1.14, we derive an upper bound on
the number of lines in a r-critical graph. This bound was first obtained
by Erdés, Hajnal and Moon (1964).

12.1.19. COROLLARY. A 7-critical graph G has at most (T(GQ)'H) lines.
PROOF. By Corollary 12.1.14,

|E(G)| < p(6(G)+1)/2=(21(G) - 6(G))(86(G) + 1)/2.

The sum of the two factors in this last product is constant if 7(G) is fixed
and 6(G) varies, so the product is largest if they are as nearly equal in
size as possible. Hence

27(G)-8(G)6(G)+1)/2 < ((G) + D)1(G)/2 = (T(G; * 1). .

Note that equality holds in the above corollary if and only if G is
complete.

The following extension of this corollary, due to Lovisz (1977), will
play an important role in what is to follow. The proof is substantially
more involved, however; in particular it uses multilinear algebra. We do
not give the proof here; the idea of the proof is illustrated by Exercises
12.1.22 and 12.1.23. For the complete proof and for the matroid-theoretic
background, see Lovész (1977).

12.1.20. THEOREM. LetG be at-critical graph and T any set of points
covering all lines in G. Then T induces at most (|T|—°‘2(G)+1) lines. m

Let G be any graph with 7(G) =t. Then Corollary 12.1.12 implies
that G has a subgraph G' with 7(G') =t and |V(G')| < 2t. Theorem
12.1.20 implies that G has a subgraph G” with 7(G") =t and [E(G")| <
(H;l). But how can we find such subgraphs algorithmically? The series of
exercises that follow will yield polynomial-time algorithms to accomplish
these aims.

12.1.21. EXERCISE. Let G be a graph and let A C V(G) be an in-
dependent set of points which has negative surplus, but every proper

subset of A has non-negative surplus. Suppose z € A. Then show that
7(G —z) = 7(G).
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12.1.22. EXERCISE. Let G be a graph with 7(G) =t, and let a, € R?
(z € V(G)) be vectors such that any ¢ of them are linearly independent.
Let a. = a,al +a,al for every line e = uv. Suppose that A, is a linear
combination of the matrices A, (e # eg). Show that 7(G —ep) =t.

12.1.23. EXERCISE. Use the results of the previous exercises to design
a polynomial-time algorithm which accomplishes the following: Given a
graph G with 7(G) =t, find a subgraph G’ such that 7(G')=t, G’ has a
perfect 2-matching (and so [V(G")| < 2t), and G’ has at most (*3?) lines.

In the rest of this section we prove a theorem which will enable us
to classify all 7-critical graphs with a given §(G). This classification was
conjectured by Gallai, obtained for § = 1 by Hajnal (1965), for § = 2
by Andrasfai (1967), for 6 = 3 by Surényi (1975) and later for all § by
Lovész (1978).

Let us begin with some preliminary remarks to simplify the descrip-
tion of the results. First, it is trivial that if G is a 7-critical graph with
connected components Gy, Go,...,Gk, then these components are also
r-critical and 7(G) = 7(G1) +--+ + 7(G). This remark enables us to
restrict our attention to connected 7-critical graphs. Moreover, we shall
not allow loops or points of degree 1.

Second, suppose that a connected graph G # K3 has a point of
degree 2, and let G’ be the graph obtained by contracting the two lines
of G incident with this point. Then by Lemma 12.1.4, G is 7-critical if
and only if G’ is 7-critical, and a trivial calculation shows that 7(G') =
7(G)—1. By this remark, we may restrict our attention only to 7-critical
graphs in which all degrees are at least 3. Such a 7-critical graph will be
called basic.

Next, let us settle the case of 7-critical graphs with § <2. If § =0,
then by Corollary 12.1.14, every point has degree at most 1. The only
connected graph with this property and with no point of degree 0 is K.
If § =1 then again by Corollary 12.1.14, every point has degree at most
2. By the remark above, the graph must be K3. If § = 2, then yet again
by Corollary 12.1.14 and the remark above, G must be a connected 3-
regular graph. But then by Exercise 12.1.15, G has at most 4 points and
so G=Kjg.

At this point we might suspect for a moment that we will always
have G = K;s,2 when §(G) =4, but as soon as § > 2, life becomes much
more complicated! There are precisely four connected basic 7-critical
graphs having §(G) = 3; they are shown in Figure 12.1.2.

However, the following theorem is true.
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12.1.24. THEOREM. Foreveryé > 2, there are finitely many connected
basic T-critical graphs with 6(G) = 6.

oDy
N e

FIGURE 12.1.2. The basic 7-critical graphs with 6 =3

PROOF. Let G be a connected basic 7-critical graph with §(G) = 6.
Let A be a maximum independent set in G and let T' = V(G) — A. Let
T'=TnI(T). Then by Theorem 12.1.20, |T"| < 6(6 + 1).

Let Z,...,Zn be all the subsets of T’ meeting all lines induced by
T. Then 7(G — Z;) 2 7(G) — | Z;| and hence G — Z; (which is a bipartite
graph) contains a matching M; of size 7(G) — |Z;| for each 7. Set U; =
V(G)—V(M;). Furthermore, let G’ denote the bipartite graph obtained
from G by deleting all lines spanned by T'.

Thus we have a bipartite graph G’ and subsets Us,...,Un C V(G')
such that G'—U; contains a perfect matching for all 1 < i < N. Trivially,
U] = p—2|M;| = p—2(1(G)—| Zi]) = —6+2| Z;| < 6(26+1) and N < 26(5+1),

We claim that if we delete any line e from G’, there will be an i,
1 <% < N, such that G’ — e — U; has no perfect mauvching. In fact,
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(G —€) < 7(G) since G is T-critical and hence G — e has a point cover
S of size 7(G)— 1. Clearly SN T covers all lines spanned by T and
hence SNT D Z; for some 7. But then v(G' —e-U;) =7(G'—e—-U,) <
(G —e—2;)<|S—Z;j| =7(G)—1-Z], and so G’ — e —Uj; contains no
perfect matching.

Thus we may apply Theorem 4.2.12 to conclude that G’ has at most
236(6+1)§3(26 + 1)® points with degree > 3. But then even if we reinsert
the lines spanned by T, we find that G has at most 235(5+1)§3(26 +1)3 +
6{6 +1) points of degree > 3. But every point of G has degree >3 by
hypothesis. This proves the theorem. [ ]

REMARK. It seems that the number of such basic graphs grows very
fast as § increases. From the proof below we obtain a bound of O(c%”)
for the maximum size of such a graph, but this is probably far from -
best possible. The largest known connected 7-critical graph G with all
degrees at least 3 and 6(G) = & has O(62) points (Surdnyi (1976)).

12.1.25. COROLLARY. Each connected 7-critical graph G which has
6(G) = & has cyclomatic number at most 285°.

PROOF. We prove this corollary by induction on the number of points
of G. I § <1 then the assertion is trivial, so suppose that § > 2. If all
points of G have degree > 3, then p < 238(+1)§3(26 +1)3+ (6 +1) as in
the proof of Theorem 12.1.24, and by Corollary 12.1.14, ¢ <(6 +1)p, so
the cyclomatic number

q—p+1<bp+1<285,

If G has points of degree 2, then upon contracting the two lines incident
with any such point, we obtain another 7-critical graph with the same 6
and cyclomatic number, and so we are finished by induction. [ |

Another way to state Theorem 12.1.24 is that for a given § > 1,
there is a finite number of graphs such that if we repeatedly insert points
of degree two as in the second half of Lemma 12.1.4, then we obtain
precisely the 7-critical graphs G with §(G) = 6. As we have remarked, the
subdivision of a line by two new points is a special case of this operation.
Thus the following statement seems stronger than Theorem 12.1.24, but
it is actually another corollary of that theorem.



456 12. VERTEX PACKING AND COVERING

12.1.26. COROLLARY. For every 6 > 1, there ezist a finite number of
graphs such that all connected 7-critical graphs with §(G) = 6, and only
these, arise from one of the given graphs by subdividing each line by an
even number of points.

PROOF. Consider the set T of all connected 7-critical graphs with
6(G) = 6 which do not contain two adjacent points of degree 2. It is
obvious by Lemma 12.1.4 that if we subdivide each line of each graph
in T by an even number of points in all possible ways, we obtain all
connected 7-critical graphs with §(G) = 6 and only those. What remains
to be proved is that T is finite. But by Corollary 12.1.25, every graph in
T has cyclomatic number at most 286" Let H be any graph in T and
suppose H has ¢ lines, p’ points of degree 2 and p” points of degree > 3.
Then we have

2¢>2p' +3p". (12.1.5)

Furthermore, since no two points with degree 2 are adjacent, we also have
q>2p. (12.1.6)

Dividing both sides of inequality (12.1.6) by 2 and adding the result to
(12.1.5), we obtain

2¢23(p'+p") =3|V(H)| =3p.

and hence
g-p+128¢p-p+1=F+1

But again by Corollary 12.1.25, we also have ¢—p+ 1 < 286° So p is
bounded and the finiteness of 7 follows. [ ]

So, in fact, there are two finite basis results for 7-critical graphs with
fixed 6(G), depending upon the operation allowed to generate the entire
class. The operation of subdividing a line with two points is the more
restricted and hence requires more basis graphs. However, the finiteness
of either basis easily implies the finiteness of the other, as the argument
in the above corollary shows.

12.2. Vertex Packing Polytopes

We have seen that linear programming provides us with a very
useful tool in the study of matchings. Not only does it yield a compact
and general way to state minimax results, but it leads to the discovery
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of unexpected connections between matching and other properties (for
example, chromatic index) and motivates matching algorithms as well. In
this section we try to extend this approach to independent sets of points.
Since the vertex packing problem, being NP-complete, is inherently more
difficult than matching, we cannot expect such a satisfactory solution as
in the matching case. Nevertheless, this study will lead to interesting
connections with other graph-theoretic parameters such as the chromatic
number, to the definition and characterization of interesting classes of
graphs such as perfect graphs, to algorithmic results, and more,.

Let G be a graph and for each A C V(G), let ¢ denote the incidence
vector of the set A in RV(G), Let us define the vertex packing polytope
of G as the convex hull of the vectors g*, where A ranges over all
independent subsets of V(G). We denote this polytope by VP(G). This
polytope will be the main object of study in this section.

We try to follow the same approach as in Chapter 7 by attempting
to find a description of VP(G) as the solution set of a system of linear
inequalities. No nice description of such a set of linear inequalities is
known for a general graph, and, in fact, no such system is ever likely to
be found! For if we could find such a system with the property that any
given member of the system can be shown to belong to the system in
polynomial time (a very modest requirement for a “nice” system), then
a(G) € k could be proved in polynomial time for any graph for which
it holds true. But this would mean that the property a(G) < k of the
pair (G, k) would belong to NP. However, the property a(G) > k is NP-
complete, and hence it would follow that NP = co-NP, contrary to the
generally accepted hypothesis.

So, instead of trying to find all facets of VP(G) (that is, instead
of trying to describe VP(G) as the solution set of a system of linear
inequalities), we shall content ourselves with trying to find interesting
sub-systems of these valid inequalities, and then try to ascertain for which
graphs these are sufficient to describe VP(G). This will lead us to several
very interesting classes of graphs indeed.

The trivial set of inequalities

z; >0, forall e V(G) (12.2.1)

will always be assumed. These are called the non-negativity constraints.

One way to express independence of a set of points is to assume that
at most one of the two endpoints of any line is picked. Thus the following
inequalities are valid for every vector ¢ (where A is independent), and



458 12. VERTEX PACKING AND COVERING

so for each vector z in VP(G):
z;+z;<1  for all ij € E(G). (12.2.2)

We shall call these inequalities the line constraints. Every vector in
VP(G) clearly satisfies all line constraints, but the converse of this is
not true in general. Just consider the case when G is a triangle. Then
the vector (1/2,1/2,1/2) satisfies all line constraints, but is not a convex
combination of incidence vectors of independent sets.

On the other hand, we do have the following result.

12.2.1. LEMMA. The non-negativity constraints (12.2.1) and the line
constraints (12.2.2) suffice to describe the vertez packing polytope of a
graph G if and only if G 1s bipartite.

PROOF. 1. Suppose G is bipartite, and let  be any point of the
polyhedron P defined by (12.2.1) and (12.2.2). Let (A, B) be a bipartition

of G and set _
U={1eA|0<z;<1},
V={ieB|0<z;<1}.
Consider the vectors , U v
T'=z—€q +e€q’,
' =z+eq” —eq”,
where ¢ is a very small positive number.
Then z' satisfies (12.2.1) since € is small. Moreover, ' also satisfies
(12.2.2), for suppose ij € E(G), i€ Aand jeB. If t€U and €V, or
if i¢U and j ¢V, then

I;+$;=$i+$j$l.

IfteU and j¢V, then
T, +3;<zi+z; <1

Finally, if ¢ U and 7 €V, then we must have z; =0 and so
T, +z;=z;te<l

Thus 2’ € P and similarly, 2"’ € P. But z is on the segment connecting z’
to ', so it can be a vertex only if ' = 2" = z, that is, if z is a 0-1 vector.
But then z is the incidence vector of an independent set of points, and
hence a vertex of VP(G). This proves that P = VP(G).

II. Suppose that G is non-bipartite, and let C' be any odd cycle in
G. Then y=g"(©)/2 € P, but y ¢ VP(G), since every vector z in VP(G)
satisfies T -1 < (|]V(C)| —1)/2 , but y does not. .
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An inclusion-wise maximal complete subgraph of graph G is called
a clique of G. Obviously, for non-negative vectors z, the following set of
inequalities implies the set (12.2.2).

Z(K)= ) z;<1 for all cliques K. (12.2.3)
EV(K)

These inequalities are called the clique constraints. (Of course a similar
inequality is valid for every complete subgraph. However, such an in-
equality for a non-mazimal one is implied by the inequality for the
clique in which it lies.) When do these inequalities suffice to describe
the polytope VP(G)? To answer this question, let us pause to discuss the
class of graphs known as “perfect”.

A graph G is said to be perfeet if every induced subgraph G’ of G
satisfies

X(G') = w(G)

(where x(G') denotes the chromatic number of G’ and w(G') denotes the
size of a maximum clique in G’). Note that the inequality x(G) > w(G)
cbviously holds for every graph G. Some perfect graphs are displayed in
Figure 12.2.1.

Several results mentioned previously can be stated in terms of the
perfection of certain graphs. Note that bipartite graphs are trivially
perfect. Konig’s Theorem 1.4.15 on the chromatic index of bipartite
graphs implies that line graphs of bipartite graphs are perfect. Konig’s
Minimax Theorem 1.1.1 implies that the complement of the line graph
of a bipartite graph is perfect. In fact, a matching in a graph G is just a
clique in the complement of the line graph of G and if G is bipartite, then
a coloring of the complement of its line graph corresponds to a partition
of the lines of G into stars, which clearly corresponds to a point cover of
G. Finally, Konig’s Theorem on line covers (Corollary 1.1.6) is equivalent
to the perfection of the complement of a bipartite graph.

Also note that Dilworth’s Theorem 1.4.5 is equivalent to saying that
the comparability graph of a poset (that is, the graph defined on a poset
by connecting two elements by a line if and only if they are comparable) is
perfect. The “dual” to Dilworth’s result, (Theorem 1.4.9), is equivalent to
the fact that the incomparability graph of a poset (that is the complement
of the comparability graph) is perfect.

We shall not go into a detailed study of various classes of perfect.
graphs, their properties and interrelationships; this could fill an entire
volume. (As indeed it does; see the monograph by Golumbic (1980).
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Also see Lovéasz (1983b).) We shall only discuss perfect graphs because

of their vertex packing polytopes and we shall try to get to this aspect
as quickly as we can.

We shall need one simple lemma about perfection.

= B An

FIGURE 12.2.1. Some perfect graphs

12.2.2. LEMMA. (The Replication Lemma). Let G be a perfect graph
and suppose z € V(G). Create a new point ' and join it to = and to all
neighbors of x. Then the resulting graph G’ s perfect.

PROOF. It suffices to show that x(G') = w(G’), since for the induced
subgraphs of G’ this follows similarly. We distinguish two cases.

Case 1. Suppose 7 is contained in some maximum clique of G.
Then w(G') =w(G)+1 and hence

X(G) £X(G)+1=w(G) +1=w(G).
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This clearly implies that x(G') = w(G").

Case 2. Now suppose z is not contained in any maximum clique of
G. Consider any toloration of G with w(G) colors and let A be the color
class containing z. Then by the hypothesis of this case, w(G—(A—1z)) <
w(G)—1, since any maximum clique in G must meet A and the point of
A it contains cannot be z.

So by the perfection of G, G —(A—z) can be colored with w(G)—
colors. Using a further color for the set A— z Uz’ (which is clearly
independent), we obtain an w(G)-coloration of G. [ |

We now come to the main result on vertex packing polytopes of
perfect graphs. Stated in the form below, it includes results of Fulkerson
(1971, 1972), Lovdsz (1972e) and Chvital (1975).

12.2.3. THEOREM. For any graph G, the following are equivalent:

(i) G is perfect;

(ii) G, the complement of G, is perfect;

(iif) VP(G) is given by the non-negativity constraints (12.2.1) and
the clique constraints (12.2.3);

(iv) VP(G) is given by the non-negativity constraints (12.2.1) and
the clique constraints (12.2.3) for G.

PROOF. We will demonstrate the cycle of implications (i) = (iii) =
(ii) = (iv) = (i). It suffices to prove the first two of these, since the last
two follow by interchanging the roles of G and G.

I. (i) = (iii). Let z"be any vector satisfying (12.2.1) and (12.2.3);
~we want to prove that z € VP(G). Trivially, we may assume that z is
rational. But then of course there exists a positive integer /N such that
y = Nz is integral. By the non-negativity constraints, the entries y;
(i € V(G)) are non-negative.

Let Y; (¢ € V(G)) be |V(G)| disjoint sets, and let y; = |Y;|. Define
a graph G' on V(G’) = b,eV(G)Y by joining every point of Y; to every
point of Y; whenever ¢ = j or when ¢j € E(G). This graph G’ arises
from G by deletmg and doubling points repeatedly, and hence by Lemma
12.2.2, G’ is perfect.

Let K' be any clique in G', and let K = { € V.(G) | K'nY; # &}.
Trivially, K is a clique in G, and

K| < ) IYi|=o(K)=Nz(K)<N
€K

by inequalities (12.2.3). Thus w(G') < N and so G’ can be colored with
N colors 1,...,N. Let A; = {1 € V(G) | Y; has a point with color t}.
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Clearly, A; is an independent set of points in G. Furthermore, each
t € V(G) occurs in exactly |Y;| = y; of the sets A,, since Y; induces a
complete subgraph and hence its elements all have different colors. Thus
Zfil ga, =¥, OF % 211 g4, = . This shows that z is indeed a convex
combination of incidence vectors of independent, sets of points in G.

II. (iii) = (ii). It is easy to see that property (iii) is inherited by
induced subgraphs, and therefore it suffices to show that x(G) = w(G).
We will proceed by induction and hence assume that every proper induced
subgraph of G is perfect.

Consider face F' of VP(G) defined by the linear equation z(V(G)) =
o(G). This face F' does not contain 0 and hence it is contained in a
facet F' of VP(G) not containing 0. But by hypothesis (iii), VP(G) is
described by the inequalities (12.2.1) and (12.2.3), and so the facet F' is
determined by one of these. Since F' does not contain 0, it follows that it
is determined by one of the inequalities (12.2.3); that is, there is a clique
C of G such that every point in F' satisiis (C) = 1. By the choice of
F', the incidence vector of every maximum independent set belongs to
F', and this implies that every maximum independent set meets C.

From this point on the argument is elementary. Since every maxi-
mum independent set meets C, we have ao(G—V (C)) < a(G)—1, or equiv-
alently, w(G — V(C)) < w(G) —1. By the induction hypothesis, G — V(C)
can be colored with w(G)—1 colors. Using a new color for the points in
C, we obtain an w(G)-coloration of G. [

Note the statement that (i) and (ii) are equivalent does not have
anything to do with polyhedra! Restated, it says the complement of
a perfect graph is perfect. This result is sometimes called the Perfect
Graph Theorem. It was conjectured by Berge (1961) and proved by
Lovész (1972¢). On the other hand, all known proofs of this result do
use, implicitly or explicitly, some ideas from polyhedral theory.

Theorem 12.2.3 does not give a full description of perfect graphs.
What is the complexity of the property of perfection? It follows from the
results of Lovdsz (1972f) that perfection is a property in co-NP; that is,
non-perfection of a graph can be exhibited in polynomial time. On the
other hand, it is not known whether perfection belongs to NP or maybe
even to P!

We might hope that Theorem 12.2.3 could be used to design an algo-
rithm for finding a maximum independent set of points in perfect graphs
(just as Edmonds’ description of the matching polytope can be used to
design a matching algorithm). But when we try to use the Ellipsoid
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Method to optimize over VP(G) (cf. Section 9.3), it does not work! It
only reduces the problem of maximizing over VP(G) to the problem of
maximizing over V' P(G), which is just as difficult! On the other hand,
there does exist a polynomial-time algorithm to find a maximum inde-
pendent set of points in a perfect graph, but it is based on a different
kind of application of the Ellipsoid Method (see Grotschel, Lovasz and
Schrijver (1981, 1982)).

Notice that Theorem 12.2.3 can be used to obtain new proofs of
some previous results. As mentioned above, bipartite graphs are trivially
perfect and hence by Theorem 12.2.3 so are their complements. This
fact, mentioned above, is just a restatement of Konig's Theorem on line
covers in bigraphs (Corollary 1.1.6). This in turn, via the Gallai Identities
(Lemmas 1.0.1 and 1.0.2), implies Konig’s Minimax Theorem 1.1.1 which
says that the complements of line graphs of bigraphs are perfect. But
then again by Theorem 12.2.3, it follows that line graphs of bigraphs are
perfect, which is equivalent to Konig’s Line Coloring Theorem 1.4.15. In
a similar fashion, we can derive Theorems 7.1.2 and 7.1.3. Moreover,
Dilworth’s Theorem 1.4.7 follows from its easy “dual”, Theorem 1.4.11.

We now formulate a famous conjecture of Berge. Let us call a
chordless cycle having length greater than 3 a hole and its complement
an antihole.

12.2.4. CONJECTURE. (The Strong Perfect Graph Conjecture). A
graph is perfect if and only if it does not contain, as an induced subgraph,
an odd hole or an odd antihole.

While we cannot contribute anything to this conjecture, it motivates
the next class of valid inequalities we consider. The following two classes
of inequalities are trivially valid for all vectors in VP(G):

z(H)<(|H|-1)/2 (H C V(G) induces an odd hole) (12.2.4)
z(A) <2 (AC V(G) induces an odd antihole). (12.2.5)

We call these inequalities the odd hole constraints and odd antihole
constraints, respectively. In view of the Strong Perfect Graph Conjec-
ture, we might expect that the non-negativity, clique, odd hole, and odd
antihole constraints might suffice to describe VP(G). This is, however,
not the case, and later on we shall see that VP(G) has facets (that
is, essential valid inequalities which must occur in any description of
the polytope by linear inequalities) having a much more complicated
structure.
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So let us retreat a bit, regroup and study those graphs whose vertex
packing polytopes can be described by some subset of the inequalities
(12.2.1) - (12.2.5) other than the clique constraints (12.2.3). While this
program is far from complete, some interesting results have already been
obtained in this direction. For example, Boulala and Uhry (1979) have
proved the following,.

12.2.5. THEOREM. LetG be a series-parallel graph. Then the polytope
VP(G) 1s described by the non-negativity, line, and odd hole constraints
(12.2.1), (12.2.2) and (12.2.4), respectively. [

The reader may have noticed that all valid inequalities found so far
are special cases of the following:

z(U) < a(G[U]), for all U CV(G). (12.2.6)

These inequalities are called the rank constraints. Of course, our pre-
viously determined inequalities had the property that a(G[U]) could
easily be found. On the other hand, a general rank constraint may be
useless because we cannot calculate the right hand side in polynomial
time! But (the authors asked hopefully!) could it be that only “nice”
rank constraints are essential? In fact, many rank constraints follow from
others as in the case of a perfect graph G, where all rank constraints fol-
low from the clique constraints. However, no complete description of the
essential rank constraints is known, and, sadly, the following result of
Chvatal (1975) shows that some essential rank constraints may be very
ugly indeed!

12.2.6. THEOREM. Let G be a connected T-critical graph. Then the
constraint

z(V(G)) £ aoG) (12.2.7)
13 essential for VP(G) (that is, it determines a facet of VP(G)).

PROOF. Suppose that this constraint is not essential. Then the face
F defined by it is not a facet and hence there is a facet F’ containing F'.
Let

aT.z<b (12.2.8)

be an inequality defining such a facet F (where a = (a;) € RV(%)). Then

every vector £ € VP(G) which gives equality in constraint (12.2.7) also

gives equality in (12.2.8). In particular, if A is any maximum independent
set in G, then the vector g4 gives equality in (12.2.8).
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Since (12.2.7) and (12.2.8) define different faces, their left hand sides
are not multiples of each other and hence not all a;s are equal. Then
since G is connected, we can find a line ij € E(G) such that a; # a;.
Moreover, since G is 7-critical, graph G —ij contains a set B of o(G)+1

(b)

FIGURE 12.2.2.

independent points. But then B —7 and B —j are maximum independent
sets of points in G, and hence both ¢p_; and gg_; must satisfy (12.2.8)
with equality. However,

T T
6 ‘gp_i—a& -gp-;=0a;—a; %0,

and we have a contradiction. (]

But not even all the rank constraints are enough to describe VP(G)!
Consider the 5-wheel, with its points labelled as in Figure 12.2.2(a). Then
the inequality

T1+To+T3+Ts+T5+ 215 <2 (12.2.9)

is a facet of the vertex packing polytope. (The reader should check this!)
Another example is shown in Figure 12.2.2(b). Here the inequality

T1+To+T3+T4+T5+T6+227<3 (12.2.10)

is an essential inequality for the vertex packing polytope containing a
coefficient 2.

There is an essential difference between these two examples. In the
first, one feels that the odd hole constraint =, +--- + 5 < 2 is somehow
involved. Actually, this odd hole constraint determines a facet of the
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vertex packing polytope of the “rim”. This situation can be described
in general as follows. Let G be a graph and ¢ € V(G). Then VP(G —1)
is clearly a facet of VP(G) (determined by the non-negativity constraint
z; > 0). If F' is any facet of VP(G —1), then F is contained in ezactly
two facets of VP(G). One of these is VP(G — 1); the other is called the
lifting of F' to VP(G). If F is described by the inequality a® -z < b
(a € RV(G)-%), then its lifting to VP(G) is described by & -z +a;z; < b,
where

a; =b~max{a” -ga | A is an independent subset of V(G)—1 —I'(z)}.

Clearly, inequality (12.2.9) arises from lifting the facet determined by
the odd hole constraint for the rim of the wheel. However, inequality
(12.2.10) is “genuine”; it does not arise by lifting.

The benefit derived from studying facets is not only that it leads to
interesting classes of graphs (for example, perfect graphs), but that it can
also be used to design linear programming algorithms in a manner similar
to that discussed in Section 9.4 for matching. Of course there may well
be other nice classes of facets as yet undiscovered. For any such class one
may also ask if a given vector satisfies the constraints corresponding to
facets in this class. This theory is much less developed then the theory
of the matching polytope. :

12.3. Hypergraph Matching

Another natural extension of the matching problem arises by con-
sidering matchings in hypergraphs. Recall that a hypergraph H is a
finite set V(H) (called the point set) together with a collection E(H)
of subsets (called lines) of V(H). A hypergraph is called r-uniform if
every line contains precisely r points. (Thus, 2-uniform hypergraphs are
precisely the graphs without loops.) Many concepts and problems from
graph theory (chromatic number, chromatic index, point cover, etc.) can
be extended to hypergraphs in a natural way. We cannot go into much
detail here; the interested reader is referred to the monograph of Berge
(1973). (See also Lovéasz (1979¢, Chapter 13.))

A subset of lines of a hypergraph is called a matching if the lines
are disjoint. Extending the notation used for graphs, we denote the
maximum number of lines in a matching by v(H). A subset of V(H) is
called a point cover if it meets every line. The minimum size of a point
cover is denoted by 7(H). Trivially,

v(H) < 1(H). (12.3.1)
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No complete solution of the hypergraph matching problem (that is,
the problem of determining v(H)) is known. In fact, this problem is
NP-complete even for 3-uniform hypergraphs (see Karp (1972) or Garey
and Johnson (1979))! In this section, we shall restrict ourselves to the
problem of extending Konig’s Theorem to hypergraphs, that is, to finding
reasonable general conditions under which equality holds in (12.3.1).

Let us remark that the hypergraph matching problem is equivalent
to the vertex packing problem for graphs. Since both are NP-complete,
perhaps this is no surprise. But the constructions used in reducing one
to the other are really very simple. First, let H be a hypergraph and
define its intersection graph L(H) as the simple graph whose points are
the lines of H, two being adjacent if and only if they intersect. It is clear
that

V(H) = o L(H)). (12.3.2)

Second, let G be any graph. Define the star hypergraph St(G) to be the
hypergraph whose points are the lines of G, and whose lines are the stars
of the points of G. It is then clear that

oG) = v(SHG)).

There is yet another way to associate with every graph a hypergraph
such that the vertex packing problem for the graph is equivalent to the
matching problem for the hypergraph. This hypergraph is called the
clique hypergraph of G and will be denoted by CI(G). It is defined as
follows. The points of CI(G) are the cliques in G, and for every point of
G, the cliques of G containing this point form an line of CI(G). Then
we have
a(G) = v(CUG)).

The clique hypergraph cannot in general be constructed in polyno-
mial time because a graph may have exponentially many cliques. Hence it
is useless from the point of view of computational complexity. However,
it is better suited for certain theoretical investigations than is the star
hypergraph. One reason for this is the following nice property of clique
hypergraphs. A hypergraph H is said to have the Helly Property if the
following holds: whenever Ey, ..., E, € E(H) satisfy E;nE; # O for every
1,7 €{1,...,7}, then Eyn---NE, # &. The following lemma is very easily
verified.

12.3.1. LEMMA. The clique hypergraph of any graph has the Helly
Property. ]
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Our first move toward finding sufficient conditions for the Konig
Property to hold is to extend the notion of 2-colorability of a graph. The
first definition we introduce does not quite do the job, but it will motivate
a subsequent more successful approach.

A hypergraph H is called 2-colorable, if its points can be 2-colored so
that every line contains points of both colors. It is immediately obvious
that if a hypergraph has an line which is a singleton then it is not 2-
colorable. Usually we do not want to consider this trivial obstacle to
2-colorability, and therefore we shall say that a hypergraph is essentially
2-colorable if upon deleting its 1-element lines, the remaining hypergraph
is 2-colorable.

An essentially 2-colorable hypergraph, however, need not have the
Konig Property; just consider the hypergraph on 4 points whose lines are
all triples. A notion sharper than essential 2-colorability was introduced
by Berge (1969, 1970). His idea was to extend the requirement of 2-
colorability to certain “sub”-hypergraphs. There are various ways to
define “sub”-hypergraphs of a hypergraph and we shall use two of these.
Let H be any hypergraph. If H' is obtained from H be deleting lines,
then H' is called a partial hypergraph of H. If U C V(H), and H" is the
hypergraph with V(H") = U and whose lines are the non-empty sets of
the form ENnU (E € E(H)), then H" is called the restriction of H to U.

Following Berge (1969, 1970), we call a hypergraph balanced if every
restriction of it is essentially 2-colorable. It follows immediately that
among all graphs precisely the bipartite ones are balanced. Just as
bipartite graphs can be characterized by the absence of odd cycles, we can
characterize balanced hypergraphs as follows. A circuit in a hypergraph
is an alternating sequence (1, Eq,z2, Es, ..., Zk, Ex) where z1,...,2k are
distinct points, Ey,...,Ex are distinct lines, z;, ;41 € E; (1 =1,...,k)
and zx.1 = z1. The number k is the length of the circuit. The circuit is
called unbalanced if E; N {z,...,zx} = {z;,2:+1} for all 1 <7< k, that
is, if there is no incidence between its points and lines other than the
trivial ones. The following characterization of balanced hypergraphs is
due to Berge (1970).

12.3.2. THEOREM. A hypergraph is balanced if and only if it does not
contain an unbalanced odd circuit.

PROOF. The “only if” part is trivial: if (z4, E4,..., 2k, Ex) is an un-
balanced odd circuit, then the restriction of H to the set {z,...,zx}
cannot be essentially 2-colorable.

On the other hand, suppose H does not contain any unbalanced
odd circuit. It suffices to show that H itself is essentially 2-colorable.
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The proof is by induction on |V(H)|. We may assume then that every
restriction of H to some set U C V(H) is essentially 2-colorable. Let G
be the graph on V(H) formed by those lines of H which have exactly
two elements. Since H does not contain any unbalanced odd circuits,
G must be bipartite. Let Gy be a connected component of G. (It may
happen that Go = G or that G consists of a single isolated point.) Set
U =V(G)-V(Gop). We know by hypothesis that the restriction of H to
U is essentially 2-colorable; let us 2-color it using red and blue. Also, G
is bipartite so let us 2-color G using red and blue as well.

Thus we have colored all points of H. Let us verify that this 2-
coloration is essentially good; that is, that every line E of H with more
than one point meets both colors. If |[ENU| > 2 then this is clear. So
suppose that |[ENU| < 1, and thus |[ENV(Gg)| > 1. But it cannot happen
that E contains one point from each of U and V(Gy), since then E would
be a line of G connecting Gy to a point outside Gg, which is impossible
since Gy is a component of G. Thus |[ENV(Gg)| > 2.

Suppose now that E is monochromatic, say red. Thus all points
of E in V(Gy) are red. Since Gy is connected, it contains a path P
connecting two points in E and such a path must have odd length. We
may also assume that no interior point of P belongs to E, for otherwise
we could consider an appropriate proper subpath of P instead of P. Then
P together with E forms an unbalanced odd circuit. This contradiction
proves that no line with more than one point is monochromatic; that is,
H is essentially 2-colorable. ]

The following important result on balanced hypergraphs is due to
Berge and Las Vergnas (1970):

12.3.3. THEOREM. Every balanced hypergraph satisfies the Konig
Property.

PROOF. We imitate the proof of Konig’s Theorem for bigraphs given
in Section 1.1. Let H be a balanced hypergraph and let us remove lines
from H as long as 7(H) remains unchanged. (Note that when lines are
removed from H, the property of being balanced is preserved.) Let H’
denote the hypergraph obtained in this way. Then, 7(H') = 7(H), but
7(H' — E) < 7(H) for every line E of H.

We claim that H' consists of disjoint lines. This will suffice, since
then, trivially, the number of lines in H' is 7(H") = 7(H), and hence we
will have found 7(H) disjoint lines in H. This shows that H has the
Konig Property.
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Suppose, to the contrary, that H' has two lines E; and E; which
have a point v in common. By the definition of H', the lines of the
hypergraph H' — E; can be covered by fewer than 7(H) points. For
1=1,2, let T; be a set of 7(H)~ 1 points covering all lines of H' — E;.
Obviously, v ¢ Ty U Ts.

Consider the set U = (T; @ T2) U {v}. Since E is balanced, the
restriction H" of H to U is essentially 2-colorable. Let (A, B) be an
essential 2-coloration of H”. Without loss of generality, assume that
|A| <{B]|. Then |A| <|U|/2 and since U is odd, |A| < (|U|-1)/2.

Next, consider the set AU (Ty NT;). We claim that this se: covers
every line of H'. Let E € E(H'). If |[EnU| > 2, then AnE # ), since
(A, B) is an essential 2-coloration of H”. So suppose that [ENU| < 1.
Clearly, E # E;,E;. Then either Ty — T; or 7> — T} misses £ and since
both T; and T must meet F, it follows that T N T, must meet E.

But then we obtain

TH)<JAU(TI nT)|<(U|-1)/2+ |TinT|=7(H) -1,
which contradicts the definition of H'. [

Define the chromatic index x.(H) of a hypergraph H to be the least
number of colors sufficient to color the lines of H so that no two lines with
the same color have a point in common. Just as in the case of graphs, the
maximum degree A(H) (that is, the maximum number of lines containing
some one point) is a lower bound for the chromatic index. Then Konig’s
Theorem on the chromatic index of bipartite graphs may be extended to
balanced hypergraphs.

12.3.4. THEOREM. If H is a balanced hypergraph, x.(H)=A(H). =

This result can be obtained as a consequence of the following theorem
(Lovész (1972e¢)) which is really just a restatement of the Perfect Graph
Theorem.

12.3.5. THEOREM. For every hypergraph H, the following are equi-
valent:

(i) every partial hypergraph H' of I{ has v(H')=r(H');

(ii) every partial hypergraph H' of H has x.(H')= A(H");

(i) L(H) is perfect and H has the Helly Property.
PROOF. 1. (i) = (iii). First we show that H has the Helly Property.
In fact, let H' be any collection of mutually intersecting lines of H. Then
v(H')=1 and hence by (i), 7(H') = 1. But this means precisely that all
the lines in H' have one point in common.
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We claim now that L{H) is perfect. This will imply by Theorem
12.2.3 that the graph L(H) is also perfect. To this end, observe that
the induced subgraphs of L(H) are just the intersection graphs of partial
hypergraphs of H. Hence it suffices to show that x(L(H)) = w(L(H)),
since the relation x(G') = w(G’) follows for every induced subgraph G’
of L(H) similarly.
By equation (12.3.2), w(L(H)) = a(L(H)) = v(H). Let U be a point
cover of H with 7(H) points. For each u € U, the set of lines of H

containing u is independent in the graph L(H), and so we have |U]|
independent sets covering all points of L(H). Hence x(L(H)) < |U| =
7(H) = v(H) = w(L(H)), which proves that L{H) is perfect. Hence the
graph L(H) is also perfect.

. (iii) = (ii). It suffices to show that x.(H)= A(H). Any coloration
of L(H) corresponds trivially to a coloration of the lines of H and hence
Xe(H) = x(L(H)). Consider any maximum clique in L(H). This gives us
w(L(H)) lines in H which mutually intersect. But since H has the Helly
Property, it follows that these w(L(H)) lines have a point in common,
and so A(H) > w(L(H)) = x(L(H)) = xe(H). But then A(H) = x.(H)
clearly follows.

II. The implications (ii) => (iii) and (iii) = (i) follow by very similar
arguments which we omit. [ |

12.4. Vertex Packing in Claw-free Graphs

We conclude this book with an algorithm which solves the vertex-
packing problem for claw-free graphs; i.e., for graphs having no induced
subgraph isomorphic to K 3. The first two polynomial-time algorithms
to solve this problem were obtained independently by Minty (1980) and
by Sbihi (1980). The algorithm given here is different from both of these,
however, although it was inspired by Minty’s algorithm in the following
sense. As we have remarked in the introduction to this chapter, the class
of claw-free graphs includes all line graphs, and so the vertex-packing
problem for claw-free graphs includes the matching problem. Minty’s
algorithm turns this relation around and reduces the vertex-packing
problem in a claw-free graph to a matching problem by constructing an
auxiliary graph, which he calls the “Edmonds graph”. Here we develop
a more immediate reduction of the vertex-packing problem for claw-free
graphs to a matching problem.

The algorithm of Sbihi solves the problem directly without reference
to matchings, but it is not too easy to follow and we shall not discuss it
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FIGURE 12.4.1. Excluded subgraphs for line graphs

here. Neither do we go into the weighted version of the problem, although
Minty extends his method to this more general problem as well.

It is quite easy to construct an example which shows that not every
claw-free graph is the line graph of some graph. In fact, to characterize
line graphs of graphs, we must exclude six further graphs besides K 3.
(See Hemminger (1971) and Bermond and Meyer (1973).) A similar
characterization of line graphs of simple graphs is due to Beineke (1968,
1970) and, independently, to Robertson (unpublished).

12.4.1. THEOREM. A graph G s the line graph of some graph if and
only if it does not contain any of the graphs in Figure 12.4.1 as an induced
subgraph. [

It follows from the result of van Rooij and Wilf (1965) that it can be
decided in polynomial time whether or not a given graph is a line graph.
Moreover, given a line graph L(G), it is not difficult to construct G in
polynomial time (Roussopolis, (1973)). (See also Lehot (1974).) So for
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graphs not containing any of the graphs in Figure 12.4.1 as an induced
subgraph, the vertex packing problem can be reduced to the matching
problem. We shall show that such a reduction is still possible if only the
first of these graphs is excluded.

For later reference, let us formulate another (easy) characterization
of line graphs due to Krausz (1943).

12.4.2. EXERCISE. A graph G is the line graph of some graph if and
only if G can be written as the union of complete subgraphs so that no
point of G belongs to more than two of these complete subgraphs.

Now let us sketch the idea of the forthcoming algorithm. First,
we shall describe two “local” configurations such that if either one of
these occurs, then we can easily reduce the problem to a single smaller
graph. Searching for such “local” configurations and carrying out the
reductions can be done in polynomial time, and hence these reductions
lead to a polynomial-time algorithm. (The reader should note that it is
trivial to reduce the problem to determining the independence number
of two smaller graphs. For example, o(G) = max{a(G —v), (G —I"(v))}.
Such a reduction, however, leads to an exponential time algorithm as the
reader may easily verify!)

On the other hand, if we cannot carry out either one of these reduc-
tions, the graph we are left with will prove to already be a line graph! So
in this case we can fall back upon any of the polynomial-time matching
algorithms in Chapter 9.

So let us start with a description of the reduction procedures we are
going to use. We shall need the following notation. Let G be a graph
and suppose X C V(G). We set N(X)=I'(X)-X. So N(X) =I'(X)
if and only if X is independent. In particular, N(v) = I'(v) for each
point v. Let Ny(v) denote the set of points at distance 2 from point v.
So Ny(v) = N(vu N(v)). We also set a(X) = a(G{X]). If four points
a, b, c,d induce a claw in G with center ¢, then we shall denote this claw
by {a;b,c,d}. A point v of a claw-free graph will be called regular if N(v)
can be partitioned into two complete graphs and irregular, otherwise.
Our first lemma describes a way to eliminate irregular points. (Note that
by Exercise 12.4.2, all points in a line graph are regular, so this procedure
will align the structure of our claw-free graph more closely with that of
a line graph.)

12.4.3. LEMMA. Let G be a claw-free graph and a, an irregular point
of G. LetY be the set of those points y € N;(a) for which N(a)— N(y)
induces a complete graph in G. Let G’ be the graph obtained from G by
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FIGURE 12.4.2. Reduction of an irregular point

deleting aUN(a)VY and by joining every two (as yet non-adjacent) points
of Na(a)—Y with a new line. Then G’ is claw-free and a(G') = o(G) - 2.

This procedure for reducing irregular graphs is illustrated in Figure
12.4.2.

PROOF. The hypothesis that N(a) cannot be covered by. two complete
subgraphs means that G[N(a)] is not bipartite, and so it contains an odd
cycle C = zgzy---Z9k. Since G is claw-free, we must have k > 2. If we
choose k as small as possible, cycle C will be chordless.

Claim 1. Every point v € N(a)— C is adjacent to at least 2k — 1
points on C. Moreover, if C' contains two points z; and z; neither of
which is adjacent to v, then j—1 = +2(mod2k +1).

It suffices to verify the second assertion, since it clearly implies the
first. But if z; and z; are not at distance 2 when traversing cycle C, then
we can find an odd cycle in G[N(a)] which is shorter than C, contrary
to the choice of C.

Claim 2. Every v € Ny(a) is adjacent to some point of cycle C.

To see this, simply choose any point u € N(a)n N(v), and assume
that u ¢ C. By Claim 1, © must be adjacent to two consecutive points
on C, say 7o and z;. But then the fact that {u;v,zo,z1} is not a claw
implies that v is adjacent to one of z¢ and z;.
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Claim 3. Every v € Ny(a) is adjacent to at least k points of C.

We already know that v is adjacent to some point of C, so let,
say, zg be one of these. Then for any 1 < ¢t < k —~ 1, the quadruple
{z0; v, T2t, T2:+1} is not a claw and hence v is adjacent to at least one of
T2: and Za;41. This yields & —1 further neighbors of v on C.

Claim 4. «a(Ny(a)) <2.

Suppose, to the contrary, that u,v and w are independent points in
N;(a). Then by Claim 3, each of them is adjacent to at least k points
on C. Since 3k > 2k + 1, there is a point z € C which is adjacent to at
least two of u,v and w, say to v and w. But then {z;;a,v,w} is a claw
and we have a contradiction.

Claim 5. a(aU N(a)U Ny(a)) < 3.

To see this, assume that u,v,w and z are four independent points in
aUN(a)U Na(a). Then, by Claim 4, at most two of u,v,w and z belong
to Ny(a). Since, trivially, a(N(a)) <2, clearly two of them must belong
to N(a) and two of them to Ny(a). Let us assume that u,v € N(a) and
w,z € No(a). Let us choose C so that it contains as many of u and v
as possible. By the same argument as above, the points w and z cannot
have a common neighbor on C. So by Claim 3, every point on C, with
at most one exception, is adjacent to one of them. Hence one of u and
v, say u, is not on C.

If C has two points not adjacent to u then these are z; 1 and ;49
for some ¢ by Claim 1 (where the indices are taken modulo 2k +1). But
then C' = C — z;Uu is also a minimum length odd cycle in G[N(a)] and
since v # z; (because z; is adjacent to u), it also follows that C’ contains
more of the two points u and v than C, a contradiction. So we know
that u is adjacent to all but at most one point of C.

Now if v ¢ C, then by the same argument all but at most one point
of C are also adjacent to v. So we can find a point on C which is adjacent
to u,v and one of w and z. On the other hand, if v € C, then v must be
the unique point on C not adjacent to u, and so again we find a point
on C adjacent to u,v and one of w and z. In both cases we have a claw,
which is a contradiction. This proves Claim 5.

Claim 6. a(aUN(a)UY)<2.

By the definition of Y, this will follow if we show that the set Y
induces a complete subgraph of G. Every point in Y is adjacent to at
least k +1 points of C trivially, and hence any two points of Y have a
common neighbor in C. But from this it follows that they are adjacent
just as above.
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We can now finish the proof of the lemma fairly easily. It is straight-
forward to verify that G’ is claw-free.

Next we show that a(G') > a(G) —2. Let A be any maximum
independent set in G. Then A contains at most 2 points from aUN(a)UY
by Claim 6, and hence, A'= A—a— N(a)—Y has cardinality at least
a(G)—2. So if A’ is independent in G’, we are done. If A’ is not
independent in G’, then it must contain at least two points of Ny(a), say
u and v. But by Claim 4, it contains only these two points of N3(a) and
by Claim 5, set A then contains at most one point of a U N(a), and so
A’ has cardinality a(G)—1. But then set A’ —u is an independent set in
G’ with cardinality o(G)- 2.

Finally, we show that o(G) > a(G') +2. To this end, let B be
any maximum independent set of points in G'. If BN Ny(a) = &, then
BuU{zg,z,} is an independent set in G of size a(G')+ 2. If B contains a
point v of Ny(a), then clearly this is the only point of BN N2(a) by the
definition of G'. Furthermore, since v ¢ Y, the set N(a)— N(v) contains
two non-adjacent points z and y. But then BU{z,y} is an independent
get in G of size a(G’)+ 2. This completes the proof of the lemma. m

Our next lemma describes a similar, but simpler, reduction proce-
dure. The proof of this lemma is analogous to that of the last part of
the proof of the preceding lemma and is therefore left to the reader.

Let @ be any clique in the graph G. We say that @ is reducible if
a(N(Q)) <2.

12.4.4. LEMMA. Let @ be any reductble clique in the claw-free graph
G. Let G' denote the graph obtained from G by deleting the points of @
and connecting two as yet non-adjacent points u and v of N(Q) by a line
of and only if @ C N(u)uN(v). Then G’ is claw-free and o(G’') = a(G)—-1.

[ ]

The clique reduction procedure of Lemma 12.4.4 is illustrated in
Figure 12.4.3.

It is obvious how to check whether a given clique is reducible. It
is much more difficult to check if there ezists any reducible clique! This
existence problem will not trouble us however, for in the special case when
we have to apply the clique reduction procedure, the reducible clique will
arise in a simple manner.

What happens if neither of the reduction principles formulated in
the previous lemmas can be applied? The following theorem shows that
then, in fact, we have returned to a friendly and familiar case!
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12.4.5. THEOREM. Let G be a graph such that every point of G is
contained in two irreducible cliqgues which cover all neighbors of the point.
Then G 1s a line graph.

PROOF. The hypothesis implies that G is claw-free and that it does
not contain an induced 5-wheel. (In fact, we shall need only these two
consequences of the hypothesis.)

Let @ be any clique in G. We say that two neighbors u and v of @
are distant (with respect to @), if they are non-adjacent and @ N N(u)n
Nw)=02.

Claim 1. Let u and v be two non-adjacent neighbors of a clique @
which are non-distant. Then @ C N(u)U N(v). In fact, if there were a
point z € @ — N(u) — N(v), and also a point y € @ N N(u)n N(v), then
{y;u,v, 2} would be a claw.

Claim 2. Let u,v and w be three independent neighbors of a clique
Q. If some two of them are distant, then any two of them are distant. For,
if u and v are distant, but, say, » and w are not, then @ C N(u)u N(w)
by Claim 1, and hence N(v)NQ C Q@ — N(u) C N(w)n Q. So v and
w are not distant and hence once again by Claim 1, @ C N(v)u N(w).
But since N(u)n N(v)n @ = &, this implies that @ C N(v), which is
impossible since @ is a clique.

Claim 3. Let u;,us and us be three independent neighbors of a
clique @, and let v be a neighbor of ¢ not adjacent to w,. Then v and
u; are distant.

To see this, assume that v and u; are not distant. Then there is
a point z € @ N N(v)N N(uy). Considering the quadruple {v;z,us,us},
we see that v cannot be adjacent to both u; and u3. Without loss of
generality, let us assume that v is not adjacent to uz. Then u;,uz and v
are three independent neighbors of ¢ such that v and v, are non-distant,
but u; and us are distant. But this contradicts Claim 2.

We say that the clique @ is normal if it has three neighbors which
are mutually distant.

Claim 4. Let v; and v, be two independent neighbors of a normal
clique Q. Then v; and v, are distant.

To prove this claim, consider three mutually distant neighbors u1,u
and uz of @. We may assume that they are distinct from v; and vy, or
else we are done by Claim 3. By claw-freeness, each v; is adjacent to at
most two of the u;’s. But we may also assume that each v; is adjacent to
two of the u;’s; for if not, say if v; were non-adjacent to u; and g3, then
ug,u3 and vy would be three independent neighbors of ¢, of which two
would be distant. So by Claim 2, they are mutually distant and hence
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FIGURE 12.4.3. Reduction of a clique

by Claim 3, v, and v, are also distant. Furthermore, each u; is adjacent
to at least one of the points v;. For if, say, u; were independent from v,
and v;, then u;,v; and v2 would be three independent neighbors of @,
of which u; and v, are distant by Claim 3. But then v; and v, would
also be distant by Claim 2.

Thus we may assume that v; is adjacent to u; and us, and v is
adjacent to us and us. It follows by Claim 3 that u; and v, are distant
and so are uz and v; Suppose now that v; and v, are not distant. Then
there is a point z € @N N(v,)NN(v2). If we then consider the quadruple
{v1;u1,us,z}, we conclude that one of u; and uz must be adjacent to z.
But since u; and v, are distant, we conclude that uz must be adjacent
to .

Next, let y; be any neighbor of u; in @. Considering the quadruple
{z;v1,v2,y1}, we see that y; must be adjacent to one of v; and vy. But
y1 cannot be adjacent to vg, since u; and v, are distant. So y, is adjacent
to v;. Similarly, y, is adjacent to v;. But now the points yy,v1,y2,u3
and v, induce a pentagon which lies entirely in N(z). This is impossible,
since by hypothesis, N(z) can be covered by two complete graphs. Thus
Claim 4 is proved.

Claim 5. Let a be any point and let @; and Q2 be irreducible
cliques containing a and covering N(a). Then @; and Q- are normal.
In fact, @; has three independent neighbors u,v and w. At least two of
these, say u and v, are not contained in Q. But then a ¢ N(u)U N(v)
and so Q@ ¢ N(u)U N(v). Hence u and v are distant by Claim 1 and
therefore, u,v and w are mutually distant by Claim 2.
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Claim 6. Let @; and @3 be normal cliques and suppose z € @1NQ5.
Then N(z)C @1V Q7.

To prove this claim, consider any point y € N(z), and suppose that
Yy ¢ @1 UQ2. Then since @, is normal, ¥y must be adjacent to all points
of @1 — @2 by Claim 4 and similarly, it must be adjacent to all points
of Q2 — Q. We will show that N(Q;) C N(y). This will clearly be a
contradiction since N(Q;) contains three independent points.

So suppose v € N(Q). Let u be any neighbor of v in @,. We may
assume that u € ¢, — @, since if u € Q; NQ3, it then follows that v is
adjacent to all points of ¢, — @5 by the argument above. So v and y
are non-distant neighbors of ¢, and hence they are adjacent by Claim
4. Hence v € N(y) as claimed. This completes the proof of Claim 6.

Claim 7. No point of G is contained in more than two normal
cliques. For suppose that some point z is contained in three normal
cliques @,,Q2 and Q3. Then by Claim 6, @; C @2 U Q3 and similarly,
Q2CQ1vQs3 and Q3 C Q; UQ2. Hence @, UQ2U Q3 is a clique which
i8 clearly a contradiction.

It is now easy to complete the proof of the theorem. Construct the
graph H the points of which are the normal cliques of G by joining two
normal cliques @; and @; by |@1 N Q2| lines. Then L(H) is isomorphic
to G. [

Now we are prepared to prove the main theorem of this section.

12.4.6. THEOREM. The independence number of a claw-free graph can
be computed in polynomial time.

PROOF. Let G be a claw-free graph. Select any point a of G and
check to see if it is regular. This simply means to check whether N(a)
induces a bipartite subgraph in the complement of G, and this can be
done trivially in polynomial time. If we find that a is irregular, then
we reduce the problem to a smaller instance by Lemma 12.4.3. If we
find that a is a regular point (i.e., that N(a) can be partitioned into two
complete subgraphs T; and T; of G), then we can extend each T;Ua
to a clique @; and check whether or not these two cliques are reducible.
If either one of them is reducible, then again we reduce the problem to
a smaller instance, this time using Lemma 12.4.4. If both cliques are
irreducible, then we move on to another point. If we have inspected all
points without being able to reduce our problem to a smaller graph, then
by Theorem 12.4.5 we have a line graph of a graph H. (In fact, the proof
of that theorem shows how to construct H.) So we can then apply any
of the polynomial-time matching algorithms of Chapter 9. [ ]
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REMARK 1. With some care, the algorithm above can be implemented
in O(p*) time.
REMARK 2. The algorithm described in this section proceeds by reduc-

ing the size of the graph directly until a line graph is obtained. If, in
addition to claws, we also exclude induced 3-paths, then a similar reduc-
tion can be defined which reduces the size of the graph all the way down

to

zero! (See Hammer, Mahadev and de Werra (1983).)

/

BOX 12A. Bounds on the Independence Number, or: h

Can Anything be Done with NP-complete Problems?

Having learned that the computation of a(G) is NP-hard, some might
conclude that this problem is mathematically “intractable” and is deserv-
ing of no more study; no polynomial-time algorithm or good characteriza-
tion can be expected. Others, who deny the relevance of polynomiality
of algorithms, may say that all we should be concerned with in any case
is the improvement of mathematically more or less trivial algorithms by
employing various heuristics, programming and data handling tricks, etc.
Common to these two extreme views is that they both deny the neces-
gity of further attempts to build a deeper mathematical theory of the
independence number of general graphs.

Let us now query a third person, a more traditional mathematician,
perhaps. He might well answer that if we cannot determine a function
exactly, we should seek good upper and lower bounds. Looking at this
suggestion from the point of view of complexity theory, we are led to
some profitable approaches to independence number and to other NP-
hard problems in general.

It is essential to remark at once that, in the case of independence
number, there is a substantial difference between having upper and lower
bounds. A lower bound on the independence number means the existence
of an independent set of points of a sufficiently large size. One way to
find such a lower bound is to give an algorithm which produces a “large”
(although not necessarily a largest) independent set in every graph. Such
an algorithm is often called a heuristic for the vertex packing problem.

Of course, the crucial task, then, is to try to measure how far we
are from the optimum. In spite of the obvious practical significance of
this problem, we know little about the possibilities of heuristics for the
general vertex packing problem. In particular, we do not know if there
i any polynomial time heuristic for the vertex packing problem which
gives us an independent set whose size tends to infinity as a(G) tends to
infinity. To wax even more optimistic, we might seek a heuristic which
produces an independent set of size, say, «(G)/2 in every graph G. Of
course, less constructive methods such as random choice, existence proved

\by enumeration, etc., may also lead to lower bounds on a{G). Although /




/
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no really general approaches have been found so far, a very large number
of results in extremal graph theory, Ramsey theory and other fields of
graph theory are based implicitly on such heuristics. For a survey of some
of these, see Griggs (1983).

Upper bounds on the independence number, on the other hand, mean
the non-existence of independent subsets of a certain size. What can be
the practical significance of such a negative result? In order to discuss
some examples, let us point out that there are two kinds of upper bounds
of interest. Sometimes, we may find an upper bound f(G) which is com-
putable in polynomial time. On the other hand, it is also of interest to
find upper bounds f(G) which are not necessarily polynomially comput-
able, but for which the property f(G) < k is in NP. We call such a bound
an NP-bound.

If we have a polynomially computable upper bound for o(G), it
can be used to design a branch-and-bound algorithm to find a(G); the
sharper the upper bound, the better “pruned” is the search tree. (For
an introduction to branch-and-bound algorithms for graphs, see Gondran
and Minoux (1979, 1984).)

If we want to analyze the performance of a heuristic, that is, if we
want to compare its result with the actual value of a(G), we need good
upper bounds on ofG).

Given any NP-bound on «(G), we can consider the class of graphs for
which this upper bound is attained. For these graphs, the value of o(G)
is well-characterized, and hence there is hope that for such graphs it is
easier to calculate o(G). Unfortunately, this does riot always work! The
minimum number of complete graphs covering graph G — in other words,
x(G) — is an NP-bound for a(G), but determination of the independence
number is already NP-complete for those graphs with o(G) = x(G). It is
also NP-complete to decide whether or not o(G) = x(G) holds for a given
graph. And yet, a modification of this property, namely requiring it to
hold for all induced subgraphs as well, leads to the important notion of
perfect graph.

Let us mention some further upper bounds on a(G). We can improve
the trivial bound x(G) mentioned above by using the idea of “fractional
covering” by cliques. Here we suppose that non-negative weights are
assigned to the cliques of graph G in such a way that the sum of weights
of cliques containing & given point is at least 1, and then try to minimize
the total sum of weights. Let us denote this minimum by o*(G). It is
then easy to see that the value of a*(G) is always an NP-bound for a(G).
Unfortunately, however, to compute the number, a*(G), is NP-hard!

Another way to look at this number is as follows. Let af -z < b;,
1=1,...,m, be any set of valid ¢onstraints for the vertex packing polytope
VP(G). Then an upper bound for a{G) can be obtained by solving the
following linear program:

AN

/
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maximize 17.z \
subject to z2>0
al -z<b:; (i=1,...,m)

or equivalently by solving its dual:

minimize ) biy:
subject to yi 20 (t=1,...,m)
Eyia,- 21

Thus from the line constraints we obtain as an NP-bound on aG)
the value p—v2(G)/2, which is even polynomially computable, but rather
crude. From the clique constraints we obtain the number a*(G), which is,
unfortunately, NP-hard to compute. If we take the odd hole constraints,
as discussed Section 12.2, then we obtain a better-behaved upper bound,
that ig, one which can be computed in polynomial time (Grotschel, Lovasz
and Schrijver (1984a)). Unfortunately, this upper bound also tends to be
rather rough for many graphs, even for most perfect graphs.

Let us conclude with the mention of an upper bound on o{G) which
is better than a*(G) and, in addition, is also computable in polynomial
time. This bound is based on quite different ideas, however, and we shall
only sketch them here. Let G be a graph and consider all symmetric
matrices whose rows and columns are indexed by the points of G. Fix
the value of the entry a;; at 1if =7 and also if 7 and 7 are non-adjacent,
but let the value of the other entries be arbitrary. Choose the other
entries 8o that the largest eigenvalue of A is as small as possible, and
denote this minimum value of the largest eigenvalue by ¥(G). Then this
number, ¥(G), is an upper bound on «(G), and it turns out that this
bound is always sharper than a*(G). (See Lovdsz (1979d).}) Its main
advantage is, however, that in spite of its very complicated definition,
it can be computed in polynomial time (Grotschel, Lovasz and Schrijver
(1981)). Since, in particular, for any perfect graph, we have oG) =
¥G) = a*(G) = x(G), this result implies that the independence number
of any perfect graph can be determined in polynomial time.

For further applications of ¥(G) and more generally for more on
upper bounds on the independence number of a graph, see Hansen (1979,
1980), Hammer, Hansen and Simeone (1980), Li and Li (1981), Lovédsz
(1982) and Grétschel, Lovész and Schrijver (1984a). y
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Index of Terms

Those page numbers printed in bold face denote the location of
the definition of the corresponding concept. Note that in some cases,
a definition appears in several different places for the convenience of the

reader.

o-algebra, 74
F-contraction, 296
v-double flower, 430, 432, 433, 437,
438
H-factor, 231
H-factor problem, 231
6-subgraph, 441
1-factor, see perfect matching
2-colorable, 32
2-connected, see n-connected
2-cover, 213-217, 215
basic, 215, 292
determined by the independent
set A, 215
size of, 215
2-factor, see f-factor
2-line, 128
2-matching, xv, 213-217, 213, 220-
225, 228-231, 291
basic, 214, 225
maximum, 222
K -gon-free, 228
perfect, 216, 223, 224, 225, 450
size of, 213
2-matching problem, 213, 226
2-polymatroid, see k-polymatroid
2-port, 423
3-block, 158
3-connected bicritical graph, see
brick
3-line, 128
A-deficiency, 17
A-path, 425
Acyclic polynomial, see matching
defect polynomial

Afline independence, 256, 258, 278,
294
Algorithmos, 414, 415
Antichain, 32, 34, 35
Antichain partition, 3
Antihole, 463
Arborescence, 54, 250
Asymptotically locally normal, 343,
344
Asymptotically normal, 343
Automorphism group, 207, 207-
211
line-transitive, 207, 210
point-transitive, 101, 207, 208—
211
b-matching, 271, 411
Barrier, 103-110, 103, 146, 149,
150, 151, 152, 181
maximal, 105, 108-109, 143,
146, 150, 152, 152, 181
minimal, 109
Basis graph, 134, 205
Benzenoid, 350, 351
Berge Formula, xi, xv, 84, 84-92,
90, 98, 103, 104, 114,
116, 226, 282, 357, 368
Bicritical decomposition, 153, 157
Bigraph, see bipartite graph
Bipartite Ear Selection Lemma, 183,
188, 190
Bipartition, xxxi, 1
Birkhoff Algorithm, 36, 37
Birkhoff Theorem, see Birkhoff-von
Neumann Theorem
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Birkhoff-Konig Theorem, see Birk-
hoff-von Neumann Theorem
Birkhoff-von Neumann Theorem,
36, 37, 256, 272
Blossom, 361, 363, 365, 368
base of, 362
shrinking a, 366
Blossom forest, 362, 363
Boltzmann constant, 354
Boolean algebra, 77
Borel set, 76, 77, 78
Bottleneck, 52
Branch-and-bound, 382, 481
Breadth-first search, 49, 54
Brick, 143, 157, 296, 302
Brick Decomposition Procedure, 143,
144, 302
Canonical partition, 143, 150, 151
Carathéodory Theorem, 257
Cardinality matching algorithm, 358—
369
Cathedral, 159-173, 166 348
Cathedral Construction, 143, 166
Cathedral Theorem, 166, 346
Central Limit Theorem, 344
Chain, 32
Chain partition, 32, 34, 35
Characteristic polynomial, xvi, 308,
335, 336, 340, 352
Chinese Postman Problem, iii, xvi,
213, 231-243, 231, 249
Chinese Postman Theorem, 236
Chinese Postman Tour, 231, 232,
236
Chord (of a cycle), xxx, 132, 136
Chromatic index, ix, 37, 285-290,
285, 457, 466
fractional, 255, 288, 289
Chromatic index (of hypergraph),
470
Chromatic number, xxxi, 11, 331,
466
Circuit (of 2-polymatroid), 427
Circuit (of hypergraph), 468
length of, 468

unbalanced, 468, 469
Circuit (of matroid), 23
Claw, 109
Clique, 459
irreducible, 476, 477, 478, 479
normal, 477, 478, 479
reducible, 476
Clique constraint, 459, 461, 464,
482
Coboundary, 207
Cocycle, 207
Combination
affine, 256
conical, 256
convex, 256
linear, 256
Comparability Graph (of poset),
459
Comparable, 32
Complementary slackness, 371
Component, xi, xxx
2-connected, xxxi, 55
even, xxx, 87
odd, xxx, 87
(X,Y)-0dd, 402, 403
Compositeness (of natural numbers),
10
Cone, 256, 260, 281, 292
pointed, 256
Conservative graph, see conserva-
tive weighted digraph
Convex cone, see cone
Convex polyhedral cone, see cone
Cramer’s Rule, 269, 316
Crossing cuts, 235
CSDR, see common system of dis-
tinct representatives
Cut
2-commodity, 253
capacity of, 43
minimumy 43
shoré of, 280, 299, 300
Cut rooted at r, 250, 253
Cut-equivalent Tree Theorem, 62
Cutline, v, xxxi
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Cut(s)
crossing, 62, 63, 295
uncrossing of, 235, 299
Cutting plane, 283-285
Cycle, xxxi, 20
alternating, xxxii, 85, 86, 135,
176, 283, 319
evenly oriented, 319
Hamilton, iv, xxx, 119, 213,
227, 228
nice, see nice subgraph
oddly oriented, 319
Cycle Shrinking Lemma, 358
d-ary tree, 340
Data structure, 364
Defect, xi, 90
Deficiency, xv, 17, 18, 90, 92, 103,
113, 417
Defining points, 259
Defining rays, 259
Degree, viii, xxix
Degree of freedom, 421
Degree sequence, 384, 404-408
Degree-constrained subgraph prob-
lem, xi, 68, 383
Depth-first search, 55, 339
Determinant, xvi
irreducible, ix
reducible, vii
Digraph, see directed graph
acyclic, 139
Pfaffian, 319, 320
search of, 54
Dilworth Theorem, xv, 32, 33, 34,
35, 459
Dimer problem, 326
Dinic Algorithm, 56, 59, 61
Dinic-Karzanov Algorithm, see Dinic
Algorithm
Direct sum (of polymatroids), 426
Directed cut, 43
Disjoint Branching Theorem, 253,
254
Distant points, 477, 478
Distinct representatives

common system of, 31
partial system of, 30
system of, 29
Double circuit, 428
trivial, 428
Double flower, 428
Double translation invariance, 79
Dual program, 259
Dual solution, 371, 373, 374
Duality, xiii, xviii
linear programming, xiii, xviii
matroid, 92-93
Duality Theorem, xiv, xvi, 255,
260, 262, 271, 297
Dulmage-Mendelsohn decomposition,
139
Ear
closed, 174
improper, 552, 554
open, 533, 556
proper, 192, 192, 194
Ear decomposition, xv, 121, 123,
124, 128, 129, 144, 361
bipartite, 124, 125
open, 196
Ear Selection Lemma, 183, 185
Ear system, 175
Edmonds graph, 471
Edmonds Matching Algorithm, xvii,
16, 83, 94, 357, 358-369,
376, 380, 381
Edmonds Theorem, 255, 274
Edmonds-Karp Algorithm, 48, 52,
56, 57, 60, 61
Eigenvalue (of a graph), 340
largest, 482
Ellipsoid Method, xiv, xvii, 263,
264, 265, 357, 370, 380,
381, 418, 463
Encoding
arithmetic, 59
binary, 59, 60, 61
unary, 59, 60, 387
Euler trail, xxx, 218, 231
Even subdivision, 186, 224, 225
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(f,g)-factor, 388, 401
f-factor, xi, xvii, 70, 72, 74, 228,
383-408
f-factor problem, xvii, 227, 383-
408, 383
f-factor Theorem, xi, 384, 403, 405
f-matching, 72
perfect, 72, 383
f-matching problem, 68, 383, 385
Face, vi, 258
Facet, xvi, xviii, 258, 268, 274, 279,
292, 302, 304, 379, 444,
457, 464, 465, 466
Farkas Lemma, 257, 283, 290
Feedback number, 249, 250
Ferromagnetic, 353
Finite basis, xviii, 134, 136, 450,
456
Finite motion, 420
Flat, 23, 341
Flow, 43
2-commodity, 254
augmenting, 56
greedy, 57
integral, 71
maximum, 43
minimum cost, 42
multicommodity, 42
multiterminal, 42
value of, 43
Flow Integrality Theorem, 46, 69
Flow-equivalent Tree Theorem, 66,
251
Flower, 427
Ford-Fulkerson Theorem, see Max-
Flow Min-Cut Theorem
Forest, xxxi, 13
Forest-representative system, 32
Foundation, 166, 169, 348
Four Color Conjecture, vi, vii
Four Color Theorem, 285
Fractional covering, 481
Frobenius Theorem, see Marriage
Theorem
Fulkerson Conjecture, 289

Gallai class number, 450, 453
Gallai Identity, 1, 4, 7, 8, 11, 403,
411, 443, 463
Gallai Lemma, 84-93, 89, 400
Gallai-Edmonds Structure, 147, 372,
373, 383, 384, 390
Gallai-Edmonds Structure Theorem,
xii, xv, xvii, 84, 91, 93-
102, 94, 104, 121, 137,
146, 149, 152, 170, 210,
221, 229, 357, 360, 376,
379, 402
Gomory Algorithm, 283
Gomory-Chvétal truncation, 284
Good algorithm, 13, 16-17, 16
Good characterization, xviii, 8, 11,
11, 19, 83, 84, 92, 102,
217, 226, 227, 229, 230,
256, 257, 263, 290, 291,
294, 331, 369, 400, 419,
420, 429
Grade (of an ear decomposition),
176, 179, 180
Graded ear decomposition, 176, 177,
178
length of, 176
longest, 177, 178
non-refinable, 177, 178, 179,
180, 182, 185, 190
Graph
T-critical, xviii, 225, 444, 445-
456, 445
basic, 453, 454
l-extendable, 113, 144, 145, 153,
314
ear structure of, 174-195
2-bicritical, 217-220, 217
2-extendable, see n-extendable
graph
bicritical, xv, 143, 144, 152,
153, 155, 157, 158, 159,
163, 191, 195, 200-211,
302, 303, 346
minimal, 145, 191, 195, 200-
205
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binding number of, 115, 116
bipartite, xxxi
color class of, xxxi
elementary, 144, 145-159, 162—
171, 219
minimal, 126, 127-137, 145
claw-free, 445, 471-480, 471
complement of, xxix, 7
connected, v, xi, xxx
cubic, vi, xxix, 110, 111
cubic planar, 443
cyclically k-line-connected, 205
directed, xxxi
strongly connected, xxxi, 124
weighted, 243
conservative, 244, 245, 246
248
ear decomposition of, 175
ear of, 174
elementary, xii, xv, 121, 122,
123, 143, 145, 145-159,
162-171, 293, 294
minimal, 127, 191, 195
weakly, 191, 194
equimatchable, 102
Eulerian, xxx, 231
(f, g)-critical, 400, 401, 402
factor-critical, xv, 89, 94, 95,
98, 99, 101, 144, 151,
156, 159, 181, 195-200,
204, 205, 207, 217, 277,
278, 279, 294, 361, 372,
374, 394, 403, 404
2-connected, 196, 199, 275
Ear Structure Theorem, 196,
279
minimal, 145, 204, 205
factorizable, xxxii, 98
genus of, xxxi, 117
girth of, xxx, 127
Hiickel, 349
k-connected, xxxi
K -gon-critical, 228-230, 228
lattice, 326, 327
matroid, 416

matching in, 416
n-extendable, 206, 207, 211
outerplanar, 309
perfect, xviii, 444, 457, 459-

463, 459, 482
Pfaffian, 319, 324, 325
planar, vii, xxxi, 27
polyhedral, vii
randomly matchable, 102
regular, v, xxix, 37
regularizable, 217-220, 218
saturated, 143, 144, 159-174,
159
saturated elementary, 159, 346
saturated non-elementary, 159-
174
saturated non-factorizable, 85
series-parallel, 241, 464
toughness of, 117
undirected, ii, xxix
a-critical, 444
Greedy Algorithm, 28, 248, 413,
418
Ground state, 353
Gyrator, 424
Haar measure, 79
Halin graph, 205
Hamilton Cycle Problem, iv, 244
Hamiltonian (of a system), 353
Helly Property, 467, 470, 471
Hexagonal animal, see benzenoid
Hoffman-Kruskal Theorem, 272
Hole, 463
Hub, 202, 203
Hull
affine, 256
conical, 256
convex, 256
linear, 256
Hungarian forest, 15
Hungarian Method, xiii, xv, 12, 15,
228
Hypergraph, xviii, 29, 32, 226, 411,
431, 444, 466
2-colorable, 468
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balanced, 468, 469, 470
clique, 467
essentially 2-colorable, 468, 469
hereditary, 28
partial, 468
r-uniform, 466
restriction of, 468
star; V67
Hypomatchable, see factor-critical
graph
Incidence vector
of a matching, xvi, 266
of a set, 266
Incomparable, 32
Independence number, 1, 7, 443
bounds on, 480482
Independence system, 28
Infinitesimal motion, 420
Intersection graph (of hypergraph),
444, 467
Invariant integration, 79
Ising model, xiv, xvii, 308, 352, 353
Isomorphism, xxix, 10
Join, 249
Join number, 249, 250
Join number problem, 249
k-double flower, 428
k-flower, 427, 432, 433
k-polymatroid, 410
Kasteleyn Theorem, 322, 323, 324,
326
Kekulé structure, see perfect match-
ing
King Arthur, 8, 9, 10, 11, 92, 430,
431
Kirchhoff Law, 41, 421, 422, 424
Konig Line Coloring Theorem, ix,
xv, 37, 38, 39, 272, 285,
459, 463, 470
Konig Minimax Theorem, x, xv,
xvi, xviii, 3, 4, 5, 7, 8, 11,
12, 15, 17, 23, 26, 27, 32,
33, 34, 35, 39, 40, 42, 70,
80, 101, 127, 215, 228,
255, 270, 271, 357, 449,

459, 463, 467, 469
Konig Property, 220~225, 222, 469
Kronecker product, 328
Kuratowski Theorem, 323
Labyrinth of the Minotaur, 53
Latin rectangle, xi, 348
Latin square, xi, 348
Lattice
geometric, 28
Lebesgue measure, 76
Lifting (a facet), 466
Line
allowed, 113, 122
capacity of, 43
contraction of, 234, 282
critical, 445
forbidden, 113, 122
multiple, vi, xxix
subdivision of, xxxiii, 234, 282
Line chromatic number, see chro-
matic index
Line coloration, 285
Line constraint, 458, 464
Line cover, xxxii, 2, 6, 39
minimum, 389
Line covering number, xxxii, 1
Line cut
minimum, 207
Line graph, xvii, xxxii, 444, 470,
471, 472, 473, 477, 479
Linear constraints, 259
essential, 258
Linearity, 79
Little black box, see oracle
Local augmentation, 392-404, 392
Log-concave sequence, 341
M-alternating forest, 359
M -alternating path, xxxii, 12
M-augmenting path, xxxii, 13, 359
Marginal elements, 30
Marginal (of 4 measure), 75, 76
Marriage Theorem, ix, x, 6, 11, 17,
38, 71, 83, 88, 122, 2186,
435
Matching, xxxii
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extremal, 275, 276, 277
fractional, 273-274
hypergraph, xviii, 466-471, 466
maximal, 2, 102
maximum, 2, 102, 389
maximum weight, 369, 418
near-perfect, 94, 97, 99, 199,
279, 361, 394, 403
perfect, see perfect matching
Matching algorithm, xii, xviii, 2
bipartite, 15
weighted, 16
maximum, see cardinality match-
ing algorithm
maximum weight, 357
weighted, 369-376
Matching covered graph, see 1-ex-
tendable graph
Matching defect polynomial, 333-
345, 334
Matching generating polynomial, 334,
336, 339, 341
Matching number, xxxii, 1, 11
Matching (polymatroid), 411
Matching polynomial, see matching
defect polynomial
Matchoid, 416
Matchoid Problem, 409, 416
Matrix
biadjacency, 307, 309, 311
doubly stochastic, viii, 35, 36,
127, 310
fully indecomposable, 140
nearly decomposable, 141
partly decomposable, 140
permutation, ix, 35, 36, 37, 38,
140
point-line incidence, 267, 293
skew symmetric adjacency, 319,
322, 326, 330
sparse, 140, 141
totally unimodular, 272
Matroid, v, i, xv, xvii, 17, 22, 23,
27-29
coordinatizable, 27

dual, 92-93, 93
free, 23, 411
graphic, 27, 425
linear, 27, 409
matching, 92-93, 92
rank function of, 22
transversal, 28, 30, 31, 93
Matroid Graph Matching Problem,
416
Matroid Intersection Problem, 255,
409
Matroid Intersection Theorem, 26,
27, 28, 30, 31, 433, 434,
435
Matroid Matching Problem, xvii,
409, 419, 440
Matroid Matching Theorem, 430,
440
Matroid Parity Problem, 409, 415,
419
Mazx-flow, see maximum flow
Max-Flow Min-Cut Theorem, x,
xiv, 5, 42-46, 45, 60, 68,
69, 71, 255, 272
Menger Theorem, x, 23, 26, 42, 60,
68, 70, 71, 253
Merlin, 8-10, 430, 431
Min-cut, see minimum cut
Minimax theorem, x, xiii, xviii, 4,
8, 12, 23, 28, 42, 88, 92,
226, 248, 249, 250, 251,
253, 282, 400, 425, 430,
439, 456
Minimum Spanning Set Problem
2-polymatroid, 417
Minimum T'-cut problem, 251
Modular function, 21
Monotonicity, 79
Monte Carlo algorithm, 333, 420
n-path, 132
n-star, xxxi, 342
Naddef Theorem, 296
Nashpest, 249
Nashpest University, 83
Network, 43
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i layered, 16
Non-negativity constraint, 457, 461,
463
Non-separable, see n-connected
Normalization, 79
NP (non-deterministic polynomial
time), 10, 123, 126, 409
NP-bound, 481, 482
NP-complete, xviii, 32, 213, 222,
226-228, 226, 231, 244,
249, 252, 285, 289, 310,
382, 389, 404, 408, 443,
444, 457, 467, 480, 481
NP-hard, iv, xiv, 145, 227, 307,
332, 354, 415, 416, 480,
481, 482
NP-property, 8, 10, 11
Objective function, 259
Odd antihole constraint, 463
0Odd cut, 233, 280, 371, 372
non-trivial, 280, 281, 373
tight, 295, 296, 297, 298, 300,
302
trivial, 280
0Odd cycle property, 296
Odd hole constraint, 433
QOdd set cover, 92
weight of, 92
Oracle, 413, 413-415
Oracle algorithm, 414
Ore Deficiency Theorem, 17, 90
Orientation
Pfaffian, 319, 320, 321, 322,
324, 325, 326 327, 329
random, 330
Out-of-Kilter Method, 42, 60
P (deterministic polynomial time),
10, 123, 409
P. Hall Theorem, %, xi, xv, 3, 5, 17,
19, 25, 29, 30, 32, 35, 40,
85, 98, 228, 229, 316, 347
Partial ordering, 32
Partially ordered set, 32
Partition function, 354
Path, iii, xxix

alternating, xxxii, 3, 12, 135,
283
f-augmenting, 44
M -alternating, xxxii, 190, 192
pending, 132
Path packing, 253, 254
Path-tree, 336, 337, 338
Path(s), openly disjoint, xxix
Perfect Graph Theorem, 462, 470
Perfect Matching Problem
" maximum weight, 381
Perfect matching(s), i, v, xii, xxxii,
6
enumeration of, xiv
maximum weight, 370
minimum weight, ii, 234, 283,
370-375
number of
expectation of, 313
variance of, 313
sign of, 319
Permanent, xvi, 127, 309-315, 309
Permutation set, 35
Petersen graph, vii, 117, 177, 290
Petersen Theorem, 83, 328, 218,
738, 404
Pfaffian, xvi, 85, 308, 318, 318-329
Pfaffian orientation, 319
Physical motion, see finite motion
Pivoting rule, 262
Planar bar and joint structure, 420
Point
base, 362, 368
blossom, 362, 365, 366, 368
critical, 445
exposed, xxxii, 12
inner, 359, 366
irregular, 473, 474
labelled, 54
out-of-forest, 362, 363, 368
outer, 359
regular, 473
scanned, 54
totally covered, 171, 346, 347,
348
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uncovered, xxxii, 12
unmatched, xxxii, 12
unsaturated, xxxii, 12
Point cover (in hypergraph), 466
Point cover problem
weighted, 271
Point covering number, xxxii, 1
Point independence number, see in-
dependence number
Polyhedron, 259, 260, 261, 271
dimension of, 259, 303-305
fractional point cover, xvi, 274,
291-292
point cover, xvi, 274
T-join, 281, 282
Polymatroid, 410
linear, 410, 413, 436
Polymatroid function, 410
Polymatroid Matching Problem, 412
Polytope, 257, 260, 267
branching, 305
fractional matching, xvi, 255,
273, 283, 285, 291-292
fractional perfect matching, 382
full dimensional, 258, 266, 275
interior point of, 258
matching, xvi, xviii, 273, 274-
285, 370, 379
matroid intersection, 305
perfect matching, xvi, 255, 273,
280, 282, 375, 380
dimension of, 292-305
polymatroid, 418
vertex of, 257, 291
vertex packing, xvi, 305, 444,
457, 456466
Poset, see partially ordered set
Potential, 243
‘Probabilistic method, 331-333
Projection (of a polymatroid), 426,
429
PSDR, see partial system of dis-
tinct representatives
Pseudo-foundation, 169, 170, 171
Pseudo-tower, 169, 170, 171

Pythia, 414, 415, 430

g-factor, see perfect 2-matching
r-branching, 250

r-clique insertion, 208, 211
r-cut, see cut rooted at r

Ramsey theory, 331, 481
Rank constraint, 464, 465
Rank function (of polymatroid),
410
Reference polynomial, see match-
ing defect polynomial
Replication Lemma, 460
Rigid structure, 420
Rim, 202, 203
Rook polynomial, 334
Root, 250
s —1 separator, 43
Satisfiability, 10
SDR, see system of distinct repre-
sentatives
Self-refining result, 6, 17, 38, 39,
91, 238
Separator, 43
Set
o-tight, 19
closed, 23
closure of, 23
dependent, 23
extreme, 103, 104, 146, 149,
162
maximal, 150
independent, xvii, 2, 23
rank of, 23
tight, 18, 105
translate of, 79
Simplex Method, xiii, 261263, 265
average-case performance, 262
worst-case performance, 262
Simplicial complex, 28
Sink, 43
Source, 43
Span, 411
Spanning set, 411
Spectrum, 335
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Sperner’s Lemma, 7
Spoke, 202, 203
Stability Lemma, 95, 104, 107, 397
Stability number, see independence
number
Star, xxxi, 2
Star-cut, 237, 238
Stirling number of first kind, 344
Stirling number of second kind, 344
Stirling’s formula, 311
Strong Perfect Graph Conjecture,
463
Subgraph
Eulerian, 325
excluded, xxx, 133, 200, 205,
225, 472, 473
(f,g)-optimal, 388-399, 401-
403, 388
induced, xxx, 4
nice, 125, 129, 174, 176, 224
spanning, v, Xxx, 38
splitting, 184
Submodular function, xv, 20, 23,
24, 25, 26, 63, 409, 416,
417-419, 421, 427, 449
smooth, 416
Maximization of, 416
Sum of two matchings, 214
Supermodular function, xv, 21, 24,
26
Supply-Demand Theorem, 45, 76
Surplus (of bigraph), xv, 19, 20, 19,
95, 98, 99, 101, 127, 137,
144, 145, 200
Surplus (of general graph), 449,
451, 452,
T-cut(s), 233-241, 233, 251, 252,
282
w-packing of, 241
k-packing of, 236
non-trivial, 233
shore of, 233
trivial, 233
T-joim, 232-236, 232, 241, 247,
248, 250, 253, 281, 282,

308, 309, 329, 389
maximum, 241
minimal, 233
minimum, 233, 241, 247
minimum weight, 241
T-join Polyhedron Theorem, 281,
281-283
T-join problem, 234
weighted, 234
Theorem on Distinct Representa-
tives, see P. Hall Theorem
Topological group, 79
Topological model, 349
Topological resonance energy, xvii,
308, 352
Total unimodularity, xiv, 255, 272,
273
Totally dual integral, 273
Totally ordered, 32
Tower, 166, 169, 171, 346
Transformer, 424
Translate (of a set), 79 .
Transversal selection, 141
Travelling Salesman Problem, iv,
231, 255, 382
TRE, see topological resonance en-
ergy
Tree, xxxi
breadth-first search, 54, 55
cut-equivalent, 62, 67, 228, 251,
381
flow-equivalent, xv, 42, 61-68,
62
spanning, iv, xxxi, 422, 423
minimum weight, 248, 249
Triangular cactus, 439, 440
Triangular Cactus Problem, 439
Tutte set, 84, 93
Tutte Theorem, xi, xv, 83-92, 84,
97, 106, 110, 111, 113,
116, 118, 150, 153, 207,
217, 279, 318, 357, 435,
443
Two Ear Theorem, 175, 182, 348
U-net, 79, 80
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Universal search problem, see NP-
complete

Valid line coloration, 37

Van der Waerden Conjecture, 310,
315

Vertex packing number, see inde-
pendence number

Vertex Packing Problem, 255

V(G)-cut Problem
minimum weight, 381, 382

Vizing Theorem, 255, 286, 287, 289

Wedge product, 419

Weierstrass Theorem, 44

Well-characterized, see good charac-
terization

Wheel, 202
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Index of Symbols

We list the symbol, the name of the concept symbolized, if any, and
then the number of the page upon which the symbol is first defined.

o(G)
a*(G)

GT

a(F)

a; A\ b,‘
AT
Alf,9)
A(G)
AG; f,9)
A(Gx H)
A(w)
A(L)
A(z)
Alz,y)
Al(B)

independence number of G
fractional independence number of G
transpose of vector a

wedge product of a; and b;
transpose of matrix A

skew adjacency matrix of G

automorphism group of G

chromatic index of (graph) G
chromatic index of (hypergraph) H
fractional chromatic index of graph G

common system of
distinct representatives

clique hypergraph of G
number of components of G

XXXit
481
464
266
419
270
390

94
390

77
155
376
315
365
319
159
209
267
439
390
390
317
317

37
470
288
390

94
390
376

31
467
22
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co(G)
cap(4)
A(G)
A(H)

6

5(G)

by

6(f,9)
§(f;U)
6(H;f,9)
6(v;H; f,9)
§'(G)
(Dy¢)
(D, ¢, s,t)
D(f,9)
D(G)
D(G; f,9)
D(L)

D*
Dy(X)
def(G)
def(G)
def(X)
def(X)
deg(v)
degs(0)
deg*(v)
deg™(v)
det A
dim P
d(u,v)
de(u,v)
d(X)

i

E(G)
(E(G),7)
E(9)
EX

E,

E+

INDEX OF SYMBOLS

number of odd components of G
capacity of A

maximum degree in (graph) G
maximum degree in (hypergraph) A
minimurm degree

Gallai class number of graph G (Chapter 12 only)

network

planar dual of digraph D

deficiency of G (for general graphs)
deficiency of G (for bipartite graphs)
deficiency of set X

deficiency of set X (in G)

degree of point v

degree of point v (in G)

outdegree of point v

indegree of point v

determinant of matrix 4
dimension of polytope P

distance between points u and v

line set of G
polygon matroid of G
expected number of perfect matchings

84
43
37
470
115
450
221
388
79
388
388
91
56
56
390
94
390
376
249
108
90
17
17
17
XXix
38
xxxii
xxxii
140
259

246
405
343

440
331

75
3N

242



B
&(G)
O(n, k)
&:(G)
#(z)
FM(G)
FPC(G)
f(p,v, 4)
#(T)
7(4)
f(v)
£(v)
f()

Iz

o

I'X)
I'e(X)
(G)

Gs

k!
AA)
XG)
N(X)

INDEX OF SYMBOLS 541

242

number of perfect matchings in G iii
312

number of k-element matchings in G 333
363

fractional matching polytope of G xvi
fractional point cover polyhedron of G xvi
114

354

79

399

399

384

395

395

genus of G XXXi
tower over S 166
subgraph induced by X XXX
215

371

300

319

xxxiil

matching generating polynomial of G 334
399

399

Hamiltonian of the system S 353
421

353

134

Boltzmann constant 354
connectivity of graph G XXXIi
complete graph on n points XXX
122

Lebesgue measure of A 76
line-connectivity of G Xxxi
Lebesgue measure of X (2-dimensional) (et



M(G)

Mb
M
m(G; z)
m(p, 5, 4,))
mp(S,T)
VW1, V2)

INDEX OF SYMBOLS

line graph of (graph) G
intersection graph of (hypergraph) H

matching polytope of G

span of matching M
matching defect polynomial of G

matching number of (graph) G
matching number of (hypergraph) H

non-deterministic polynomial time

clique number of G

canonical partition of G
deterministic polynomial time

characteristic polynomial of G
point cover polyhedron of G
perfect matching polytope of G
partial system

of distinct representatives
permanent of matrix A
Pfaffian of matrix B

xxxii
467
326
349
324

78
341
363
195

216
438
334
115

72

xxix
43

466

77
411
241
213
236

473
459
243
222
150

10

335

30
309
318



9(X,Y)
F

INDEX OF SYMBOLS

rational numbers
line covering number of G

real numbers

triangular pyramid
rank of X

symmetric difference
surplus of G (for general graphs)
surplus of G (for bipartite graphs)

variance

Stirling number of second kind

polymatroid
matroid

system of distinct representatives
span of X

star hypergraph of G

Stirling number of first kind
translate of U

sign of matching F'

sign of permutation 7

Kronecker product

543

70
266
130
131

xxxiii

411
363
xxxiil
266
256
266
185
422
22
207

449
19
18
18

363

353

341

333

344

200

365

410
23

345
74
29

411

467

344
79

319

317

328
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T(G) point covering number of (graph) G xxxii
T(H) point covering number of (hypergraph) H 466
7G,T) 236
(G, T,w) 241
7(X,Y) 402
TQ(G) 215
HG) 482
T(P) Gomory-Chvital truncation

of polytope P 284
TJ(G) T-join polyhedron of G 281
TRE topological resonance energy 352
tH(G) toughness of G 117
ts 163
Ue 421
UH 153
V(G) point set of G Xxix
VP(G) vertex packing polytope of G xvi
val(f) value of flow f 43
13 341
G 343

Z integers xxxiii
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